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ɺɺɽɼɽʅʀɽ 

 

ɺʘʞʥʝʡʰʝʡ ʬʦʨʤʦʡ ʠʟʫʯʝʥʠʷ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʜʠʩʮʠʧʣʠʥ ʷʚʣʷʝʪʩʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʘʷ ʨʘʙʦʪʘ 

ʥʘʜ ʫʯʝʙʥʳʤ ʤʘʪʝʨʠʘʣʦʤ, ʚʢʣʶʯʘʶʱʘʷ ʨʝʰʝʥʠʝ ʟʘʜʘʯ ʠ ʚʳʧʦʣʥʝʥʠʝ ʢʦʥʪʨʦʣʴʥʳʭ ʨʘʙʦʪ.  

ɺ ʧʦʩʦʙʠʠ ʦʙʩʫʞʜʘʶʪʩʷ  ʚʘʞʥʝʡʰʠʝ ʧʦʥʷʪʠʷ ʜʠʩʮʠʧʣʠʥʳ çɸʣʛʝʙʨʘ ʠ ʛʝʦʤʝʪʨʠʷè ʫʯʝʙʥʦʛʦ 

ʧʣʘʥʘ ʧʦʜʛʦʪʦʚʢʠ ʙʘʢʘʣʘʚʨʦʚ ʩʧʝʮʠʘʣʴʥʦʩʪʠ çʇʨʠʢʣʘʜʥʘʷ ʤʘʪʝʤʘʪʠʢʘè, çʀʥʬʦʨʤʘʮʠʦʥʥʘʷ ʙʝʟ-

ʦʧʘʩʥʦʩʪʴè ʠ çʇʨʠʢʣʘʜʥʘʷ ʠʥʬʦʨʤʘʪʠʢʘè. ɺ ʧʦʩʦʙʠʝ ʚʢʣʶʯʝʥ ʢʨʘʪʢʠʡ ʪʝʦʨʝʪʠʯʝʩʢʠʡ ʤʘʪʝʨʠʘʣ, 

ʦʙʨʘʟʮʳ ʨʝʰʝʥʠʷ ʪʠʧʦʚʳʭ ʟʘʜʘʯ ʠ ʟʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ ʧʦ ʚʩʝʤ ʨʘʟʜʝʣʘʤ ʦʙʨʘ-

ʟʦʚʘʪʝʣʴʥʦʡ ʧʨʦʛʨʘʤʤʳ. ɺ ʧʦʩʦʙʠʠ ʩʦʜʝʨʞʠʪʩʷ ʚʝʩʴ ʥʝʦʙʭʦʜʠʤʳʡ ʩʧʨʘʚʦʯʥʳʡ ʤʘʪʝʨʠʘʣ ʠ ʦʙʩʫʞ-

ʜʝʥʳ ʥʘʠʙʦʣʝʝ ʚʘʞʥʳʝ (ʠ ʪʨʫʜʥʳʝ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʠʟʫʯʝʥʠʷ) ʪʝʤʳ. 

ʇʦʩʦʙʠʝ, ʦʨʠʝʥʪʠʨʦʚʘʥʥʦʝ ʥʘ ʩʧʝʮʠʘʣʴʥʦʩʪʴ çʇʨʠʢʣʘʜʥʘʷ ʤʘʪʝʤʘʪʠʢʘè, ʤʦʞʝʪ ʷʚʣʷʪʴʩʷ ʦʩ-

ʥʦʚʥʦʡ ʫʯʝʙʥʦʡ ʣʠʪʝʨʘʪʫʨʦʡ ʧʨʠ ʠʟʫʯʝʥʠʠ ʧʝʨʚʳʭ ʨʘʟʜʝʣʦʚ ʚʫʟʦʚʩʢʦʛʦ ʢʫʨʩʘ ʤʘʪʝʤʘʪʠʢʠ ʠ ʜʣʷ 

ʩʪʫʜʝʥʪʦʚ, ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʜʨʫʛʠʤ ʠʥʞʝʥʝʨʥʦ-ʠʥʬʦʨʤʘʮʠʦʥʥʳʤ, ʬʠʟʠʢʦ-ʤʘʪʝʤʘʪʠʯʝʩʢʠʤ  ʠ ʛʫ-

ʤʘʥʠʪʘʨʥʳʤ ʩʧʝʮʠʘʣʴʥʦʩʪʷʤ.  

ɺ ʧʦʩʦʙʠʝ ʚʢʣʶʯʝʥ ʢʨʘʪʢʠʡ ʪʝʦʨʝʪʠʯʝʩʢʠʡ ʠ ʩʧʨʘʚʦʯʥʳʡ ʤʘʪʝʨʠʘʣ, ʦʙʩʫʞʜʝʥʳ ʥʘʠʙʦʣʝʝ 

ʚʘʞʥʳʝ ʠ ʪʨʫʜʥʳʝ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʠʟʫʯʝʥʠʷ ʪʝʤʳ, ʧʨʝʜʩʪʘʚʣʝʥʳ ʦʙʨʘʟʮʳ ʨʝʰʝʥʠʷ ʪʠʧʦʚʳʭ 

ʟʘʜʘʯ ʠ ʧʨʝʜʣʦʞʝʥʳ ʟʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ ʧʦ ʦʩʥʦʚʥʳʤ ʨʘʟʜʝʣʘʤ ʨʘʙʦʯʝʡ ʧʨʦ-

ʛʨʘʤʤʳ ʢʫʨʩʘ.  

ʇʝʨʚʘʷ ʛʣʘʚʘ çʆʩʥʦʚʥʳʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʪʨʫʢʪʫʨʳè,  ʩʦʜʝʨʞʠʪ ʵʣʝʤʝʥʪʳ ʦʙʱʝʡ ʘʣʛʝʙʨʳ ʠ  

ʧʦʩʚʷʱʝʥʘ ʦʩʦʙʝʥʥʦʩʪʷʤ ʧʨʠʤʝʥʝʥʠʷ ʚʘʞʥʝʡʰʠʭ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʩʪʨʫʢʪʫʨ.  

ɻʣʘʚʘ çʃʠʥʝʡʥʘʷ ʘʣʛʝʙʨʘè, ʧʨʝʜʩʪʘʚʣʷʝʪ, ʦʙʨʘʟʥʦ ʚʳʨʘʞʘʷʩʴ, çʢʦʥʢʨʝʪʥʫʶè ʘʣʛʝʙʨʫ, ʩʚ̫ -

ʟʘʥʥʫʶ ʩ ʠʟʫʯʝʥʠʝʤ ʠ ʧʨʠʤʝʥʝʥʠʝʤ ʚʝʢʪʦʨʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚ ʠ ʣʠʥʝʡʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ. ɺ ʪʨʝʪʴʝʡ 

ʛʣʘʚʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʦʩʥʦʚʥʳʝ ʧʦʥʷʪʠʷ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ.  

ɺ ʧʦʩʣʝʜʥʝʝ ʚʨʝʤʷ ʦʩʥʦʚʥʦʡ ʬʦʨʤʦʡ ʧʨʦʚʝʨʢʠ ʫʯʝʙʥʦʡ ʜʝʷʪʝʣʴʥʦʩʪʠ ʚʫʟʘ ʷʚʣʷʝʪʩʷ ʌʝʜʝ-

ʨʘʣʴʥʳʡ ʀʥʪʝʨʥʝʪ- ʢɻʟʘʤʝʥ ʚ ʩʬʝʨʝ ʧʨʦʬʝʩʩʠʦʥʘʣʴʥʦʛʦ ʦʙʨʘʟʦʚʘʥʠʷ.  

ʇʨʠ ʝʛʦ ʧʨʦʚʝʜʝʥʠʠ ʵʢʟʘʤʝʥʫʝʤʳʡ ʩʪʫʜʝʥʪ ʚ ʪʝʯʝʥʠʝ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʚʨʝʤʝʥʠ, ʥʘʭʦʜʷʩʴ ʫ 

ʧʝʨʩʦʥʘʣʴʥʦʛʦ ʢʦʤʧʴʶʪʝʨʘ, ʯʝʨʝʟ ʀʥʪʝʨʥʝʪ ʧʦʣʫʯʘʝʪ ʪʝʩʪʦʚʳʝ ʟʘʜʘʥʠʷ ʧʦ ʚʩʝʤ ʨʘʟʜʝʣʘʤ ʢʫʨʩʘ. 

ɼʣʷ ʫʩʧʝʰʥʦʛʦ ʧʨʦʭʦʞʜʝʥʠʷ ʬʝʜʝʨʘʣʴʥʦʛʦ ʀʥʪʝʨʥʝʪ-ʵʢʟʘʤʝʥʘ ʥʝʦʙʭʦʜʠʤʦ ʚʝʨʥʦ ʦʪʚʝʪʠʪʴ 

ʥʝ ʤʝʥʝʝ ʯʝʤ ʥʘ 50% ʟʘʜʘʥʠʡ ʘʪʪʝʩʪʘʮʠʦʥʥʳʭ ʧʝʜʘʛʦʛʠʯʝʩʢʠʭ ʠʟʤʝʨʠʪʝʣʴʥʳʭ ʤʘʪʝʨʠʘʣʦʚ 

(ɸʇʀʄ) ʜʣʷ ʢʘʞʜʦʡ ʜʠʜʘʢʪʠʯʝʩʢʦʡ ʝʜʠʥʠʮʳ (ɼɽ).  

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ ʧʨʠʚʝʜʝʤ ʪʠʧʠʯʥʫʶ  ʪʝʤʘʪʠʯʝʩʢʫ  ʁʩʪʨʫʢʪʫʨʫ ɸʇʀʄ  ʠʟ ʌʝʜʝʨʘʣʴʥʦʛʦ 

ʵʢʟʘʤʝʥʘ.  

Ѕ 
˨  ˩

˹͙͔͍͙͔͊ͣͤͦ͊ͤ 
͙͙͒͒͊ͭ͟;͔͚ͫͦ͟ ͔͙͙͒ͤͼ· ˥˻˿ 

Ѕ
 
͘
͊
͒
͊
ͤ
͙
Ύ

 

͔́ͣ͊ ͙͊͒͊ͤ͘Ύ 

1 ʃʠʥʝʡʥʘʷ ʘʣʛʝʙʨʘ 

1 
ʈʘʟʣʦʞʝʥʠʝ ʦʧʨʝʜʝʣʠʪʝʣʷ ʧʦ ʵʣʝʤʝʥʪʘʤ ʢʘʢʦʡ-ʣʠʙʦ ʩʪʨʦʢʠ 

(ʩʪʦʣʙʮʘ) 

2 
ʆʧʝʨʘʮʠʠ ʥʘʜ ʤʘʪʨʠʮʘʤʠ: ʫʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ (ʦʜʥʘ ʠʟ ʤʘʪ-

ʨʠʮ ï ʚʝʢʪʦʨ-ʩʪʦʣʙʝʮ) 

3 ʈʘʥʛ ʤʘʪʨʠʮʳ 

4 ʉʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ: ʧʨʘʚʠʣʦ ʂʨʘʤʝʨʘ 

2 ɸʥʘʣʠʪʠʯʝʩʢʘʷ ʛʝʦʤʝʪʨʠʷ 

5 ʂʨʠʚʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 

6 ʊʠʧʳ ʫʨʘʚʥʝʥʠʡ ʧʨʷʤʦʡ 

7 ʋʩʣʦʚʠʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ ʜʚʫʭ ʧʨʷʤʳʭ 

8 ʇʦʣʦʞʝʥʠʝ ʧʣʦʩʢʦʩʪʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʢʦʦʨʜʠʥʘʪʥʳʭ ʦʩʝʡ 

ʆʪʤʝʪʠʤ, ʯʪʦ ʚ ʨʘʟʣʠʯʥʳʝ ʛʦʜʳ ʩʪʨʫʢʪʫʨʘ ɸʇʀʄ ʧʦ ʤʘʪʝʤʘʪʠʢʝ ʜʣʷ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʩʧʝʮʠ-

ʘʣʴʥʦʩʪʠ ʥʝʤʥʦʛʦ ʤʝʥʷʣʘʩʴ.  

ʅʘʧʨʠʤʝʨ, ʩʨʝʜʠ ʜʠʜʘʢʪʠʯʝʩʢʠʭ ʝʜʠʥʠʮ ʧʦʜ ʥʘʟʚʘʥʠʝʤ çɸʙʩʪʨʘʢʪʥʘʷ ʘʣʛʝʙʨʘè ʧʦʷʚʣʷʣʩʷ 

ʥʝʢʠʡ ʩʠʤʙʠʦʟ ʦʙʱʝʡ ʠ ʣʠʥʝʡʥʦʡ ʘʣʛʝʙʨʳ. ʈʘʩʰʠʨʷʣʘʩʴ ʠ ʪʝʤʘʪʠʢʘ ʚ ʨʘʟʜʝʣʝ çɸʥʘʣʠʪʠʯʝʩʢʘʷ 

ʛʝʦʤʝʪʨʠʷè. 
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Ѕ 
˨  ˩

˹͙͔͍͙͔͊ͣͤͦ͊ͤ 
͙͙͒͒͊ͭ͟;͔͚ͫͦ͟ ͔͙͙͒ͤͼ· 

˥˻˿ 

Ѕ
 
͘
͊
͒
͊
ͤ
͙
Ύ

 

͔́ͣ͊ ͙͊͒͊ͤ͘Ύ 

1 ɸʙʩʪʨʘʢʪʥʘʷ ʘʣʛʝʙʨʘ 

1 ʆʩʥʦʚʥʳʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʪʨʫʢʪʫʨʳ 

2 ʉʚʦʡʩʪʚʘ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʦʧʝʨʘʮʠʡ 

3 ʃʠʥʝʡʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ 

4 ɸʣʛʝʙʨʘ ʤʥʦʛʦʯʣʝʥʦʚ: ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʦʚ 

2 
ɸʥʘʣʠʪʠʯʝʩʢʘʷ 

ʛʝʦʤʝʪʨʠʷ 

5 ʆʩʥʦʚʥʳʝ ʟʘʜʘʯʠ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ ʥʘ ʧʣʦʩʢʦʩʪʠ 

6 ʂʨʠʚʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 

7 ʇʦʣʷʨʥʘʷ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ 

8 ʇʨʷʤʘʷ ʥʘ ʧʣʦʩʢʦʩʪʠ: ʫʛʣʦʚʦʡ ʢʦʵʬʬʠʮʠʝʥʪ 

9 ʋʩʣʦʚʠʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʠ ʜʚʫʭ ʧʨʷʤʳʭ 

10 ʋʩʣʦʚʠʝ ʧʨʠʥʘʜʣʝʞʥʦʩʪʠ ʪʦʯʢʠ ʟʘʜʘʥʥʦʡ ʧʣʦʩʢʦʩʪʠ 

 

ʀʥʦʛʜʘ ʵʪʠ ʜʚʝ ʜʠʜʘʢʪʠʯʝʩʢʠʝ ʝʜʠʥʠʮʳ ʚ ʀʥʪʝʨʥʝʪ-ʪʝʩʪʠʨʦʚʘʥʠʠ ʙʳʣʠ ʦʙʲʝʜʠʥʝʥʳ ʚ ʦʜʥʫ.  

 

Ѕ 
˨  ˩

˹͙͔͍͙͔͊ͣͤͦ͊ͤ 
͙͙͒͒͊ͭ͟;͔͚ͫͦ͟ ͔͙͙͒ͤπ

ͼ· ˥˻˿ 

Ѕ
 
͘
͊
͒
͊
ͤ
͙
Ύ

 

͔́ͣ͊ ͙͊͒͊ͤ͘Ύ 

1 ɸʣʛʝʙʨʘ ʠ ʛʝʦʤʝʪʨʠʷ 

1 ɺʳʯʠʩʣʝʥʠʝ ʦʧʨʝʜʝʣʠʪʝʣʝʡ  

2 ʋʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ 

3 ʉʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ 

4 ʇʨʷʤʘʷ ʥʘ ʧʣʦʩʢʦʩʪʠ 

5 ʂʨʠʚʳʝ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ 

6 ʆʩʥʦʚʥʳʝ ʟʘʜʘʯʠ ʘʥʘʣʠʪʠʯʝʩʢʦʡ ʛʝʦʤʝʪʨʠʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ  

7 ʃʠʥʝʡʥʳʝ ʦʧʝʨʘʮʠʠ ʥʘʜ ʚʝʢʪʦʨʘʤʠ 

8 ʉʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ 

 

ʉʚʦʝʦʙʨʘʟʥʦ ʧʦʥʠʤʘʣʠ ʠʥʦʛʜʘ ʨʘʟʨʘʙʦʪʯʠʢʠ ʪʝʩʪʦʚ ʌʝʜʝʨʘʣʴʥʦʛʦ ʵʢʟʘʤʝʥʘ ʠ ʨʘʩʢʨʳʪʠʝ ʪʝʤ 

ʟʘʜʘʥʠʡ. ɺʩʝ ʵʪʦ ʩʚʦʝʦʙʨʘʟʠʝ ʦʪʨʘʞʝʥʦ ʚ ʧʦʩʣʝʜʥʝʡ ʛʣʘʚʝ ʚ ʧʘʨʘʛʨʘʬʝ çʇʨʠʤʝʨʳ ʪʝʩʪʦʚʳʭ ʟʘʜʘ-

ʥʠʡ ʌʝʜʝʨʘʣʴʥʦʛʦ ʀʥʪʝʨʥʝʪ-ʵʢʟʘʤʝʥʘè, ʛʜʝ ʜʣʷ ʩʘʤʦʢʦʥʪʨʦʣʷ ʯʠʪʘʪʝʣʷ ʧʨʠʚʝʜʝʥʳ ʚʩʝ ʪʝʩʪʳ, ʩʦ-

ʦʪʚʝʪʩʪʚʫʶʱʠʝ ʵʪʠʤ ʜʠʜʘʢʪʠʯʝʩʢʠʤ ʝʜʠʥʠʮʘʤ.  

ɺ ʪʝʢʩʪʝ ʧʦʩʦʙʠʷ ʚ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʨʘʟʜʝʣʘʭ ʩʦʜʝʨʞʘʪʩʷ ʧʦʜʨʦʙʥʳʝ ʨʘʟʙʦʨʳ ʚʩʝʭ ʪʠʧʠʯʥʳʭ 

ʌʝʜʝʨʘʣʴʥʳʭ ʪʝʩʪʦʚ ʧʦʩʣʝʜʥʠʭ ʣʝʪ ʧʦ ʚʩʝʤ ʧʝʨʝʯʠʩʣʝʥʥʳʤ ʜʠʜʘʢʪʠʯʝʩʢʠʤ ʝʜʠʥʠʮʘʤ. 

ʂʦʥʝʯʥʦ, ʯʪʦʙʳ ʫʩʧʝʰʥʦ ʚʳʜʝʨʞʘʪʴ ʀʥʪʝʨʥʝʪ-ʵʢʟʘʤʝʥ ʥʝʦʙʭʦʜʠʤʳʤ ʫʩʣʦʚʠʝʤ ʷʚʣʷʝʪʩʷ 

ʟʥʘʥʠʝ ʪʝʨʤʠʥʦʣʦʛʠʠ. ɺ ʢʦʥʮʝ ʨʘʙʦʪʳ ʧʦʤʝʱʝʥ ʛʣʦʩʩʘʨʠʡ ʚʩʝʭ ʪʝʨʤʠʥʦʚ ʢʫʨʩʘ. 
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I . ʆʉʅʆɺʅʓɽ ɸʃɻɽɹʈɸʀʏɽʉʂʀɽ ʉʊʈʋʂʊʋʈʓ 

 

ɺ ʵʪʦʡ ʛʣʘʚʝ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʜʚʫʤʝʩʪʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʦʧʝʨʘʮʠʡ, ʘ 

ʟʘʪʝʤ ʚʘʞʥʝʡʰʠʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʪʨʫʢʪʫʨʳ: ʛʨʫʧʧʳ, ʢʦʣʴʮʘ ʠ ʧʦʣʷ.  

ɺ ʩʦʚʨʝʤʝʥʥʦʡ ʥʘʫʢʝ ʠ ʪʝʭʥʠʢʝ ʦʩʦʙʫʶ ʨʦʣʴ ʠʛʨʘʶʪ ʢʦʥʝʯʥʳʝ ʧʦʣʷ, ʘ ʠʟ ʯʠʩʣʦʚʳʭ ʧʦʣʝʡ 

ʚʘʞʥʝʡʰʠʤ ʷʚʣʷʝʪʩʷ  ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ.  

 

 

Ä 1. ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ 

 

ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʠʩʪʝʤʳ ʠ ʘʣʛʝʙʨʳ. ʆʙʲʝʢʪʘʤʠ ʠʟʫʯʝʥʠʷ ʤʘʪʝʤʘʪʠʢʠ ʷʚʣʷʶʪʩʷ ʘʣʛʝʙʨʘʠ-

ʯʝʩʢʠʝ ʩʠʩʪʝʤʳ ï ʤʥʦʞʝʩʪʚʘ  ʩ ʦʧʝʨʘʮʠʷʤʠ ʠ ʦʪʥʦʰʝʥʠʷʤʠ.  

ʄʥʦʞʝʩʪʚʦ ʩ ʦʧʝʨʘʮʠʷʤʠ ʥʘʟʳʚʘʶʪ ʘʣʛʝʙʨʦʡ.  

ɸʣʛʝʙʨʳ ʢʣʘʩʩʠʬʠʮʠʨʫʶʪʩʷ ʧʦ ʯʠʩʣʫ ʠ ʩʚʦʡʩʪʚʘʤ ʦʧʝʨʘʮʠʡ. ʅʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʘʣʛʝʙ-

ʨʳ, ʩʘʤʦ ʷʚʣʷʶʱʝʝʩʷ ʘʣʛʝʙʨʦʡ ʪʦʛʦ ʞʝ ʪʠʧʘ ʠ ʢʣʘʩʩʘ, ʯʪʦ ʠ ʠʩʭʦʜʥʘʷ, ʥʘʟʳʚʘʝʪʩʷ ʧʦʜʘʣʛʝʙʨʦʡ.  

ʏʘʱʝ ʚʩʝʛʦ ʚ ʤʘʪʝʤʘʪʠʢʝ ʚʩʪʨʝʯʘʶʪʩʷ ʜʚʫʤʝʩʪʥʳʝ ʦʧʝʨʘʮʠʠ. ʉʠʤʚʦʣ ʜʚʫʤʝʩʪʥʦʡ ʦʧʝʨʘʮʠʠ, 

ʢʘʢ ʧʨʘʚʠʣʦ, ʩʪʘʚʠʪʩʷ ʤʝʞʜʫ ʵʣʝʤʝʥʪʘʤʠ, ʢ ʢʦʪʦʨʳʤ ʵʪʘ ʦʧʝʨʘʮʠʷ ʧʨʠʤʝʥʷʝʪʩʷ; ʥʘʧʨʠʤʝʨ, a+b, a-

b, aÖb ʠ ʪ.ʧ.  

ɸʣʛʝʙʨʫ ʥʘ ʤʥʦʞʝʩʪʚʝ A ʩ ʦʧʝʨʘʮʠʷʤʠ f1, f2, é, fn ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ <A;  f1, f2, é, fn >. 

ʅʘʧʨʠʤʝʨ,  

 

N = <N; +, Ö >  ï ʘʣʛʝʙʨʘ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ, ʘ 

Z = <Z; +, Ö , - > ï ʘʣʛʝʙʨʘ ʮʝʣʳʭ ʯʠʩʝʣ. 

ʋʪʦʯʥʠʤ ʦʧʨʝʜʝʣʝʥʠʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʠ. 

ɸʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʝʡ ʥʘ ʤʥʦʞʝʩʪʚʝ M ʥʘʟʳʚʘʶʪ ʦʪʦʙʨʘʞʝʥʠʝ f ʜʝʢʘʨʪʦʚʦʡ n-ʦʡ ʜʝʢʘʨ-

ʪʦʚʦʡ ʩʪʝʧʝʥʠ  M
n
  ʤʥʦʞʝʩʪʚʘ M ʚ ʩʝʙʷ, ,: MMf n  ʝʩʣʠ .n

f MD =  

ɺ ʩʣʫʯʘʝ, ʢʦʛʜʘ n
f MD ¸ , ʛʦʚʦʨʷʪ, ʯʪʦ f ï ʯʘʩʪʠʯʥʘʷ ʦʧʝʨʘʮʠʷ.  

ʏʠʩʣʦ n ʥʘʟʳʚʘʝʪʩʷ ʤʝʩʪʥʦʩʪʴʶ (ʠʣʠ ʘʨʥʦʩʪʴʶ ʦʧʝʨʘʮʠʠ) ʅʘʠʙʦʣʝʝ ʨʘʩʧʨʦʩʪʨʘʥʝʥʳ ʜʚʫ-

ʤʝʩʪʥʳʝ (ʙʠʥʘʨʥʳʝ) ʠ ʦʜʥʦʤʝʩʪʥʳʝ (ʫʥʘʨʥʳʝ) ʦʧʝʨʘʮʠʠ. 

ʉʠʤʚʦʣʦʤ f(x1, x2, ..., xn) ʦʙʦʟʥʘʯʘʶʪ ʦʙʨʘʟ ʵʣʝʤʝʥʪʘ (x1, x2, ..., xn) ʠʟ M
n
. ɼʣʷ ʢʦʥʢʨʝʪʥʳʭ ʵʣʝ-

ʤʝʥʪʦʚ (a1, a2, ..., an) ʠʟ M ʵʣʝʤʝʥʪ f(a1, a2, ..., an) ʧʨʠʥʘʜʣʝʞʠʪ ʤʥʦʞʝʩʪʚʫ M. ʇʨʠ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʦʧʝʨʘʮʠʠ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ M
n
 ʜʦʣʞʝʥ ʠʤʝʪʴ ʦʙʨʘʟ, ʠʥʘʯʝ ʛʦʚʦʨʷ, ʦʪʦʙʨʘʞʝʥʠʝ f ʷʚʣʷʝʪʩʷ ʚʩʶʜʫ 

ʦʧʨʝʜʝʣʝʥʥʳʤ.  

ʆʜʥʦʤʝʩʪʥʘʷ ʦʧʝʨʘʮʠʷ f ï ʵʪʦ ʧʨʦʩʪʦ ʦʪʦʙʨʘʞʝʥʠʝ ʤʥʦʞʝʩʪʚʘ M ʚ ʩʝʙʷ. 

 ɼʚʫʤʝʩʪʥʘʷ ʦʧʝʨʘʮʠʷ ï ʵʪʦ ʦʪʦʙʨʘʞʝʥʠʝ ʜʝʢʘʨʪʦʚʘ ʢʚʘʜʨʘʪʘ M³M ʚ ʤʥʦʞʝʩʪʚʦ M. ɼʚʫʤʝʩʪ-

ʥʘʷ ʦʧʝʨʘʮʠʷ ʦʪʦʙʨʘʞʘʝʪ ʢʘʞʜʫʶ ʧʘʨʫ ʵʣʝʤʝʥʪʦʚ (a, b)  ʚ ʵʣʝʤʝʥʪ f(a, b).  

 

ʊʘʙʣʠʮʘ ʂʵʣʠ. ʇʫʩʪʴ ʥʘ ʤʥʦʞʝʩʪʚʝ M ʟʘʜʘʥʘ ʦʧʝʨʘʮʠʷ. ʆʙʦʟʥʘʯʠʤ ʵʪʫ ʦʧʝʨʘʮʠʶ ʩʠʤʚʦʣʦʤ 

a, ʪ. ʝ. ʢʘʞʜʦʤʫ ʵʣʝʤʝʥʪʫ (a, b) ʠʟ ʜʝʢʘʨʪʦʚʘ ʧʨʦʠʟʚʝʜʝʥʠʷ M³M ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʵʣʝʤʝʥʪ aab ʠʟ M. 

ʇʨʝʜʩʪʘʚʠʚ ʵʣʝʤʝʥʪʳ M ʚ ʚʠʜʝ ʚʝʨʪʠʢʘʣʴʥʳʭ ʠ ʛʦʨʠʟʦʥʪʘʣʴʥʳʭ ʧʦʣʦʩ, ʧʦʣʫʯʠʤ ʥʘʛʣʷʜʥʦʝ ʧʨʝʜ-

ʩʪʘʚʣʝʥʠʝ ʜʝʢʘʨʪʦʚʘ ʧʨʦʠʟʚʝʜʝʥʠʷ M³M ʚ ʚʠʜʝ ʢʚʘʜʨʘʪʘ, ʨʘʩʯʝʨʯʝʥʥʦʛʦ ʥʘ ʵʪʠ ʧʦʣʦʩʳ. ʕʣʝʤʝʥʪ 

(a, b) ʠʟʦʙʨʘʞʘʝʪʩʷ ʧʝʨʝʩʝʯʝʥʠʝʤ a-ʛʦʨʠʟʦʥʪʘʣʠ ʠ b-ʚʝʨʪʠʢʘʣʠ. ʆʧʝʨʘʮʠʷ f ʦʪʦʙʨʘʞʘʝʪ ʢʚʘʜʨʘʪʠʢ 

(a, b) ʚ aab.  
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ʕʪʦ ʥʘʛʣʷʜʥʦʝ ʠʟʦʙʨʘʞʝʥʠʝ ʤʦʞʥʦ ʩʜʝʣʘʪʴ ʫʜʦʙʥʳʤ ʠ ʜʣʷ ʠʩʧʦʣʴʟʦʚʘʥʠʷ, ʝʩʣʠ ʧʦʤʝʩʪʠʪʴ 

ʵʣʝʤʝʥʪ aab ʚ ʢʚʘʜʨʘʪʠʢ (a, b). ʇʦʣʫʯʝʥʥʫʶ ʪʘʙʣʠʮʫ ʜʝʡʩʪʚʠʷ ʦʧʝʨʘʮʠʠ f ʥʘʟʳʚʘʶʪ ʧʦ ʠʤʝʥʠ ʘʚ-

ʪʦʨʘ
1
 ʪʘʙʣʠʮʝʡ ʂʵʣʠ.  

 
ʊʘʙʣʠʮʘ ʫʤʥʦʞʝʥʠʷ, ʠʟʦʙʨʘʞʘʝʤʘʷ ʥʘ ʦʙʣʦʞʢʘʭ ʰʢʦʣʴʥʳʭ ʪʝʪʨʘʜʝʡ ʠ ʦʰʠʙʦʯʥʦ ʥʘʟʳʚʘʝʤʘʷ 

çʪʘʙʣʠʮʘ ʇʠʬʘʛʦʨʘè, ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʥʘʯʘʣʴʥʳʡ ʬʨʘʛʤʝʥʪ ʙʝʩʢʦʥʝʯʥʦʡ ʪʘʙʣʠʮʳ ʂʵʣʠ ʜʣʷ 

ʦʧʝʨʘʮʠʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ. 

ʄʦʞʥʦ ʛʦʚʦʨʠʪʴ ʠ ʦ ʥʫʣʴʤʝʩʪʥʦʡ ʦʧʝʨʘʮʠʠ, ʪ. ʝ. ʦʙ çʦʪʦʙʨʘʞʝʥʠʠè ʧʫʩʪʦʛʦ ʤʥʦʞʝʩʪʚʘ 

Å = M
0
 ʚ M. ʉʣʦʚʦ ʦʪʦʙʨʘʞʝʥʠʝ ʚʟʷʪʦ ʚ ʢʘʚʳʯʢʠ, ʧʦʪʦʤʫ, ʯʪʦ ʵʪʦ ʥʝʥʘʩʪʦʷʱʝʝ ʦʪʦʙʨʘʞʝʥʠʝ ï ʚʦ 

ʤʥʦʞʝʩʪʚʝ M
0
 ʥʝʪ ʵʣʝʤʝʥʪʦʚ, ʧʦʵʪʦʤʫ ʥʝʪ ʠʭ ʠ ʚ  M

0
³M. ʅʫʣʴʤʝʩʪʥʘʷ ʦʧʝʨʘʮʠʷ ï ʵʪʦ ʧʨʦʩʪʦ ʚʳʜʝ-

ʣʝʥʥʦʝ ʚ M ʧʦʜʤʥʦʞʝʩʪʚʦ, ʚ ʯʘʩʪʥʦʩʪʠ ʦʜʠʥ ʵʣʝʤʝʥʪ ʠʟ M.  

 

 ʉʚʦʡʩʪʚʘ ʦʧʝʨʘʮʠʡ. ʇʫʩʪʴ A=<A; * > -- ʘʣʛʝʙʨʘ ʩ ʦʜʥʦʡ ʜʚʫʤʝʩʪʥʦʡ ʦʧʝʨʘʮʠʝʡ, ʦʙʦʟʥʘʯʝʥ-

ʥʦʡ ʟʥʘʢʦʤ  *.  

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʣʶʙʦʡ ʧʘʨʝ ʵʣʝʤʝʥʪʦʚ a, b ʠʟ ʤʥʦʞʝʩʪʚʘ A ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʚ ʪʦʯʥʦʩʪʠ ʦʜʠʥ 

ʵʣʝʤʝʥʪ a*b  ʠʟ ʪʦʛʦ ʞʝ ʤʥʦʞʝʩʪʚʘ  A. 

ʆʧʝʨʘʮʠʷ * ʘʩʩʦʮʠʘʪʠʚʥʘ, ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ a, b, c ʠʟ A  ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦ 

 

(a * b) * ʩ = a * (b * ʩ). 

 

ʅʘʧʨʠʤʝʨ, ʩʣʦʞʝʥʠʝ ʠ ʫʤʥʦʞʝʥʠʝ ʯʠʩʝʣ ï ʘʩʩʦʮʠʘʪʠʚʥʳʝ ʦʧʝʨʘʮʠʠ, ʘ ʚʦʟʚʝʜʝʥʠʝ ʚ ʩʪʝʧʝʥʴ 

ʠ ʚʳʯʠʪʘʥʠʝ ï ʥʝ ʘʩʩʦʮʠʘʪʠʚʥʳʝ.   

ʆʧʝʨʘʮʠʷ *  ʢʦʤʤʫʪʘʪʠʚʥʘ, ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ a, b ʠʟ A 

 

a * b = b * a. 

 

ʅʘʧʨʠʤʝʨ, ʩʣʦʞʝʥʠʝ ʠ ʫʤʥʦʞʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ ï ʢʦʤʤʫʪʘʪʠʚʥʳʝ  ʦʧʝʨʘʮʠʠ, ʘ ʚʦʟʚʝʜʝʥʠʝ ʚ 

ʩʪʝʧʝʥʴ ʠ ʚʳʯʠʪʘʥʠʝ ï ʥʝ ʢʦʤʤʫʪʘʪʠʚʥʳʝ.   

ʕʣʝʤʝʥʪ e ʠʟ A ʥʘʟʳʚʘʝʪʩʷ  ʥʝʡʪʨʘʣʴʥʳʤ (ʠʣʠ ʝʜʠʥʠʮʝʡ) ʜʣʷ ʦʧʝʨʘʮʠʠ *, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ 

ʵʣʝʤʝʥʪʘ a ʠʟ A 

 

a * e = e * a = a. 

 

ʅʘʧʨʠʤʝʨ, ʯʠʩʣʦʚʘʷ ʝʜʠʥʠʮʘ ʷʚʣʷʝʪʩʷ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʜʣʷ ʫʤʥʦʞʝʥʠʷ, ʘ ʯʠʩʣʦʚʦʡ 

ʥʫʣʴ ï ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʜʣʷ ʩʣʦʞʝʥʠʷ ʯʠʩʝʣ. 

ʄʦʞʝʪ ʩʣʫʯʠʪʴʩʷ, ʯʪʦ ʵʣʝʤʝʥʪ ʜʝʡʩʪʚʫʝʪ ʥʝʡʪʨʘʣʴʥʦ ʣʠʰʴ ʩ ʦʜʥʦʡ ʩʪʦʨʦʥʳ. ʕʣʝʤʝʥʪ e ʠʟ A 

ʥʘʟʳʚʘʝʪʩʷ  ʧʨʘʚʳʤ ʥʝʡʪʨʘʣʴʥʳʤ (ʧʨʘʚʦʡ ʝʜʠʥʠʮʝʡ) ʜʣʷ ʦʧʝʨʘʮʠʠ *, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥ-

ʪʘ  a ʠʟ A 

 

a * e = a, 

 

ʠ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʣʝʚʳʤ ʥʝʡʪʨʘʣʴʥʳʤ (ʣʝʚʦʡ ʝʜʠʥʠʮʝʡ), ʝʩʣʠ 

 

e * a = a. 

 

                                                 
1 ɸʨʪʫʨ ʂʵʣʠ (1821-1895) ï ʘʥʛʣʠʡʩʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʩ 1963 ʛ. ʧʨʦʬʝʩʩʦʨ ʂʝʤʙʨʠʜʞʩʢʦʛʦ ʫʥʠʚʝʨʩʠʪʝʪʘ. 
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ʅʘʧʨʠʤʝʨ, ʯʠʩʣʦʚʘʷ ʝʜʠʥʠʮʘ ʷʚʣʷʝʪʩʷ ʧʨʘʚʳʤ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʜʣʷ ʦʧʝʨʘʮʠʠ çʚʦʟ-

ʚʝʜʝʥʠʝ ʚ ʩʪʝʧʝʥʴè ʠ ʥʝ ʷʚʣʷʝʪʩʷ ʣʝʚʳʤ ʥʝʡʪʨʘʣʴʥʳʤ ʜʣʷ ʪʦʡ ʞʝ ʦʧʝʨʘʮʠʠ.  

ɸʥʘʣʦʛʠʯʥʦ, ʯʠʩʣʦ ʥʫʣʴ ï ʧʨʘʚʳʡ (ʥʦ ʥʝ ʣʝʚʳʡ) ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʜʣʷ ʦʧʝʨʘʮʠʠ çʚʳʯʠ-

ʪʘʥʠʝè.  

ʕʣʝʤʝʥʪ o ʠʟ A ʥʘʟʳʚʘʶʪ  ʧʦʛʣʦʱʘʶʱʠʤ  (ʠʣʠ ʥʫʣʝʤ, ʠʣʠ ʘʥʥʫʣʷʪʦʨʦʤ) ʜʣʷ ʦʧʝʨʘʮʠʠ *,  ʝʩ-

ʣʠ ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ a ʠʟ A 

 

a * o = o * a = o. 

 

ʅʘʧʨʠʤʝʨ, ʯʠʩʣʦʚʦʡ ʥʫʣʴ ï ʵʪʦ ʧʦʛʣʦʱʘʶʱʠʡ ʵʣʝʤʝʥʪ ʜʣʷ ʫʤʥʦʞʝʥʠʷ ʯʠʩʝʣ. 

ʂʘʢ ʠ ʚ ʩʣʫʯʘʝ ʩ ʝʜʠʥʠʮʝʡ, ʩ ʥʫʣʝʤ ʤʦʞʝʪ ʩʣʫʯʠʪʴʩʷ ʪʦ ʞʝ ʩʘʤʦʝ: ʦʥ ʧʦʛʣʦʱʘʝʪ ʣʶʙʦʡ ʵʣʝ-

ʤʝʥʪ ʣʠʰʴ ʧʨʠ ʫʤʥʦʞʝʥʠʠ ʩ ʦʜʥʦʡ ʩʪʦʨʦʥʳ. ʕʣʝʤʝʥʪ o ʠʟ A ʥʘʟʳʚʘʝʪʩʷ  ʧʨʘʚʳʤ ʧʦʛʣʦʱʘʶʱʠʤ 

(ʧʨʘʚʳʤ ʥʫʣʝʤ) ʜʣʷ ʦʧʝʨʘʮʠʠ *,  ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ a ʠʟ A 

 

a * o = o, 

 

ʠ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʣʝʚʳʤ ʧʦʛʣʦʱʘʶʱʠʤ (ʣʝʚʳʤ ʥʫʣʝʤ), ʝʩʣʠ 

 

o * a = o. 

 

ʅʘʧʨʠʤʝʨ, ʯʠʩʣʦʚʘʷ ʝʜʠʥʠʮʘ ʷʚʣʷʝʪʩʷ ʣʝʚʳʤ ʧʦʛʣʦʱʘʶʱʠʤ  ʵʣʝʤʝʥʪʦʤ (ʣʝʚʳʤ ʥʫʣʝʤ) ʜʣʷ 

ʦʧʝʨʘʮʠʠ çʚʦʟʚʝʜʝʥʠʝ ʚ ʩʪʝʧʝʥʴè ʠ ʥʝ ʷʚʣʷʝʪʩʷ ʧʨʘʚʳʤ ʥʫʣʝʤ ʜʣʷ ʪʦʡ ʞʝ ʦʧʝʨʘʮʠʠ.  

ʈʘʩʩʤʦʪʨʠʤ ʜʘʣʝʝ ʚʘʞʥʝʡʰʠʝ ʘʣʛʝʙʨʳ ʠ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʪʨʫʢʪʫʨʳ ʤʘʪʝʤʘʪʠʢʠ. 

ʆʜʥʦʡ ʠʟ ʦʩʥʦʚʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʩʪʨʫʢʪʫʨ ʚ ʤʘʪʝʤʘʪʠʢʝ ʷʚʣʷʝʪʩʷ ʘʣʛʝʙʨʘ ʤʥʦʞʝʩʪʚ. 

 

Ä 2. ɸʣʛʝʙʨʘ ʤʥʦʞʝʩʪʚ 

ʂʦʤʙʠʥʘʪʦʨʥʳʝ ʢʦʥʬʠʛʫʨʘʮʠʠ. ʂʘʞʜʘʷ ʢʦʥʩʪʨʫʢʮʠʷ ʠʟ ʵʣʝʤʝʥʪʦʚ ʢʦʥʝʯʥʦʛʦ ʤʥʦʞʝʩʪʚʘ 

ʥʘʟʳʚʘʝʪʩʷ ʢʦʤʙʠʥʘʪʦʨʥʦʡ ʢʦʥʬʠʛʫʨʘʮʠʝʡ.  

ʇʨʠʤʝʨʘʤʠ ʢʦʤʙʠʥʘʪʦʨʥʳʭ ʢʦʥʬʠʛʫʨʘʮʠʡ ʰʢʦʣʴʥʦʛʦ ʢʫʨʩʘ ʤʘʪʝʤʘʪʠʢʠ  ʷʚʣʷʶʪʩʷ ʨʘʟʤʝ-

ʱʝʥʠʷ, ʩʦʯʝʪʘʥʠʷ,  ʧʝʨʝʩʪʘʥʦʚʢʠ. 

ɺ ʦʩʥʦʚʝ ʚʩʝʭ ʬʦʨʤʫʣ ʜʣʷ ʧʦʜʩʯʝʪʘ ʯʠʩʣʘ ʢʦʤʙʠʥʘʪʦʨʥʳʭ ʢʦʥʬʠʛʫʨʘʮʠʡ ʣʝʞʘʪ ʚʩʝʛʦ ʜʚʘ 

ʧʨʘʚʠʣʘ: ʧʨʘʚʠʣʦ ʩʫʤʤʳ ʠ ʧʨʘʚʠʣʦ ʧʨʦʠʟʚʝʜʝʥʠʷ. 

 

 ʇʨʘʚʠʣʦ ʩʫʤʤʳ. ɽʩʣʠ ʤʥʦʞʝʩʪʚʘ A, B ï ʢʦʥʝʯʥʳʝ ʠ ʠʤʝʶʪ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ¼A¼ ʠ ¼B¼ ʩʦ-

ʦʪʚʝʪʩʪʚʝʥʥʦ, ʘ ʧʝʨʝʩʝʯʝʥʠʝ A Æ B =  Å, ʪʦ  

 

¼A Ç B¼ = ¼A¼+¼B¼. 

ʕʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘʟʳʚʘʶʪ ʢʦʤʙʠʥʘʪʦʨʥʳʤ ʧʨʘʚʠʣʦʤ ʩʫʤʤʳ. ʇʨʘʚʠʣʦ ʩʫʤʤʳ ʷʚʣʷʝʪʩʷ ʦʧʨʝ-

ʜʝʣʝʥʠʝʤ ʩʣʦʞʝʥʠʷ ʢʦʥʝʯʥʳʭ ʤʦʱʥʦʩʪʝʡ. 

ʇʨʘʚʠʣʦ ʩʫʤʤʳ ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʥʘ ʣʶʙʦʝ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʧʦʧʘʨʥʦ ʥʝʧʝʨʝʩʝʢʘʶʱʠʭʩʷ 

ʤʥʦʞʝʩʪʚ,  

 

ä=
n

i

n

i AA
11

G . 

ʀʥʜʫʢʮʠʝʡ ʧʦ n ʫʩʪʘʥʘʚʣʠʚʘʝʪʩʷ, ʯʪʦ ʜʣʷ ʣʶʙʳʭ ʢʦʥʝʯʥʳʭ ʤʥʦʞʝʩʪʚ  A1, A2, ... , An: 

 
ʕʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘʟʳʚʘʶʪ  ʧʨʠʥʮʠʧʦʤ ʚʢʣʶʯʝʥʠʷ ʠ ʠʩʢʣʶʯʝʥʠʷ. 
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ʇʨʘʚʠʣʦ ʧʨʦʠʟʚʝʜʝʥʠʷ. ɼʝʢʘʨʪʦʚʦ ʧʨʦʠʟʚʝʜʝʥʠʝ A³B ʩʦʩʪʦʠʪ ʠʟ  ¼A¼Ö¼B¼ ʵʣʝʤʝʥʪʦʚ, 

¼A ³ B¼ = ¼A¼Ö¼B¼ 

 

ʕʪʦ ʨʘʚʝʥʩʪʚʦ ʥʘʟʳʚʘʶʪ ʢʦʤʙʠʥʘʪʦʨʥʳʤ ʧʨʘʚʠʣʦʤ ʧʨʦʠʟʚʝʜʝʥʠʷ. ʇʨʘʚʠʣʦ ʧʨʦʠʟʚʝʜʝʥʠʷ 

ʷʚʣʷʝʪʩʷ ʦʧʨʝʜʝʣʝʥʠʝʤ ʫʤʥʦʞʝʥʠʷ ʢʦʥʝʯʥʳʭ ʤʦʱʥʦʩʪʝʡ. 

ʇʨʘʚʠʣʦ ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʥʘ ʜʝʢʘʨʪʦʚʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʣʶʙʦʛʦ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʢʦʥʝʯʥʳʭ 

ʤʥʦʞʝʩʪʚ,  

 

¼A1 ³ A2 ³... ³Am¼ = ¼A¼Ö¼A2¼Ö ... Ö¼Am¼. 

 

ʂʘʞʜʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʤʥʦʞʝʩʪʚʘ M ʦʜʥʦʟʥʘʯʥʦ ʟʘʜʘʝʪʩʷ ʩʚʦʝʡ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝʩʢʦʡ ʬʫʥʢ-

ʮʠʝʡ.  

ʀʩʧʦʣʴʟʫʷ ʧʨʘʚʠʣʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʯʠʩʣʦ ʚʩʝʚʦʟʤʦʞʥʳʭ ʭʘʨʘʢʪʝʨʠʩʪʠʯʝ-

ʩʢʠʭ ʬʫʥʢʮʠʡ, ʦʧʨʝʜʝʣʝʥʥʳʭ ʥʘ ʤʥʦʞʝʩʪʚʝ M. ʏʠʩʣʦ ʵʪʦ ʚ ʪʦʯʥʦʩʪʠ ʨʘʚʥʦ ʯʠʩʣʫ ʧʦʜʤʥʦʞʝʩʪʚ 

ʤʥʦʞʝʩʪʚʘ M. 

ɽʩʣʠ M ï ʢʦʥʝʯʥʦʝ  ʤʥʦʞʝʩʪʚʦ, ʪʦ ʙʫʣʝʘʥ  P(M) ʤʥʦʞʝʩʪʚʘ  M ʩʦʩʪʦʠʪ ʠʟ  2
¼M¼ 
ʵʣʝʤʝʥʪʦʚ. 

ʊʝʧʝʨʴ ʤʦʞʥʦ ʥʘʡʪʠ ʯʠʩʣʦ ʩʦʦʪʚʝʪʩʪʚʠʡ ʤʝʞʜʫ ʵʣʝʤʝʥʪʘʤʠ ʢʦʥʝʯʥʳʭ ʤʥʦʞʝʩʪʚ A ʠ B. 

ɽʩʣʠ ʤʥʦʞʝʩʪʚʦ A ʩʦʩʪʦʠʪ ʠʟ m, ʘ ʤʥʦʞʝʩʪʚʦ B ï ʠʟ n ʵʣʝʤʝʥʪʦʚ, ʪʦ  ʩʫʱʝʩʪʚʫʝʪ 2
nm

 ʩʦʦʪʚʝʪ-

ʩʪʚʠʡ ʤʝʞʜʫ ʵʣʝʤʝʥʪʘʤʠ ʤʥʦʞʝʩʪʚ A ʠ B. 

ɽʩʣʠ ʤʥʦʞʝʩʪʚʘ A ʠ B ʩʦʚʧʘʜʘʶʪ, ʪʦ ʨʝʯʴ ʠʜʝʪ ʦ ʙʠʥʘʨʥʳʭ ʦʪʥʦʰʝʥʠʷʭ.  

ʏʠʩʣʦ ʙʠʥʘʨʥʳʭ ʦʪʥʦʰʝʥʠʡ ʥʘ ʤʥʦʞʝʩʪʚʝ A, ʩʦʩʪʦʷʱʝʤ ʠʟ  m  ɻ ʣʝʤʝʥʪʦʚ, ʨʘʚʥʦ .2
2m

 

ʉʨʝʜʠ ʩʦʦʪʚʝʪʩʪʚʠʡ ʤʝʞʜʫ A ʠ B ʚʘʞʥʫʶ ʨʦʣʴ ʠʛʨʘʶʪ  ʦʪʦʙʨʘʞʝʥʠʷ ʤʥʦʞʝʩʪʚʘ A  ʚ  ʤʥʦ-

ʞʝʩʪʚʦ B. 

 

ʆʪʦʙʨʘʞʝʥʠʷ, ʙʠʝʢʮʠʠ ʠ ʠʥʲʝʢʮʠʠ. ɽʩʣʠ ʤʥʦʞʝʩʪʚʦ A ʩʦʩʪʦʠʪ ʠʟ m, ʘ ʤʥʦʞʝʩʪʚʦ B ï ʠʟ n 

ʵʣʝʤʝʥʪʦʚ, ʪʦ  ʩʫʱʝʩʪʚʫʝʪ nm  ʦʪʦʙʨʘʞʝʥʠʡ ʤʥʦʞʝʩʪʚʘ A ʚ ʤʥʦʞʝʩʪʚʦ B. 

ʏʠʩʣʦ ʚʩʝʚʦʟʤʦʞʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ ʤʥʦʞʝʩʪʚʘ ʠʟ m ʵʣʝʤʝʥʪʦʚ ʥʘ ʤʥʦʞʝʩʪʚʦ ʠʟ n ʵʣʝʤʝʥʪʦʚ 

ʥʘʟʳʚʘʶʪ ʨʘʟʤʝʱʝʥʠʷʤʠ ʩ ʧʦʚʪʦʨʝʥʠʷʤʠ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʧʦ m ʵʣʝʤʝʥʪʦʚ. ʏʠʩʣʦ ʵʪʦ ʧʨʠʥʷʪʦ ʦʙʦ-

ʟʥʘʯʘʪʴ
1
 ʩʠʤʚʦʣʦʤ .

~m

nA  ʊʘʢʠʤ ʦʙʨʘʟʦʤ, .
~ mm

n nA =  

ʉʨʝʜʠ ʦʪʦʙʨʘʞʝʥʠʡ ʦʩʦʙʦʝ ʤʝʩʪʦ ʟʘʥʠʤʘʶʪ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ (ʠʥʲʝʢʮʠʠ). 

ɽʩʣʠ ʤʥʦʞʝʩʪʚʦ A ʩʦʩʪʦʠʪ ʠʟ m, ʘ ʤʥʦʞʝʩʪʚʦ B ï ʠʟ n ʵʣʝʤʝʥʪʦʚ (m ¢ n), ʪʦ ʩʫʱʝʩʪʚʫʝʪ  

 

n (n - 1) (n - 2) ... (n - m + 1)    

 

ʠʥʲʝʢʮʠʡ ʤʥʦʞʝʩʪʚʘ  A ʚ ʤʥʦʞʝʩʪʚʦ  B. 

ɺʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʚ  m-ʵʣʝʤʝʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ 

ʥʘʟʳʚʘʶʪ ʨʘʟʤʝʱʝʥʠʝʤ ʙʝʟ ʧʦʚʪʦʨʝʥʠʡ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʧʦ m ʵʣʝʤʝʥʪʦʚ. ʏʠʩʣʦ ʚʩʝʭ ʪʘʢʠʭ ʨʘʟʤʝ-

ʱʝʥʠʡ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ .m
nA  ʊʘʢʠʤ ʦʙʨʘʟʦʤ,  

 

( )( ) ( )í
ì
ë

¢+---

>
=

.ʝʩʣʠ,1...21

,ʝʩʣʠ,0

nmmnnnn

nm
Am

n

 
 

ɽʩʣʠ n ʥʘʪʫʨʘʣʴʥʦʝ, ʪʦ ʯʠʩʣʦ, ʨʘʚʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʶ ʚʩʝʭ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ, ʥʝ ʧʨʝʚʳʰʘʶ-

ʱʠʭ n, ʧʨʠʥʷʪʦ ʦʙʦʟʥʘʯʘʪʴ ʩʠʤʚʦʣʦʤ n! ʠ ʥʘʟʳʚʘʪʴ ʬʘʢʪʦʨʠʘʣʦʤ
2
 (n ! ʯʠʪʘʝʪʩʷ: çʵʥ ʬʘʢʪʦʨʠʘʣè).  

ʉ ʪʘʢʠʤ ʦʙʦʟʥʘʯʝʥʠʝʤ 

( )
.

!

!

mn

n
Am

n
-

=

 

                                                 
1 ɹʫʢʚʘ A ï ʧʝʨʚʘʷ ʙʫʢʚʘ ʣʘʪʠʥʩʢʦʛʦ ʩʣʦʚʘ Arrangement ï ʨʘʟʤʝʱʝʥʠʝ, ʨʘʩʧʦʣʦʞʝʥʠʝ. 
2 ʆʪ ʣʘʪʠʥʩʢʦʛʦ ʩʣʦʚʘ factor ï ʤʥʦʞʠʪʝʣʴ. ʊʝʨʤʠʥ ʧʨʠʤʝʥʷʝʪʩʷ ʩ 1800 ʛʦʜʘ, ʘ ʩʠʤʚʦʣ n! ʨʝʢʦʤʝʥʜʦʚʘʥ ʉʦʚʝʪʦʤ ʃʦʥ-

ʜʦʥʩʢʦʛʦ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʙʱʝʩʪʚʘ ʚ 1916 ʛʦʜʫ.  
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ʄʦʱʥʦʩʪʠ ʤʥʦʞʝʩʪʚ A ʠ B ʤʦʛʫʪ ʩʦʚʧʘʜʘʪʴ. ʊʦʛʜʘ ʠʥʲʝʢʮʠʷ ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʙʠʝʢʮʠʶ. ɽʩʣʠ  

ʤʥʦʞʝʩʪʚʦ A ʩʦʩʪʦʠʪ ʠʟ m, ʘ ʤʥʦʞʝʩʪʚʦ B ï ʠʟ n ʵʣʝʤʝʥʪʦʚ, ʪʦ ʩʫʱʝʩʪʚʫʝʪ n! ʙʠʝʢʮʠʡ ʤʥʦʞʝʩʪʚʘ A 

ʚ ʤʥʦʞʝʩʪʚʦ B, ʝʩʣʠ m = n, ʠ ʥʠ ʦʜʥʦʡ ʙʠʝʢʮʠʠ, ʝʩʣʠ  .nm¸  

ʇʫʩʪʴ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʤʥʦʞʝʩʪʚʘʭ  A  ʠ  B ʦʜʠʥʘʢʦʚʦ, ʠ ʦʜʥʦ ʠʟ ʥʠʭ ʷʚʣʷʝʪʩʷ  ʥʘʯʘʣʴʥʳʤ 

ʦʪʨʝʟʢʦʤ ʥʘʪʫʨʘʣʴʥʦʛʦ ʨʷʜʘ. ʅʘʧʨʠʤʝʨ, 

 

B = {1, 2, 3, ..., n}  

 

ɺ ʪʘʢʦʤ ʩʣʫʯʘʝ ʙʠʝʢʮʠʷ A  ʥʘ  B ʦʟʥʘʯʘʝʪ ʧʨʠʩʚʘʠʚʘʥʠʝ ʵʣʝʤʝʥʪʘʤ ʠʟ A  ʧʦʨʷʜʢʦʚʳʭ ʥʦʤʝ-

ʨʦʚ. ʈʘʩʧʦʣʦʞʠʚ ʵʣʝʤʝʥʪʳ ʠʟ A  ʧʦ ʚʦʟʨʘʩʪʘʥʠʶ ʥʦʤʝʨʦʚ, ʤʳ ʧʦʣʫʯʠʤ ʧʝʨʝʩʪʘʥʦʚʢʫ ʤʥʦʞʝʩʪʚʘ A. 

ʏʠʩʣʦ ʚʩʝʚʦʟʤʦʞʥʳʭ ʧʝʨʝʩʪʘʥʦʚʦʢ  n-ʵʣʝʤʝʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʦʙʦʟʥʘʯʘʶʪ
1
 ʩʠʤʚʦʣʦʤ  Pn. 

ʏʠʩʣʦ ʧʝʨʝʩʪʘʥʦʚʦʢ  Pn  ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʨʘʚʥʦ n!. 

ʂʘʞʜʘʷ ʧʝʨʝʩʪʘʥʦʚʢʘ ʤʥʦʞʝʩʪʚʘ ʟʘʜʘʝʪ ʣʠʥʝʡʥʦʝ ʫʧʦʨʷʜʦʯʝʥʠʝ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ. ʕʪʦ ʟʥʘʯʠʪ, 

ʯʪʦ ʯʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʣʠʥʝʡʥʳʭ ʫʧʦʨʷʜʦʯʝʥʠʡ  n-ʵʣʝʤʝʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʨʘʚʥʦ  n!. 

ɺʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ʥʘ ʩʝʙʷ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʧʦʜʩʪʘʥʦʚʢʦʡ. 

ʏʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʧʦʜʩʪʘʥʦʚʦʢ n-ʵʣʝʤʝʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʨʘʚʥʦ ʯʠʩʣʫ ʝʛʦ ʧʝʨʝʩʪʘʥʦʚʦʢ ʠ ʨʘʚʥʦ n!. 

ʇʫʩʪʴ ʤʥʦʞʝʩʪʚʦ A ʩʦʩʪʦʠʪ ʠʟ n ʵʣʝʤʝʥʪʦʚ, ʠ  m ¢ n. ʇʦʜʤʥʦʞʝʩʪʚʦ ʠʟ A ʥʘʟʳʚʘʶʪ ʩʦʯʝʪʘ-

ʥʠʝʤ, ʘ ʯʠʩʣʦ ʚʩʝʭ m-ʵʣʝʤʝʥʪʥʳʭ ʧʦʜʤʥʦʞʝʩʪʚ ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʦʙʦʟʥʘʯʘʶʪ
2
 ʩʠʤʚʦʣʦʤ 

m

nC  ʠʣʠ  ;öö
÷

õ
ææ
ç

å

m

n
 ʯʠʪʘʝʪʩʷ çʯʠʩʣʦ ʩʦʯʝʪʘʥʠʡ ʠʟ n ʧʦ  mè 

ɼʣʷ ʥʝʢʦʪʦʨʳʭ ʟʥʘʯʝʥʠʡ m ʦ ʟʥʘʯʝʥʠʠ 1=m

nC  ʥʝʪʨʫʜʥʦ ʜʦʛʘʜʘʪʴʩʷ. ʅʘʧʨʠʤʝʨ, ʚ ʢʘʞʜʦʤ 

ʤʥʦʞʝʩʪʚʝ ʩʦʜʝʨʞʠʪʩʷ ʚʩʝʛʦ ʣʠʰʴ ʦʜʥʦ ʧʫʩʪʦʝ ʤʥʦʞʝʩʪʚʦ, ʦʜʥʦ ʤʥʦʞʝʩʪʚʦ, ʩʦʚʧʘʜʘʶʱʝʝ ʩʦ ʚʩʝʤ 

A, ʠ n ʦʜʥʦʵʣʝʤʝʥʪʥʳʭ ʧʦʜʤʥʦʞʝʩʪʚ: 

 

11 =nC ,  1=n

nC ,  .1 nCn =  

 

ʏʪʦʙʳ ʥʘʡʪʠ ʟʥʘʯʝʥʠʝ 
m
nC  ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ, ʜʦʩʪʘʪʦʯʥʦ ʟʘʤʝʪʠʪʴ ʩʚʷʟʴ ʤʝʞʜʫ ʯʠʩʣʘʤʠ Pm,

m
nC ʠ

 
:m

nA
 

 

.m

n

m

nm ACP =Ö
 

 

ʕʪʘ ʩʚʷʟʴ ʧʦʟʚʦʣʷʝʪ ʚʳʯʠʩʣʠʪʴ ʯʠʩʣʦ m-ʵʣʝʤʝʥʪʥʳʭ ʧʦʜʤʥʦʞʝʩʪʚ ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥ-

ʪʦʚ. 

( )( )
.

!

1...1

m

mnnn
Cm

n

+--
=  

ʌʦʨʤʫʣʘ ʜʣʷ ʯʠʩʣʘ ʩʦʯʝʪʘʥʠʡ ʠʛʨʘʝʪ ʦʩʥʦʚʥʫʶ ʨʦʣʴ ʧʨʠ ʧʦʜʩʯʝʪʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʘʟʣʦʞʝ-

ʥʠʷ ʩʪʝʧʝʥʠ ʜʚʫʯʣʝʥʘ.  

ɹʠʥʦʤ ʅʴʶʪʦʥʘ. ʆʧʠʨʘʷʩʴ ʥʘ ʦʧʨʝʜʝʣʝʥʠʝ ʧʦʜʤʥʦʞʝʩʪʚʘ, ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʚʳʯʠʩʣʝʥʠʝʤ 

ʫʩʪʘʥʘʚʣʠʚʘʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʩʚʦʡʩʪʚʘ ʯʠʩʣʘ ʩʦʯʝʪʘʥʠʡ. ɼʣʷ ʣʶʙʳʭ ʥʘʪʫʨʘʣʴʥʳʭ n, m  (m¢n)  ʚr -

ʧʦʣʥʷʶʪʩʷ ʨʘʚʝʥʩʪʚʘ: 

 

ʘ) ;öö
÷

õ
ææ
ç

å

-
=öö
÷

õ
ææ
ç

å

mn

n

m

n
 

 

ʙ) ;
1

1 öö
÷

õ
ææ
ç

å+
=öö
÷

õ
ææ
ç

å
+öö
÷

õ
ææ
ç

å

- m

n

m

n

m

n
 

 

                                                 
1 ɹʫʢʚʘ P ï ʧʝʨʚʘʷ ʙʫʢʚʘ ʣʘʪʠʥʩʢʦʛʦ ʩʣʦʚʘ Permutation ï ʧʝʨʝʩʪʘʥʦʚʢʘ. 
2 ɹʫʢʚʘ C ï ʧʝʨʚʘʷ ʙʫʢʚʘ ʣʘʪʠʥʩʢʦʛʦ ʩʣʦʚʘ  ʉombination ï ʩʦʯʝʪʘʥʠʝ. 
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ʚ) .
1

...
2

2

1

1

0 öö
÷

õ
ææ
ç

å ++
=öö
÷

õ
ææ
ç

å+
++öö

÷

õ
ææ
ç

å +
+öö
÷

õ
ææ
ç

å+
+öö
÷

õ
ææ
ç

å

m

mn

m

mnmnn
 

 

ʉʣʦʞʠʚ ʚʩʝ ʯʠʩʣʘ 
m

nC , ʛʜʝ m ʧʨʠʥʠʤʘʝʪ ʚʩʝ ʟʥʘʯʝʥʠʷ ʦʪ ʥʫʣʷ ʜʦ n, ʤʳ ʧʦʣʫʯʠʤ ʦʙʱʝʝ ʯʠʩʣʦ 

ʚʩʝʭ ʧʦʜʤʥʦʞʝʩʪʚ ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥʪʦʚ: 

 

+0

nC +1

nC +2

nC ... ++ -1n

nC .2nn

nC =  

 

ʏʠʩʣʦ 2 = 1 + 1, ʠ ʵʪʦ  ʨʘʚʝʥʩʪʚʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ 

( ) +=+ 011 n

n
C +1

nC +2

nC ... ++ -1n

nC .n

nC  

ʕʪʦʪ ʬʘʢʪ ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʙʦʣʝʝ ʦʙʱʝʡ ʬʦʨʤʫʣʳ: ʜʣʷ ʣʶʙʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠ-

ʩʝʣ a, b ʠ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ n: 

 

( ) .... 11222110 nn

n

nn

n

n

n

n

n

n

n

n
bCabCbaCbaCaCba +++++=+ ----

 
 

ɼʚʫʯʣʝʥ a + b ʥʘʟʳʚʘʝʪʩʷ ʙʠʥʦʤʦʤ, ʘ ʬʦʨʤʫʣʫ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʨʘʟʣʦʞʝʥʠʷ ʩʪʝʧʝʥʠ ʙʠʥʦʤʘ ʚ 

ʩʫʤʤʫ ʥʘʟʳʚʘʶʪ ʙʠʥʦʤʦʤ ʅʴʶʪʦʥʘ
1
. 

ʀʩʧʦʣʴʟʫʷ ʟʥʘʢ ʩʫʤʤʠʨʦʚʘʥʠʷ S, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʙʠʥʦʤ ʅʴʶʪʦʥʘ ʢʦʨʦʯʝ. 

( ) .
0

ini
n

i

n
ba

i

n
ba -

=
öö
÷

õ
ææ
ç

å
=+ ä  

 

ʊʦʞʜʝʩʪʚʦ  

 

öö
÷

õ
ææ
ç

å+
=öö
÷

õ
ææ
ç

å
+öö
÷

õ
ææ
ç

å

- m

n

m

n

m

n 1

1
, 

 

ʠʣʠ ʚ ʜʨʫʛʦʡ ʩʠʤʚʦʣʠʢʝ 

 

,1

1 m

n

m

n

m

n CCC +

- =+  

ʦʟʥʘʯʘʝʪ, ʯʪʦ, ʦʪʧʨʘʚʣʷʷʩʴ ʦʪ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʘʟʣʦʞʝʥʠʷ (a+b)
0
 = 1  ʩ ʧʦʤʦʱʴʶ ʩʣʦʞʝʥʠʷ ʤʦʞʥʦ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʦʣʫʯʠʪʴ ʚʩʝ ʙʠʥʦʤʠʥʘʣʴʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ. 

 
 

                                                 
1 ʕʪʘ ʬʦʨʤʫʣʘ ʙʳʣʘ ʠʟʚʝʩʪʥʘ ʟʘʜʦʣʛʦ ʜʦ ʀʩʘʘʢʘ ʅʴʶʪʦʥʘ, ʥʦ ʅʴʶʪʦʥ ʚ 1665 ʛ. ʫʢʘʟʘʣ ʚʦʟʤʦʞʥʦʩʪʴ ʝʝ ʦʙʦʙʱʝʥʠʷ ʜʣʷ 

ʦʪʨʠʮʘʪʝʣʴʥʦʛʦ ʠʣʠ ʜʨʦʙʥʦʛʦ n: ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʨʘʟʣʦʞʝʥʠʝ ʩʪʝʧʝʥʠ ʙʠʥʦʤʘ ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʙʝʩʢʦʥʝʯʥʳʡ (ʙʠʥʦʤʠʥʘʣʴ-

ʥʳʡ) ʨʷʜ. 
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ʉʠʪʫʘʮʠʶ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʥʘʛʣʷʜʥʦ. 

ʈʘʩʩʤʦʪʨʠʤ ʪʨʝʫʛʦʣʴʥʫʶ ʯʠʩʣʦʚʫʶ ʪʘʙʣʠʮʫ, ʫ ʢʦʪʦʨʦʡ  ʧʝʨʚʳʡ ʠ ʧʦʩʣʝʜʥʠʡ ʵʣʝʤʝʥʪ ʢʘʞ-

ʜʦʡ ʩʪʨʦʢʠ  ʝʜʠʥʠʮʘ, ʘ ʢʘʞʜʳʡ ʜʨʫʛʦʡ ʵʣʝʤʝʥʪ ʩʪʨʦʢʠ  ʧʦʣʫʯʘʝʪʩʷ ʩʫʤʤʠʨʦʚʘʥʠʝʤ ʜʚʫʭ ʯʠʩʝʣ, 

ʩʪʦʷʱʠʭ ʥʘʜ ʥʠʤ. 

ɺ ʯʝʩʪʴ ʘʚʪʦʨʘ ʵʪʘ ʪʘʙʣʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʪʨʝʫʛʦʣʴʥʠʢʦʤ ʇʘʩʢʘʣʷ
1
. 

ɿʥʘʯʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʙʠʥʦʤʘ ʅʴʶʪʦʥʘ n-ʡ ʩʪʝʧʝʥʠ ʷʚʣʷʶʪʩʷ ʵʣʝʤʝʥʪʘʤʠ (n+1)-ʡ ʩʪʨʦʢʠ 

ʪʨʝʫʛʦʣʴʥʠʢʘ ʇʘʩʢʘʣʷ.  

 

ʉʶʨʲʝʢʮʠʠ ʠ ʯʠʩʣʘ ʉʪʠʨʣʠʥʛʘ ʚʪʦʨʦʛʦ ʨʦʜʘ. ʏʠʩʣʦ ʩʶʨʲʝʢʮʠʡ ʤʥʦʞʝʩʪʚʘ M ʥʘ A ʩʚʷʟʘ-

ʥʦ  ʩ ʯʠʩʣʦʤ ʨʘʟʙʠʝʥʠʡ ʤʥʦʞʝʩʪʚʘ M ʥʘ ʥʝʧʝʨʝʩʝʢʘʶʱʠʝʩʷ ʧʦʜʤʥʦʞʝʩʪʚʘ.  

ʏʠʩʣʦ ʚʩʝʭ ʨʘʟʙʠʝʥʠʡ n-ʵʣʝʤʝʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʥʘ k ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦ-

ʣʦʤ S(n, k) ʠ ʥʘʟʳʚʘʶʪ ʯʠʩʣʦʤ ʉʪʠʨʣʠʥʛʘ ʚʪʦʨʦʛʦ ʨʦʜʘ. ʇʦʣʘʛʘʶʪ S(0, 0) = 1. ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʠʟ 

ʦʧʨʝʜʝʣʝʥʠʷ ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ n>0, ʪʦ  S(n, 0) = 0,  S(n, 1) = 1,  S(n, n) = 1. ʂʨʦʤʝ ʪʦʛʦ, ʝʩʣʠ  k > n, 

ʪʦ   S(n, k) = 0. ɼʣʷ ʢʘʞʜʦʛʦ n > 0  ʚʳʧʦʣʥʷʶʪʩʷ ʨʘʚʝʥʩʪʚʘ  

S(n, 2) = ,12 1--n   S(n, n) = 1,  S(n, n-1) = öö
÷

õ
ææ
ç

å

2

n
. 

ɽʩʣʠ n>0  ʠ  k>0, ʪʦ S(n, k) = kÖS(n-1, k)+S(n-1, k-1). 

 

S(n, k) = ( )ä
--

=

--öö
÷

õ
ææ
ç

å

-

-)1(

1

1,
1

1kn

m

kmnS
m

n
 = ( ).1,

11

1

ä
-

-=

-öö
÷

õ
ææ
ç

å-n

ki

kiS
i

n
 

 

ʏʠʩʣʦ ʩʶʨʲʝʢʮʠʡ ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʥʘ k-ʵʣʝʤʝʥʪʥʦʝ ʤʥʦʞʝʩʪʚʦ ʨʘʚʥʦ  k!ÖS(n, k). 

ɽʩʣʠ  ʤʥʦʞʝʩʪʚʦ M ʩʦʩʪʦʠʪ ʠʟ n, ʘ ʤʥʦʞʝʩʪʚʦ A ï ʠʟ k ʵʣʝʤʝʥʪʦʚ (n ² k), ʪʦ ʩʫʱʝʩʪʚʫʝʪ  

( ) ( )n
k

i

i
ik

i

k
-öö

÷

õ
ææ
ç

å
-ä

-

=

1

0

1  

ʩʶʨʲʝʢʮʠʡ ʤʥʦʞʝʩʪʚʘ M ʥʘ A. 

ʆʙʦʟʥʘʯʠʤ ʩʠʤʚʦʣʦʤ E(n) ʯʠʩʣʦ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʝʡ ʥʘ ʤʥʦʞʝʩʪʚʝ ʠʟ n ʵʣʝʤʝʥʪʦʚ, ʧʨʠʯʝʤ ʧʦ-

ʣʦʞʠʤ E(0) = 1.   

ʊʘʢ ʢʘʢ ʢʘʞʜʘʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ ʦʜʥʦʟʥʘʯʥʦ ʟʘʜʘʝʪ ʨʘʟʙʠʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ʥʘ ʢʣʘʩʩʳ, E(n) 

ʨʘʚʥʦ ʯʠʩʣʫ ʚʩʝʭ ʨʘʟʙʠʝʥʠʡ n-ʵʣʝʤʝʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ. 

ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʚʠʜʥʦ, ʯʪʦ E(1)=1  ʠ  E(2)=2. ʀʩʧʦʣʴʟʫʷ ʯʠʩʣʦ ʉʪʠʨʣʠʥʛʘ ʚʪʦʨʦʛʦ ʨʦʜʘ, 

ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʷʚʥʳʝ  ʚʳʨʘʞʝʥʠʷ ʜʣʷ E(n): 

 

() ( )ä
=

=
n

k

knSnE
0

,,  

E(n) = ().
11

0

ä
-

=
öö
÷

õ
ææ
ç

å-n

i

iE
i

n
 

 

                                                 
1 ɹʣʝʟ ʇʘʩʢʘʣʴ (1623ï1662) ï ʬʨʘʥʮʫʟʩʢʠʡ ʬʠʣʦʩʦʬ, ʧʠʩʘʪʝʣʴ, ʤʘʪʝʤʘʪʠʢ ʠ ʬʠʟʠʢ. ʏʠʩʣʦʚʦʡ ʪʨʝʫʛʦʣʴʥʠʢ ʧʦʷʚʠʣʩʷ ʚ 

ʝʛʦ ʨʘʙʦʪʝ çʊʨʘʢʪʘʪ ʦʙ ʘʨʠʬʤʝʪʠʯʝʩʢʦʤ ʪʨʝʫʛʦʣʴʥʠʢʝè (ʥʘʧʠʩʘʥʥʦʡ ʚ 1654 ʛ. ʠ ʦʧʫʙʣʠʢʦʚʘʥʥʦʡ ʫʞʝ ʧʦʩʣʝ ʩʤʝʨʪʠ ʘʚʪʦ-

ʨʘ ʚ 1665 ʛ.). ʊʘʤ ʞʝ ʚʧʝʨʚʳʝ ʷʚʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʥ ʠ ʧʨʠʤʝʥʝʥ ʤʝʪʦʜ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʠʥʜʫʢʮʠʠ. 
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ʀʩʧʦʣʴʟʫʷ  ʨʘʚʝʥʩʪʚʦ öö
÷

õ
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ç

å
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=öö
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õ
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a
, ʠ ʦʙʦʟʥʘʯʠʚ mn-  ʩʠʤʚʦʣʦʤ i, ʧʦʣʫʯʘʝʤ: 

E(n) = ().
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ç
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ʈʝʢʫʨʨʝʥʪʥʦʝ ʩʦʦʪʥʦʰʝʥʠʝ ʜʣʷ ʯʠʩʣʘ ʉʪʠʨʣʠʥʛʘ ʚʪʦʨʦʛʦ ʨʦʜʘ ʠ ʧʨʝʜʳʜʫʱʠʝ ʨʘʚʝʥʩʪʚʘ ʜʦ-

ʩʪʘʚʣʷʶʪ ʘʣʛʦʨʠʪʤ ʜʣʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʛʦ ʚʳʯʠʩʣʝʥʠʷ S(n, k).  

ʅʘʧʨʠʤʝʨ, ʚ ʧʨʠʚʝʜʝʥʥʦʡ ʪʘʙʣʠʮʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʦʣʫʯʝʥʳ  ʟʥʘʯʝʥʠʷ  S(n, k) ʜʣʷ n, k ʠʟ 

ʤʥʦʞʝʩʪʚʘ {0, 1, 2, 3, 4, 5, 6}. 

 
ɺ ʵʪʦʡ ʪʘʙʣʠʮʝ ʥʝʪʨʠʚʠʘʣʴʥʦʡ ʯʘʩʪʴʶ ʷʚʣʷʝʪʩʷ ʣʠʰʴ ʪʨʝʫʛʦʣʴʥʠʢ ʠʟ ʥʝʥʫʣʝʚʳʭ ʵʣʝʤʝʥʪʦʚ. 

ʕʪʦʪ ʪʨʝʫʛʦʣʴʥʠʢ (ʧʦ ʘʥʘʣʦʛʠʠ ʩ ʪʨʝʫʛʦʣʴʥʠʢʦʤ ʇʘʩʢʘʣʷ) ʥʘʟʳʚʘʶʪ ʠʥʦʛʜʘ ʪʨʝʫʛʦʣʴʥʠʢʦʤ ʉʪʠʨ-

ʣʠʥʛʘ. ʂʘʞʜʳʡ ʵʣʝʤʝʥʪ xnk ʠʟ n-ʦʡ ʩʪʨʦʢʠ k-ʛʦ ʩʪʦʣʙʮʘ  ʪʨʝʫʛʦʣʴʥʠʢʘ ʉʪʠʨʣʠʥʛʘ, ʢʨʦʤʝ ʢʨʘʡʥʠʭ, 

ʨʘʚʥʳʭ ʝʜʠʥʠʮʝ, ʧʦʣʫʯʘʝʪʩʷ ʢʘʢ ʩʫʤʤʘ ʵʣʝʤʝʥʪʘ xn ï 1, k, ʨʘʩʧʦʣʦʞʝʥʥʦʛʦ ʚ ʪʦʯʥʦʩʪʠ ʥʘʜ ʠʩʢʦʤʳʤ ʠ 

ʫʤʥʦʞʝʥʥʦʛʦ ʥʘ  k, ʠ ʵʣʝʤʝʥʪʘ, ʥʘʭʦʜʷʱʝʛʦʩʷ ʩʣʝʚʘ ʦʪ xn ï 1, k,  

xnk = kÖxn ï 1, k +  xn ï 1, k ï 1. 

 

S(n, k) ï ʵʣʝʤʝʥʪ n-ʦʡ ʩʪʨʦʢʠ ʠ k-ʛʦ ʩʪʦʣʙʮʘ  

 

ɺʳʜʝʣʝʥʠʝ ʦʜʥʦʵʣʝʤʝʥʪʥʦʛʦ ʧʦʜʤʥʦʞʝʩʪʚʘ X ʠ ʨʘʩʩʤʦʪʨʝʥʠʝ ʦʪʜʝʣʴʥʦ, ʨʘʟʙʠʝʥʠʡ ʩʦʜʝʨ-

ʞʘʱʠʭ X, ʘ ʟʘʪʝʤ ʨʘʟʙʠʝʥʠʡ, ʥʝ ʩʦʜʝʨʞʘʱʠʭ X, ʧʦʟʚʦʣʠʣʦ ʧʦʣʫʯʠʪʴ ʨʝʢʫʨʨʝʥʪʥʳʝ ʬʦʨʤʫʣʳ, ʚ ʢʦ-

ʪʦʨʳʭ ʚʳʯʠʩʣʝʥʠʝ S(n, k) ʩʚʦʜʠʪʩʷ ʢ ʚʳʯʠʩʣʝʥʠʶ S(n ï , k)  ʠ S(n ï 1, k ï 1).  

ɿʘʤʝʪʠʤ ʩʥʘʯʘʣʘ, ʯʪʦ ʝʩʣʠ H ï m-ʵʣʝʤʝʥʪʥʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ n-ʵʣʝʤʝʥʪʥʦʛʦ ʤʥʦʞʝʩʪʚʘ M, ʪʦ 

ʯʠʩʣʦ ʨʘʟʙʠʝʥʠʡ ʤʥʦʞʝʩʪʚʘ M ʥʘ k ʢʣʘʩʩʦʚ, ʩʦʜʝʨʞʘʱʠʭ H ʢʘʢ ʢʣʘʩʩ, ʨʘʚʥʦ  S(n ï m, k ï 1). 

ʂʨʦʤʝ ʪʦʛʦ, ʝʩʣʠ ¼M¼= n, a Í M, ʪʦ ʯʠʩʣʦ m-ʵʣʝʤʝʥʪʥʳʭ ʧʦʜʤʥʦʞʝʩʪʚ, ʩʦʜʝʨʞʘʱʠʭ ʵʣʝʤʝʥʪ 

a, ʨʘʚʥʦ öö
÷

õ
ææ
ç

å

-

-

1

1

m

n
. 

ʇʫʩʪʴ ʪʝʧʝʨʴ ʯʠʩʣʦ m ʧʨʠʥʠʤʘʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʟʥʘʯʝʥʠʷ 1, 2, ..., k-1. ɼʣʷ ʢʘʞʜʦʛʦ m ʯʠʩ-

ʣʦ ʨʘʟʙʠʝʥʠʡ, ʙʣʘʛʦʜʘʨʷ ʧʨʝʜʳʜʫʱʠʤ ʫʪʚʝʨʞʜʝʥʠʷʤ, ʠʟʚʝʩʪʥʦ; ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
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S(n, k) = ( ).1,
1

1)1(

1

ä
--

=

--öö
÷

õ
ææ
ç

å

-

-kn

m

kmnS
m

n
 

 

ʀʩʧʦʣʴʟʫʷ ʩʚʷʟʴ ʤʝʞʜʫ ʯʠʩʣʘʤʠ öö
÷

õ
ææ
ç

å

b

a
ʠ öö

÷

õ
ææ
ç

å

-ba

a
, ʠ ʩʥʦʚʘ ʦʙʦʟʥʘʯʠʚ ʨʘʟʥʦʩʪʴ  n ï m ʩʠʤʚʦ-

ʣʦʤ i, ʧʦʣʫʯʘʝʤ 

 

S(n, k) = ( ).1,
11

1

ä
-

-=

-öö
÷

õ
ææ
ç

å-n

ki

kiS
i

n
 

 

ʇʦʣʫʯʝʥʥʘʷ ʬʦʨʤʫʣʘ ʨʝʢʫʨʨʝʥʪʥʘ: ʩ ʝʝ ʧʦʤʦʱʴʶ ʚʳʯʠʩʣʝʥʠʝ S(n, k) ʩʚʦʜʠʪʩʷ ʢ ʚʳʯʠʩʣʝʥʠʶ 

S(k ï 1, k ï 1), S(ʢ, k ï 1), S(k + 1, k ï 1), ..., S(n ï 1, k ï 1).  

ʂʩʪʘʪʠ, ʯʠʩʣʦʤ  s(n, k)  ʉʪʠʨʣʠʥʛʘ ʧʝʨʚʦʛʦ ʨʦʜʘ ʥʘʟʳʚʘʶʪ ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʠ ʩʪʝʧʝʥʠ  x
k
  ʚ 

ʤʥʦʛʦʯʣʝʥʝ  

 

x (x ï 1) (x ï 2) ... [(x ï (n ï 1)], 

 

ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ,  

x (x ï 1) (x ï 2) ... (x ï n + 1)= ä
=

n

k

kxkns
0

.),( . 

 

ʇʦʣʠʥʦʤʠʘʣʴʥʘʷ ʬʦʨʤʫʣʘ. ʇʫʩʪʴ X ={x1, x2, ..., xn}  ʠ  Y ={a1, a2, ..., ak}  ï ʜʚʘ ʢʦʥʝʯʥʳʭ 

ʤʥʦʞʝʩʪʚʘ, ʧʨʠʯʝʤ  n = m1 + m2 + ... + mk. ʈʘʩʩʤʦʪʨʠʤ ʚʩʝ ʪʘʢʠʝ ʩʶʨʲʝʢʪʠʚʥʳʝ ʦʪʦʙʨʘʞʝʥʠʷ f ʤʥʦ-

ʞʝʩʪʚʘ A ʥʘ ʤʥʦʞʝʩʪʚʦ B, ʯʪʦ ʧʦʣʥʳʡ ʧʨʦʦʙʨʘʟ ʵʣʝʤʝʥʪʘ ai ʩʦʩʪʦʠʪ ʠʟ .mi ʵʣʝʤʝʥʪʦʚ, ¼f
-1

(ai)¼= mi,   

i = 1, 2, ..., k. ʏʠʩʣʦ ʚʩʝʭ ʪʘʢʠʭ ʦʪʦʙʨʘʞʝʥʠʡ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ P(m1, m2, ..., mk).  

ʆʪʦʙʨʘʞʝʥʠʝ ʦʧʠʩʘʥʥʦʛʦ ʚʠʜʘ ʤʦʞʥʦ ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ n-ʢʠ  

(z1, z2, ..., zn), ʛʜʝ ziÍM, ʧʨʠʯʝʤ ʩʠʤʚʦʣ ai ʚʭʦʜʠʪ mi ʨʘʟ. ʊʘʢʫʶ n-ʢʫ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʧʝʨʝʩʪʘʥʦʚ-

ʢʦʡ ʩ ʧʦʚʪʦʨʝʥʠʷʤʠ ʩʦʩʪʘʚʘ m1,  m2, . . . , mk  ʠʟ ʩʠʤʚʦʣʦʚ  a1, a2, ..., ak.  

ʏʠʩʣʦ P(m1, m2, ..., mk) ʨʘʟʣʠʯʥʳʭ ʧʝʨʝʩʪʘʥʦʚʦʢ ʩ ʧʦʚʪʦʨʝʥʠʷʤʠ ʠʟ n ʵʣʝʤʝʥʪʦʚ, ʚ ʢʦʪʦʨʳʭ 

ʵʣʝʤʝʥʪʳ a1, a2, ..., ak ʧʦʚʪʦʨʷʶʪʩʷ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ m1, m2, ..., mk  ʨʘʟ, ʨʘʚʥʦ 

 

( )
!...!!

!...

21

21

k

k

mmm

mmm

ÖÖÖ

+++
. 

 

ʀʩʧʦʣʴʟʫʷ ʧʦʥʷʪʠʝ ʧʝʨʝʩʪʘʥʦʚʢʠ ʩ ʧʦʚʪʦʨʝʥʠʷʤʠ, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʬʦʨʤʫʣʫ, ʦʙʦʙʱʘʶʱʫʶ 

ʙʠʥʦʤ ʅʴʶʪʦʥʘ, ʘ ʠʤʝʥʥʦ: ʜʣʷ ʣʶʙʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ai (i=1, 2, ..., n)  ʠ ʣʶʙʦʛʦ  ʥʘʪʫʨʘʣʴʥʦʛʦ n 

ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦ (ʥʘʟʳʚʘʝʤʦʝ ʧʦʣʠʥʦʤʠʘʣʴʥʦʡ ʬʦʨʤʫʣʦʡ)  

( ) ( ) .......,,,... 21

21

2121

...

21
k

k

m

k

mm

k

nmmm

n

k aaammmPaaa Ö=+++ ä
=+++

 

 

ʇʨʦʠʟʚʦʜʷʱʠʝ ʬʫʥʢʮʠʠ. ɽʩʣʠ ʨʷʜ   

 

......2

210 +++++ n

nxaxaxaa  

 

ʩʭʦʜʠʪʩʷ ʚ ʥʝʢʦʪʦʨʦʡ ʦʙʣʘʩʪʠ, ʠ ʨʘʚʝʥ ʬʫʥʢʮʠʠ f(x), ʪʦ ʵʪʫ ʬʫʥʢʮʠʶ ʥʘʟʳʚʘʶʪ ʧʨʦʠʟʚʦʜʷʱʝʡ 

ʜʣʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ  ...,,...,,, 210 naaaa . ʅʘʧʨʠʤʝʨ, ( )nx+1  ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʦʜʷʱʝʡ ʬʫʥʢʮʠ-

ʝʡ ʜʣʷ ʯʠʩʝʣ öö
÷

õ
ææ
ç

å

i

n
, i=0, 1, 2, é, n, 
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( ) ,1
0

in
n

i

n
x

i

n
x -

=
öö
÷

õ
ææ
ç

å
=+ ä  

ʘ ʬʫʥʢʮʠʷ 
21 xx

x

--
 ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʥʫʣʷ ʧʨʦʠʟʚʦʜʠʪ ʯʠʩʣʘ ʌʠʙʦʥʘʯʯʠ: 

21 xx

x

--
= x + x

2
 + 2 x

3
 + 3 x

4
+ 5 x

5
+ 8 x

6
+ 13 x

7
+é  

 

ʏʠʩʣʘʤʠ ʌʠʙʦʥʘʯʯʠ
1
 ʥʘʟʳʚʘʶʪ ʤʥʦʞʝʩʪʚʦ  

 

{1, 1, 2, 3, 5, 8, 13, ..., a, b, a + b, ...}, 

 

ʚ ʢʦʪʦʨʦʤ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ, ʥʘʯʠʥʘʷ ʩ ʪʨʝʪʴʝʛʦ, ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʜʚʫʭ ʧʨʝʜʳʜʫʱʠʭ.  

 
Ä 3. ɻʨʫʧʧʳ ʠ ʢʦʣʴʮʘ 

ʆʧʨʝʜʝʣʝʥʠʝ ʛʨʫʧʧʳ. ʇʫʩʪʴ A =<A; * > ï ʘʣʛʝʙʨʘ ʩ ʦʜʥʦʡ ʜʚʫʤʝʩʪʥʦʡ ʦʧʝʨʘʮʠʝʡ, ʦʙʦʟʥʘ-

ʯʝʥʥʦʡ ʩʠʤʚʦʣʦʤ * ʠ ʩ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ e. 

ʕʣʝʤʝʥʪ a ʠʟ A ʥʘʟʳʚʘʶʪ ʦʙʨʘʪʠʤʳʤ, ʝʩʣʠ  ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʡ ʵʣʝʤʝʥʪ x ʚ A, ʯʪʦ  

 

a*x = x*a=e 

 

ʕʣʝʤʝʥʪ x ʚ ʪʘʢʦʤ ʩʣʫʯʘʝ ʦʙʳʯʥʦ  ʥʘʟʳʚʘʶʪ ʦʙʨʘʪʥʳʤ ʜʣʷ ʵʣʝʤʝʥʪʘ a ʠ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦ-

ʣʦʤ a
ï1
. ʊʘʢʠʤ ʦʙʨʘʟʦʤ,  

 

a * ʘ
ï1

= ʘ
ï1
* ʘ = e. 

 

ɸʣʛʝʙʨʘ  G = <G; * > ʩ ʦʜʥʦʡ ʦʧʝʨʘʮʠʝʡ * ʥʘʟʳʚʘʝʪʩʷ ʛʨʫʧʧʦʡ, ʝʩʣʠ: ʦʧʝʨʘʮʠʷ * ʘʩʩʦʮʠʘʪʠʚ-

ʥʘ;  ʦʧʝʨʘʮʠʷ * ʦʙʣʘʜʘʝʪ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ;  ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ G ʦʙʨʘʪʠʤ. 

ɻʨʫʧʧʘ ï ʦʩʥʦʚʥʦʝ ʧʦʥʷʪʠʝ ʩʦʚʨʝʤʝʥʥʦʡ ʤʘʪʝʤʘʪʠʢʠ. ʊʝʦʨʠʷ ʬʫʥʢʮʠʡ, ʪʦʧʦʣʦʛʠʷ, ʢʨʠʩʪʘʣ-

ʣʦʛʨʘʬʠʷ, ʢʚʘʥʪʦʚʘʷ  ʤʝʭʘʥʠʢʘ ʠ ʜʨʫʛʠʝ ʦʙʣʘʩʪʠ ʝʩʪʝʩʪʚʦʟʥʘʥʠʷ ʚ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʥʝʤʳʩʣʠʤʳ 

ʙʝʟ ʧʨʠʤʝʥʝʥʠʷ ʧʦʥʷʪʠʷ ʛʨʫʧʧʳ.  

ʂʨʦʤʝ ʤʥʦʛʦʯʠʩʣʝʥʥʳʭ ʧʨʠʤʝʥʝʥʠʡ ʨʝʟʫʣʴʪʘʪʦʚ, ʩʘʤʘ ʪʝʦʨʝʪʠʢʦ-ʛʨʫʧʧʦʚʘʷ ʤʝʪʦʜʦʣʦʛʠʷ 

ʷʚʣʷʝʪʩʷ ʦʙʨʘʟʮʦʤ ʧʦʩʪʨʦʝʥʠʷ ʪʝʦʨʠʠ ʜʣʷ ʜʨʫʛʠʭ ʨʘʟʜʝʣʦʚ ʤʘʪʝʤʘʪʠʢʠ.  

ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʛʨʫʧʧ ʷʚʣʷʶʪʩʷ ʦʙʷʟʘʪʝʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʩʦʚʨʝʤʝʥʥʦʛʦ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ 

ʦʙʨʘʟʦʚʘʥʠʷ ʠʥʞʝʥʝʨʘ.  

ɽʜʠʥʠʮʫ ʛʨʫʧʧʳ ʯʘʩʪʦ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ 1 (ʧʦʭʦʞʠʤ ʥʘ ʯʠʩʣʦʚʫʶ ʝʜʠʥʠʮʫ, ʥʦ ʥʝ ʦʙʷʟʘ-

ʪʝʣʴʥʦ ʝʡ ʷʚʣʷʶʱʝʡʩʷ). 

 

ʇʦʜʛʨʫʧʧʳ. ʇʦʜʘʣʛʝʙʨʘ ʛʨʫʧʧʳ ʥʘʟʳʚʘʝʪʩʷ ʧʦʜʛʨʫʧʧʦʡ. 

ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʥʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʛʨʫʧʧʳ, ʩʘʤʦ ʷʚʣʷʶʱʝʝʩʷ ʛʨʫʧʧʦʡ ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʪʦʡ ʞʝ ʦʧʝʨʘʮʠʠ, ʷʚʣʷʝʪʩʷ  ʧʦʜʛʨʫʧʧʦʡ.  

ɽʩʣʠ H ʧʦʜʛʨʫʧʧʘ ʛʨʫʧʧʳ G, ʧʠʰʫʪ:  H < G. 

ʏʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʛʨʫʧʧʝ G ʥʘʟʳʚʘʶʪ ʧʦʨʷʜʢʦʤ ʛʨʫʧʧʳ G, ʧʦʨʷʜʦʢ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ 

æG æ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ,  æH æ ï ʵʪʦ ʧʦʨʷʜʦʢ ʧʦʜʛʨʫʧʧʳ H. 

ɺ ʣʶʙʦʡ ʥʝʝʜʠʥʠʯʥʦʡ ʛʨʫʧʧʝ G ʩʦʜʝʨʞʠʪʩʷ, ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʜʚʝ ʧʦʜʛʨʫʧʧʳ: ʩʘʤʘ G ʠ ʝʜʠ-

ʥʠʯʥʘʷ ʧʦʜʛʨʫʧʧʘ E = {1}. ʕʪʠ ʜʚʝ ʧʦʜʛʨʫʧʧʳ ʥʘʟʳʚʘʶʪ ʪʨʠʚʠʘʣʴʥʳʤʠ (ʠʣʠ ʥʝʩʦʙʩʪʚʝʥʥʳʤʠ). 

  

                                                 
1 ʃʝʦʥʘʨʜʦ ʇʠʟʘʥʩʢʠʡ, ʌʠʙʦʥʘʯʯʠ (1180ï1240) ï ʠʪʘʣʴʷʥʩʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʚʧʝʨʚʳʝ ʨʘʩʩʤʦʪʨʝʣ ʵʪʫ ʧʦʩʣʝʜʦʚʘʪʝʣʴ-

ʥʦʩʪʴ (ʩʚʷʟʘʥʥʫʶ ʩ ʟʘʜʘʯʝʡ ʦ ʨʘʟʤʥʦʞʝʥʠʠ ʢʨʦʣʠʢʦʚ) ʚ 1228 ʛʦʜʫ;  n-ʦʝ ʯʠʩʣʦ ʌʠʙʦʥʘʯʯʠ ʨʘʚʥʦ   
5
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ʅʘʠʤʝʥʴʰʫʶ ʧʦʜʛʨʫʧʧʫ ʛʨʫʧʧʳ G, ʩʦʜʝʨʞʘʱʫʶ ʥʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ M, ʥʘʟʳʚʘʶʪ ʧʦʜ-

ʛʨʫʧʧʦʡ, ʧʦʨʦʞʜʝʥʥʦʡ ʧʦʜʤʥʦʞʝʩʪʚʦʤ M ʠ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ ʛʨ(M). 

ʇʦʜʛʨʫʧʧʫ, ʧʦʨʦʞʜʝʥʥʫʶ ʦʜʥʠʤ ʵʣʝʤʝʥʪʦʤ, ʥʘʟʳʚʘʶʪ ʮʠʢʣʠʯʝʩʢʦʡ ʧʦʜʛʨʫʧʧʦʡ. 

ʃʶʙʘʷ ʛʨʫʧʧʘ ʷʚʣʷʝʪʩʷ ʪʝʦʨʝʪʠʢʦ-ʤʥʦʞʝʩʪʚʝʥʥʳʤ ʦʙʲʝʜʠʥʝʥʠʝʤ ʩʚʦʠʭ ʮʠʢʣʠʯʝʩʢʠʭ ʧʦʜ-

ʛʨʫʧʧ. 

ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʛʨʫʧʧʳ. ʃʶʙʘʷ ʧʦʜʛʨʫʧʧʘ ʛʨʫʧʧʳ G ʠʤʝʝʪ ʧʦʨʦʞʜʘʶʱʝʝ ʤʥʦʞʝʩʪʚʦ. ʀʤʝ-

ʝʪ ʝʛʦ ʠ ʩʘʤʘ ʛʨʫʧʧʘ G. ɽʩʣʠ G = ʛʨ(M), ʪʦ ʣʶʙʦʡ ʵʣʝʤʝʥʪ ʠʟ ʛʨʫʧʧʳ G ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ 

ʩʪʝʧʝʥʝʡ ʵʣʝʤʝʥʪʦʚ ʠʟ M.  ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʠ ʪʘʙʣʠʮʝ ʂʵʣʠ, ʟʘʜʘʶʱʝʡ ʦʧʝʨʘʮʠʶ ʛʨʫʧʧʳ, ʥʘ ʚʭʦʜʘʭ 

ʤʦʞʥʦ ʨʘʩʩʪʘʚʠʪʴ ʵʪʠ ʧʨʦʠʟʚʝʜʝʥʠʷ ï ʦʙʨʘʟʥʦ ʚʳʨʘʞʘʷʩʴ, ï ʩʣʦʚ ʚ ʘʣʬʘʚʠʪʝ M Ç M
ï1

.   

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʣʶʙʘʷ ʛʨʫʧʧʘ G ʤʦʞʝʪ ʙʳʪʴ ʦʧʠʩʘʥʘ ʩʚʦʠʤʠ ʧʦʨʦʞʜʘʶʱʠʤʠ ʵʣʝʤʝʥʪʘʤʠ ʠ  

ʪʘʙʣʠʮʝʡ ʜʝʡʩʪʚʠʷ ï ʪʘʙʣʠʮʝʡ ʂʵʣʠ.  

ʊʘʙʣʠʮʘ ʜʝʡʩʪʚʠʷ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʥʦʩʪʴʶ ʦʧʨʝʜʝʣʝʥʘ ʩ ʧʦʤʦʱʴʶ ʥʝʢʦʪʦʨʳʭ 

ʩʦʦʪʥʦʰʝʥʠʡ ʤʝʞʜʫ ʧʦʨʦʞʜʘʶʱʠʤʠ ʵʣʝʤʝʥʪʘʤʠ. ʉʦʦʪʥʦʰʝʥʠʷ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʧʨʦʠʟ-

ʚʝʜʝʥʠʡ ʧʦʨʦʞʜʘʶʱʠʭ ʠ ʠʭ ʦʙʨʘʪʥʳʭ, ʨʘʚʥʳʭ ʝʜʠʥʠʯʥʦʤʫ ʵʣʝʤʝʥʪʫ.  

ɽʜʠʥʠʯʥʳʡ ʵʣʝʤʝʥʪ ʠ ʩʠʤʚʦʣ ʨʘʚʝʥʩʪʚʘ ʚ ʟʘʧʠʩʠ ʦʙʳʯʥʦ ʦʧʫʩʢʘʶʪʩʷ. ʊʦʯʥʝʝ ʛʦʚʦʨʷ, ʯʪʦ ʝʩ-

ʣʠ ʛʨʫʧʧʘ G ʧʦʨʦʞʜʘʝʪʩʷ ʵʣʝʤʝʥʪʘʤʠ a1, a2, é, an  ʠ ʠʤʝʝʪ ʦʧʨʝʜʝʣʷʶʱʠʝ ʩʦʦʪʥʦʰʝʥʠʷ R1, R2, é, 

Rm, ʪʦ ʧʠʰʫʪ: 

G = < a1, a2, é, an ; R1, R2, é , Rm >. 

ʄʥʦʞʝʩʪʚʦ ʦʧʨʝʜʝʣʷʶʱʠʭ ʩʦʦʪʥʦʰʝʥʠʡ ʚ ʧʨʝʜʩʪʘʚʣʝʥʠʠ ʛʨʫʧʧʳ ʤʦʞʝʪ ʙʳʪʴ ʠ ʧʫʩʪʳʤ. ɺ 

ʪʘʢʦʤ ʩʣʫʯʘʝ ʛʨʫʧʧʘ ʥʘʟʳʚʘʝʪʩʷ ʩʚʦʙʦʜʥʦʡ. 

 

ʀʟʦʤʦʨʬʠʟʤ. ʊʝʦʨʝʤʘ ʂʵʣʠ. ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʭ ʦʪʦʙʨʘʞʝʥʠʡ ʢʦʥʝʯʥʦ-

ʛʦ ʤʥʦʞʝʩʪʚʘ ʠʟ n ʵʣʝʤʝʥʪʦʚ ʥʘ ʩʝʙʷ ʥʘʟʳʚʘʶʪ ʩʠʤʤʝʪʨʠʯʝʩʢʦʡ ʛʨʫʧʧʦʡ ʩʪʝʧʝʥʠ n ʠ ʦʙʦʟʥʘʯʘʶʪ 

ʩʠʤʚʦʣʦʤ Sn. 

ʃʶʙʫʶ ʧʦʜʛʨʫʧʧʫ ʛʨʫʧʧʳ Sn ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʛʨʫʧʧʦʡ ʧʦʜʩʪʘʥʦʚʦʢ.  

ɼʚʝ ʘʣʛʝʙʨʳ ʥʘʟʳʚʘʶʪʩʷ ʠʟʦʤʦʨʬʥʳʤʠ
1
, ʝʩʣʠ ʦʥʠ ʦʪʣʠʯʘʶʪʩʷ ʪʦʣʴʢʦ ʥʘʟʚʘʥʠʷʤʠ (ʠ ʦʙʦʟʥʘ-

ʯʝʥʠʷʤʠ) ʩʚʦʠʭ ʵʣʝʤʝʥʪʦʚ ʠ ʦʧʝʨʘʮʠʡ. ʊʦʯʥʝʝ ʛʦʚʦʨʷ, ʘʣʛʝʙʨʳ ʠʟʦʤʦʨʬʥʳ, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʚʟʘ-

ʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ʦʜʥʦʡ ʘʣʛʝʙʨʳ ʥʘ ʤʥʦʞʝʩʪʚʦ ʜʨʫʛʦʡ, ʩʦʭʨʘʥʷʶʱʝʝ 

ʦʧʝʨʘʮʠʠ. ʆʪʦʙʨʘʞʝʥʠʝ ʩ ʪʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ ʥʘʟʳʚʘʶʪ ʠʟʦʤʦʨʬʠʟʤʦʤ.  

ɼʚʝ ʠʟʦʤʦʨʬʥʳʝ ʘʣʛʝʙʨʳ ʦʙʣʘʜʘʶʪ ʦʜʠʥʘʢʦʚʳʤʠ ʩʚʦʡʩʪʚʘʤʠ: ʣʶʙʦʝ ʫʪʚʝʨʞʜʝʥʠʝ, ʢʦʪʦʨʦʝ 

ʚʳʧʦʣʥʷʝʪʩʷ ʚ ʦʜʥʦʡ ʘʣʛʝʙʨʝ, ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʚʳʧʦʣʥʷʝʪʩʷ ʠ ʚ ʘʣʛʝʙʨʝ, ʝʡ ʠʟʦʤʦʨʬʥʦʡ. 

ʊɽʆʈɽʄɸ (ʂʵʣʠ
2
). ʂʘʞʜʘʷ ʢʦʥʝʯʥʘʷ ʛʨʫʧʧʘ ʠʟʦʤʦʨʬʥʘ ʛʨʫʧʧʝ ʧʦʜʩʪʘʥʦʚʦʢ. 

ʇʦʜʩʪʘʥʦʚʢʘ, ʧʝʨʝʤʝʱʘʶʱʘʷ ʚ ʪʦʯʥʦʩʪʠ ʜʚʘ ʩʠʤʚʦʣʘ, ʥʘʟʳʚʘʝʪʩʷ ʪʨʘʥʩʧʦʟʠʮʠʝʡ. ʂʘʞʜʫʶ ʧʦʜ-

ʩʪʘʥʦʚʢʫ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʪʨʘʥʩʧʦʟʠʮʠʡ, ʠ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʛʨʫʧʧʘ  Sn  ʧʦ-

ʨʦʞʜʘʝʪʩʷ ʪʨʘʥʩʧʦʟʠʮʠʷʤʠ.  

ʆʪʦʙʨʘʞʝʥʠʝ, ʩʦʭʨʘʥʷʶʱʝʝ ʦʧʝʨʘʮʠʠ, ʥʦ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʝ, ʥʘʟʳʚʘʝʪʩʷ 

ʛʦʤʦʤʦʨʬʠʟʤʦʤ
3
. 

ʎʠʢʣʠʯʝʩʢʠʝ ʛʨʫʧʧʳ. ɽʩʣʠ ʧʦʜʤʥʦʞʝʩʪʚʦ M ʛʨʫʧʧʳ G ʩʦʩʪʦʠʪ ʠʟ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ, M={a}, 

ʪʦ ʧʦʜʛʨʫʧʧʫ ʛʨ(a) ʥʘʟʳʚʘʶʪ ʮʠʢʣʠʯʝʩʢʦʡ, ʧʦʨʦʞʜʝʥʥʦʡ ʵʣʝʤʝʥʪʦʤ a (ʝʩʣʠ ʛʨ(a) = G, ʪʦ G ʥʘʟʳʚʘ-

ʝʪʩʷ ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʦʡ).  

ʎʠʢʣʠʯʝʩʢʘʷ ʧʦʜʛʨʫʧʧʘ ʩʦʩʪʦʠʪ ʠʟ ʚʩʝʭ ʮʝʣʦʯʠʩʣʝʥʥʳʭ ʩʪʝʧʝʥʝʡ ʧʦʨʦʞʜʘʶʱʝʛʦ ʵʣʝʤʝʥʪʘ, 

 

ʛʨ(a) = {a
k
 æ kÍZ}.  

 

ɽʩʣʠ ʥʘʡʜʝʪʩʷ ʪʘʢʦʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ n, ʯʪʦ n-ʘʷ ʩʪʝʧʝʥʴ ʵʣʝʤʝʥʪʘ a ʨʘʚʥʘ ʝʜʠʥʠʮʝ, a
n 
= 1, 

ʪʦ ʥʘʠʤʝʥʴʰʝʝ n ʩ ʪʘʢʠʤ ʩʚʦʡʩʪʚʦʤ ʥʘʟʳʚʘʶʪ ʧʦʨʷʜʢʦʤ ʵʣʝʤʝʥʪʘ a (ʘ ʝʩʣʠ ʪʘʢʦʛʦ ʯʠʩʣʘ n ʥʝ ʩʫ-

ʱʝʩʪʚʫʝʪ, ʪʦ ʧʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ a ʩʯʠʪʘʝʪʩʷ ʙʝʩʢʦʥʝʯʥʳʤ).   

ɽʩʣʠ n ï ʧʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ a, ʪʦ ʨʘʚʝʥʩʪʚʦ a
n 
= 1 ʷʚʣʷʝʪʩʷ ʦʧʨʝʜʝʣʷʶʱʠʤ ʩʦʦʪʥʦʰʝʥʠʝʤ ʜʣʷ 

ʛʨ(a): 

ʛʨ(b) = <a; a
n
 >. 

                                                 
1 ʆʪ ʛʨʝʯʝʩʢʦʛʦ  isox ï ʨʘʚʥʳʡ, morjh ï ʬʦʨʤʘ. 
2 ɺʦʟʤʦʞʥʦʩʪʴ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʢʦʥʝʯʥʦʡ ʛʨʫʧʧʳ ʚ ʚʠʜʝ ʛʨʫʧʧʳ ʧʦʜʩʪʘʥʦʚʦʢ ʫʩʪʘʥʦʚʣʝʥʘ  ɸ. ʂʵʣʠ ʚ 1854 ʛ. 
3 ʆʪ ʛʨʝʯʝʩʢʦʛʦ  omox ï ʧʦʜʦʙʥʳʡ, morjh ï ʬʦʨʤʘ. 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ a ʨʘʚʝʥ ʧʦʨʷʜʢʫ  ʮʠʢʣʠʯʝʩʢʘʷ ʧʦʜʛʨʫʧʧʳ 

ʛʨ(a).  

ɼʣʷ ʢʘʞʜʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ ʜʝʣʠʪʝʣʷ m ʯʠʩʣʘ n ʚ ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʝ <a; a
n 
> ʩʦʜʝʨʞʠʪʩʷ ʚ 

ʪʦʯʥʦʩʪʠ ʦʜʥʘ ʧʦʜʛʨʫʧʧʘ, ʩʦʩʪʦʷʱʘʷ ʠʟ m ʵʣʝʤʝʥʪʦʚ. 

 

  ʈʝʰʝʪʢʘ ʧʦʜʛʨʫʧʧ. ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʧʦʜʛʨʫʧʧ ʜʘʥʥʦʡ ʛʨʫʧʧʳ G. ʕʪʦ 

ʤʥʦʞʝʩʪʚʦ ʫʧʦʨʷʜʦʯʝʥʦ ʦʪʥʦʰʝʥʠʝʤ ʚʢʣʶʯʝʥʠʷ  Ë ʜʣʷ ʤʥʦʞʝʩʪʚ.  

ʇʫʩʪʴ M ï ʤʥʦʞʝʩʪʚʦ, ʫʧʦʨʷʜʦʯʝʥʥʦʝ ʦʪʥʦʰʝʥʠʝʤ ¢, ʠ a, b ï ʜʚʘ ʵʣʝʤʝʥʪʘ ʠʟ M.  ʃʶʙʦʡ 

ʵʣʝʤʝʥʪ, ʢʦʪʦʨʳʡ ʙʦʣʴʰʝ ʠ a, ʠ b, ʥʘʟʳʚʘʶʪ ʚʝʨʭʥʝʡ ʛʨʘʥʴʶ ʵʪʠʭ ʵʣʝʤʝʥʪʦʚ. ʅʘʠʤʝʥʴʰʘʷ ʚʝʨʭʥʷʷ 

ʛʨʘʥʴ  ʥʘʟʳʚʘʝʪʩʷ ʪʦʯʥʦʡ ʚʝʨʭʥʝʡ ʛʨʘʥʴʶ.  

ɸʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʪʦʯʥʘʷ ʥʠʞʥʷʷ  ʛʨʘʥʴ ʢʘʢ ʥʘʠʙʦʣʴʰʠʡ ʵʣʝʤʝʥʪ ʠʟ ʥʠʞʥʠʭ ʛʨʘʥʝʡ.   

ʄʥʦʞʝʩʪʚʦ ʥʘʟʳʚʘʝʪʩʷ ʨʝʝhʪʦʯʥʦ ʫʧʦʨʷʜʦʯʝʥʥʳʤ (ʠʣʠ ʨʝʝhʪʢʦʡ), ʝʩʣʠ ʜʣʷ ʢʘʞʜʦʡ ʧʘʨʳ 

ʝʛʦ  ʵʣʝʤʝʥʪʦʚ a, b ʩʫʱʝʩʪʚʫʝʪ ʪʦʯʥʘʷ ʚʝʨʭʥʷʷ  ʠ ʪʦʯʥʘʷ ʥʠʞʥʷʷ ʛʨʘʥʠ.  

ʅʘʛʣʷʜʥʦ ʩʠʪʫʘʮʠʶ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʩ ʧʦʤʦʱʴʶ ʛʨʘʬʘ ʦʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ. ʅʘ ʵʪʦʤ ʛʨʘ-

ʬʝ ʪʦʯʥʘʷ ʚʝʨʭʥʷʷ ʛʨʘʥʴ ʵʣʝʤʝʥʪʦʚ a, b ʨʘʩʧʦʣʘʛʘʝʪʩʷ ʥʘʜ ʵʪʠʤʠ ʵʣʝʤʝʥʪʘʤʠ, ʠ  ʙʣʠʞʝ  ʢ ʵʪʠʤ 

ʵʣʝʤʝʥʪʘʤ ʧʨʠʙʣʠʟʠʪʴʩʷ ʩʚʝʨʭʫ ʥʝʣʴʟʷ. ɸʥʘʣʦʛʠʯʥʦ, ʧʨʝʜʝʣʴʥʦ ʙʣʠʟʢʦ ʩʥʠʟʫ ʢ ʵʪʠʤ ʵʣʝʤʝʥʪʘʤ 

ʨʘʩʧʦʣʘʛʘʝʪʩʷ ʪʦʯʥʘʷ ʥʠʞʥʷʷ ʛʨʘʥʴ. 

 

 
ɻʨʘʬ ʦʪʥʦʰʝʥʠʷ ʨʝʰʝʪʦʯʥʦʛʦ ʧʦʨʷʜʢʘ ʙʫʜʝʪ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʩʦʩʪʦʷʪʴ ʠʟ ʬʨʘʛʤʝʥʪʦʚ, ʫʢʘ-

ʟʘʥʥʳʭ ʥʘ ʨʠʩʫʥʢʝ.  

ʉʣʦʚʘ çʚʦʦʙʱʝ ʛʦʚʦʨʷè ʦʪʥʦʩʠʪʩʷ ʢ ʪʦʤʫ, ʯʪʦ ʚ ʯʘʩʪʥʳʭ ʩʣʫʯʘʷʭ ʵʣʝʤʝʥʪʳ  a, b ʤʦʛʫʪ ʦʢʘ-

ʟʘʪʴʩʷ ʩʨʘʚʥʠʤʳʤʠ, ʪ. ʝ. ʦʜʠʥ ʵʣʝʤʝʥʪ ʙʫʜʝʪ ʙʦʣʴʰʝ (ʠʣʠ ʤʝʥʴʰʝ) ʜʨʫʛʦʛʦ, ʠ ʪʦʛʜʘ ʨʦʤʙ ʧʨʝʚʨʘ-

ʪʠʪʩʷ ʚ ʦʪʨʝʟʦʢ. 

ʄʥʦʞʝʩʪʚʦ ʥʘʪʫʨʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ  n ʨʝʝhʪʦʯʥʦ ʫʧʦʨʷʜʦʯʝʥʦ ʦʪʥʦʰʝ-

ʥʠʝʤ ʜʝʣʠʤʦʩʪʠ. ʈʦʣʴ ʪʦʯʥʦʡ ʥʠʞʥʝʡ ʛʨʘʥʠ ʚ ʵʪʦʡ ʨʝʰʝʪʢʝ ʠʛʨʘʝʪ ʥʘʠʙʦʣʴʰʠʡ ʦʙʱʠʡ ʜʝʣʠʪʝʣʴ, ʘ 

ʪʦʯʥʦʡ ʚʝʨʭʥʝʡ ʛʨʘʥʠ ï ʥʘʠʤʝʥʴʰʝʝ ʦʙʱʝʝ ʢʨʘʪʥʦʝ. 

ʄʥʦʞʝʩʪʚʦ P(M) ʧʦʜʤʥʦʞʝʩʪʚ ʣʶʙʦʛʦ ʤʥʦʞʝʩʪʚʘ M ʦʙʨʘʟʫʝʪ ʨʝʰʝʪʢʫ ʩ ʦʧʝʨʘʮʠʷʤʠ ʧʝʨʝʩʝ-

ʯʝʥʠʷ Æ ʠ ʦʙʲʝʜʠʥʝʥʠʷ  Ç. 

 
ʇʝʨʝʩʝʯʝʥʠʝ A Æ B ʧʦʜʛʨʫʧʧ A, B ʛʨʫʧʧʳ G ʩʥʦʚʘ ʷʚʣʷʝʪʩʷ ʧʦʜʛʨʫʧʧʦʡ ʚ G, ʧʨʠʯʝʤ ʧʝʨʝʩʝ-

ʯʝʥʠʝ A Æ B ï ʵʪʦ ʥʘʠʙʦʣʴʰʘʷ ʧʦʜʛʨʫʧʧʘ, ʩʦʜʝʨʞʘʱʘʷʩʷ ʚ ʧʦʜʛʨʫʧʧʘʭ A, B ʦʜʥʦʚʨʝʤʝʥʥʦ. ɼʨʫʛʠ-

ʤʠ ʩʣʦʚʘʤʠ, AÆB ï ʵʪʦ ʪʦʯʥʘʷ ʥʠʞʥʷʷ ʛʨʘʥʴ ʜʣʷ ʧʦʜʛʨʫʧʧ A, B. ʇʦʜʛʨʫʧʧʘ ʛʨ(AÇB) ʷʚʣʷʝʪʩʷ 

ʥʘʠʤʝʥʴʰʝʡ, ʩʦʜʝʨʞʘʱʝʡ ʧʦʜʛʨʫʧʧʳ  A,  B, ʪ. ʝ.  ʛʨ(A Ç B) ʷʚʣʷʝʪʩʷ ʪʦʯʥʦʡ ʚʝʨʭʥʝʡ ʛʨʘʥʴʶ ʜʣʷ 

ʧʦʜʛʨʫʧʧ A, B. 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʥʦʞʝʩʪʚʦ ʧʦʜʛʨʫʧʧ ʜʘʥʥʦʡ ʛʨʫʧʧʳ G ʦʙʨʘʟʫʝʪ ʨʝʰʝʪʢʫ.  

ɺ ʵʪʦʡ ʨʝʰʝʪʢʝ ʝʩʪʴ ʥʘʠʙʦʣʴʰʠʡ ʵʣʝʤʝʥʪ (ʛʨʫʧʧʘ G) ʠ ʝʩʪʴ  ʥʘʠʤʝʥʴʰʠʡ ʵʣʝʤʝʥʪ ï ʝʜʠʥʠʯ-

ʥʘʷ ʧʦʜʛʨʫʧʧʘ E. 

ʊʘʢ ʢʘʢ ʚ ʢʦʥʝʯʥʦʡ  ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʝ ʜʣʷ ʢʘʞʜʦʛʦ ʜʝʣʠʪʝʣʷ k ʧʦʨʷʜʢʘ ʛʨʫʧʧʳ ʥʘʡʜʝʪʩʷ ʚ 

ʪʦʯʥʦʩʪʠ ʦʜʥʘ ʧʦʜʛʨʫʧʧʘ ʧʦʨʷʜʢʘ k, ʨʝʝhʪʢʘ ʧʦʜʛʨʫʧʧ ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʳ ʧʦʨʷʜʢʘ n 

ʠʟʦʤʦʨʬʥʘ ʨʝʰʝʪʢʝ ʥʘʪʫʨʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ ʯʠʩʣʘ n.  

 

ʉʤʝʞʥʳʝ ʢʣʘʩʩʳ ʠ ʪʝʦʨʝʤʘ ʃʘʛʨʘʥʞʘ.  ʇʫʩʪʴ H ï ʧʦʜʛʨʫʧʧʘ ʛʨʫʧʧʳ G, ʘ x ï ʧʨʦʠʟʚʦʣʴ-

ʥʳʡ ʵʣʝʤʝʥʪ ʠʟ G. ʄʥʦʞʝʩʪʚʦ  

 

Hx = {hx æhÍH}  

 

ʥʘʟʳʚʘʶʪ ʧʨʘʚʳʤ ʩʤʝʞʥʳʤ ʢʣʘʩʩʦʤ ʧʦ ʧʦʜʛʨʫʧʧʝ H ʩ ʧʨʝʜʩʪʘʚʠʪʝʣʝʤ x, ʘ ʤʥʦʞʝʩʪʚʦ  

xH = {xh æhÍH}  

 

ʥʘʟʳʚʘʝʪʩʷ  ʣʝʚʳʤ ʢʣʘʩʩʦʤ. ʆʜʥʠʤ ʠʟ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ (ʧʨʘʚʳʤ ʠ ʦʜʥʦʚʨʝʤʝʥʥʦ ï ʣʝʚʳʤ) ʧʦ ʧʦʜ-

ʛʨʫʧʧʝ H ʷʚʣʷʝʪʩʷ ʩʘʤʘ ʛʨʫʧʧʘ  H. 

ʏʠʩʣʦ ʧʨʘʚʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʩʦʚʧʘʜʘʝʪ ʩ ʯʠʩʣʦʤ ʣʝʚʳʭ ʢʣʘʩʩʦʚ: ʯʠʩʣʦ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ 

ʧʦ ʧʦʜʛʨʫʧʧʝ H ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʠʥʜʝʢʩʦʤ ʧʦʜʛʨʫʧʧʳ H ʚ ʛʨʫʧʧʝ G ʠ ʦʙʦʟʥʘʯʘʪʴ ʩʠʤʚʦ-

ʣʦʤ  æG : H æ.  

ʈʘʟʣʠʯʥʳʝ ʧʨʘʚʳʝ (ʣʝʚʳʝ) ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ ʧʦ ʧʦʜʛʨʫʧʧʝ ʥʝ ʠʤʝʶʪ ʦʙʱʠʭ ʵʣʝʤʝʥʪʦʚ, ʠ 

ʤʥʦʞʝʩʪʚʦ ʛʨʫʧʧ rʨʘʩʧʘʜʘʝʪʩʷ ʥʘ ʥʝʧʝʨʝʩʝʢʘʶʱʠʝʩʷ ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ. ʏʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʢʘʞʜʦʤ 

ʢʣʘʩʩʝ ʨʘʚʥʦ ʧʦʨʷʜʢʫ ʧʦʜʛʨʫʧʧʳ. ʇʦʵʪʦʤʫ ʠʤʝʝʪ ʤʝʩʪʦ ʩʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ. 

ʊɽʆʈɽʄɸ (ʃʘʛʨʘʥʞ
1
). ɽʩʣʠ H  ï ʧʦʜʛʨʫʧʧʘ ʢʦʥʝʯʥʦʡ ʛʨʫʧʧʳ G,  ʪʦ  

 

æH æÖ æG : H æ= æG æ. 

 

ɽʩʣʠ k=æG : H æ, ʘ x1, x2, é, xk  ï ʧʨʝʜʩʪʘʚʠʪʝʣʠ ʨʘʟʣʠʯʥʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ, ʪʦ ʧʨʝʜʩʪʘʚʣʝʥʠʝ 

ʤʥʦʞʝʩʪʚʘ G ʚ ʚʠʜʝ ʦʙʲʝʜʠʥʝʥʠʷ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʧʦ ʧʦʜʛʨʫʧʧʝ H ʧʨʠʥʷʪʦ ʟʘʧʠʩʳʚʘʪʴ ʚ ʚʠʜʝ: 

G = H  + Hx2 +é + Hxk. 

 

ʕʪʦ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʛʨʫʧʧʳ ʥʘʟʳʚʘʶʪ ʧʨʘʚʦʩʪʦʨʦʥʥʠʤ ʨʘʟʣʦʞʝʥʠʝʤ ʧʦ ʧʦʜʛʨʫʧʧʝ H. 

ʅʦʨʤʘʣʴʥʳʝ ʜʝʣʠʪʝʣʠ. ɽʩʣʠ ʜʣʷ ʢʘʞʜʦʛʦ ʵʣʝʤʝʥʪʘ x ʣʝʚʳʡ ʢʣʘʩʩ ʩʦʚʧʘʜʘʝʪ ʩ ʧʨʘʚʳʤ,  

 

Hx = xH, 

ʪʦ ʧʦʜʛʨʫʧʧʫ H ʥʘʟʳʚʘʶʪ ʥʦʨʤʘʣʴʥʦʡ ʧʦʜʛʨʫʧʧʦʡ (ʠʣʠ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʝʤ). ʇʠʰʫʪ ʚ ʪʘʢʦʤ 

ʩʣʫʯʘʝ: .GH/  

ʇʝʨʝʩʝʯʝʥʠʝ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ ʠ ʧʦʜʛʨʫʧʧʘ, ʧʦʨʦʞʜʝʥʥʘʷ ʥʦʨʤʘʣʴʥʳʤʠ ʜʝʣʠʪʝʣʷʤʠ, 

ʩʥʦʚʘ ʷʚʣʷʶʪʩʷ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʷʤʠ, ʪ. ʝ. ʤʥʦʞʝʩʪʚʦ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ ʦʙʨʘʟʫʝʪ ʧʦʜʨʝ-

ʰʝʪʢʫ ʚ ʨʝʰʝʪʢʝ ʚʩʝʭ ʧʦʜʛʨʫʧʧ ʛʨʫʧʧʳ G. 

ɽʩʣʠ ʦʧʝʨʘʮʠʷ ʚ ʛʨʫʧʧʝ ʢʦʤʤʫʪʘʪʠʚʥʘ, ʪ. ʝ. ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ x, y 

xy = yx, 

ʪʦ ʛʨʫʧʧʫ ʥʘʟʳʚʘʶʪ ʘʙʝʣʝʚʦʡ.
2
 

ʅʘʧʨʠʤʝʨ, ʚʩʝ ʮʠʢʣʠʯʝʩʢʠʝ ʛʨʫʧʧʳ ï ʘʙʝʣʝʚʳ.  

ʀʟ ʪʝʦʨʝʤʳ ʃʘʛʨʘʥʞʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʢʦʥʝʯʥʘʷ ʛʨʫʧʧʘ ʧʨʦʩʪʦʛʦ ʧʦʨʷʜʢʘ ʥʝ ʩʦʜʝʨʞʠʪ ʥʝʪʨʠʚʠ-

ʘʣʴʥʳʭ ʧʦʜʛʨʫʧʧ, ʠ ʧʦʵʪʦʤʫ ʷʚʣʷʝʪʩʷ ʮʠʢʣʠʯʝʩʢʦʡ (ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʘʙʝʣʝʚʦʡ).  

ɺ ʘʙʝʣʝʚʦʡ ʛʨʫʧʧʝ ʚʩʝ ʧʦʜʛʨʫʧʧʳ ʥʦʨʤʘʣʴʥʳ. 

ɺ ʣʶʙʦʡ ʥʝʝʜʠʥʠʯʥʦʡ ʛʨʫʧʧʝ ʝʩʪʴ. ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʜʚʘ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʷ ï ʩʘʤʘ ʛʨʫʧʧʘ 

ʠ ʝʜʠʥʠʯʥʘʷ ʧʦʜʛʨʫʧʧʘ. ɻʨʫʧʧʘ, ʥʝ ʠʤʝʶʱʘʷ ʥʝʪʨʠʚʠʘʣʴʥʳʭ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ, ʥʘʟʳʚʘʝʪʩʷ 

ʧʨʦʩʪʦʡ.  

                                                 
1 ɾʦʟʝʬ ʃʫʠ ʃʘʛʨʘʥʞ (1736ï1813) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ; ʩʚʷʟʴ ʤʝʞʜʫ ʧʦʨʷʜʢʦʤ ʛʨʫʧʧʳ, ʧʦʨʷʜʢʦʤ ʧʦʜʛʨʫʧʧʳ ʠ 

ʝʝ ʠʥʜʝʢʩʦʤ ʫʩʪʘʥʦʚʣʝʥʘ  ʠʤ ʚ 1773 ʛ. 
2 ʅʠʣʴʩ ʍʝʥʨʠʢ ɸʙʝʣʴ (1802ï1829) ï ʥʦʨʚʝʞʩʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʧʝʨʚʳʤ ʦʙʥʘʨʫʞʠʚʰʠʡ ʩʚʷʟʴ ʤʝʞʜʫ ʨʝʰʝʥʠʝʤ ʘʣʛʝʙʨʘ-

ʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚ ʨʘʜʠʢʘʣʘʭ ʠ ʩʪʨʦʝʥʠʝʤ ʛʨʫʧʧʳ ʧʦʜʩʪʘʥʦʚʦʢ ʢʦʨʥʝʡ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ.   
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ʇʨʷʤʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʛʨʫʧʧ. ɽʩʣʠ ʚ ʛʨʫʧʧʝ G ʩʦʜʝʨʞʘʪʩʷ ʜʚʝ ʥʦʨʤʘʣʴʥʳʝ ʧʦʜʛʨʫʧʧʳ A ʠ B 

ʪʘʢʠʝ, ʯʪʦ G  = { abö aÍA, bÍB} ʠ AÆB = E, ʪʦ ʛʨʫʧʧʘ G ʷʚʣʷʝʪʩʷ ʧʨʷʤʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʩʚʦʠʭ 

ʧʦʜʛʨʫʧʧ (ʧʠʰʫʪ: G = A³B). 

ʇʨʷʤʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʘʙʝʣʝʚʳʭ ʛʨʫʧʧ ʩʥʦʚʘ ʷʚʣʷʝʪʩʷ ʘʙʝʣʝʚʦʡ ʛʨʫʧʧʦʡ. ɹʦʣʝʝ ʪʦʛʦ, ʢʘʞʜʘʷ 

ʢʦʥʝʯʥʘʷ ʥʝ ʧʨʦʩʪʦʛʦ ʧʦʨʷʜʢʘ ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ ʨʘʩʢʣʘʜʳʚʘʝʪʩʷ ʚ ʧʨʷʤʦʝ ʧʨʦʠʟʚʝ-

ʜʝʥʠʝʤ ʮʠʢʣʠʯʝʩʢʠʭ ʧʦʜʛʨʫʧʧ.  

ɽʩʣʠ ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ G ʩʦʩʪʦʠʪ ʠʟ n ʵʣʝʤʝʥʪʦʚ, ʪʦ ʜʣʷ ʢʘʞʜʦʛʦ ʜʝʣʠʪʝʣʷ m  ʯʠʩʣʘ n ʚ ʛʨʫʧʧʝ 

G ʥʘʡʜʝʪʩʷ ʧʦʜʛʨʫʧʧʘ H ʧʦʨʷʜʢʘ m (ʘ ʝʩʣʠ G ï ʥʝ ʮʠʢʣʠʯʝʩʢʘʷ, ʪʦ ʪʘʢʘʷ H ʤʦʞʝʪ ʙʳʪʴ ʥʝ ʝʜʠʥ-

ʩʪʚʝʥʥʦʡ).    

 ʆʧʨʝʜʝʣʝʥʠʝ ʢʦʣʴʮʘ. ɸʣʛʝʙʨʘ K = <K; +, Ö> ʩ ʜʚʫʤʷ ʦʧʝʨʘʮʠʷʤʠ (ʩʣʦʞʝʥʠʝ ʠ ʫʤʥʦʞʝʥʠʝ) 

ʥʘʟʳʚʘʝʪʩʷ ʢʦʣʴʮʦʤ, ʝʩʣʠ  K = <K; + > ï ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ, ʘ ʫʤʥʦʞʝʥʠʝ ʜʠʩʪʨʠʙʫʪʠʚʥʦ ʦʪʥʦʩʠʪʝʣʴ-

ʥʦ ʩʣʦʞʝʥʠʷ, ʪ. ʝ. ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ x, y, z ʠʟ K 

x(y + z) = xy + xz, 

(y + z)x = yx + zx. 

ɻʨʫʧʧʘ ï ʦʩʥʦʚʥʘʷ ʘʣʛʝʙʨʘ ʩ ʦʜʥʦʡ ʦʧʝʨʘʮʠʝʡ, ʘ ʢʦʣʴʮʦ ï ʚʘʞʥʝʡʰʘʷ ʘʣʛʝʙʨʘ ʩ ʜʚʫʤʷ ʦʧʝʨʘ-

ʮʠʷʤʠ.  

ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʛʨʫʧʧ ʠ ʵʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʢʦʣʝʮ ʷʚʣʷʶʪʩʷ ʚ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʦʙʷʟʘʪʝʣʴʥʳ-

ʤʠ ʯʘʩʪʷʤʠ ʩʦʚʨʝʤʝʥʥʦʛʦ ʤʘʪʝʤʘʪʠʯʝʩʢʦʛʦ ʦʙʨʘʟʦʚʘʥʠʷ ʠʥʞʝʥʝʨʘ.  

ʄʥʦʞʝʩʪʚʘ ʮʝʣʳʭ ʯʠʩʝʣ, ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʠʣʠ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʦʪ-

ʥʦʩʠʪʝʣʴʥʦ ʦʙʳʯʥʳʭ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʦʙʨʘʟʫʶʪ ʢʦʣʴʮʘ (ʥʘʟʳʚʘʝʤʳʝ ʯʠʩʣʦʚʳʤʠ 

ʢʦʣʴʮʘʤʠ). 

ʄʥʦʞʝʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ ʠʟ ʦʜʥʦʛʦ ʥʫʣʷ, ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ, ʥʘʟʳʚʘʝʤʦʝ ʥʫʣʝʚʳʤ. 

 

ʉʚʦʡʩʪʚʘ ʢʦʣʝʮ. ʉʚʦʡʩʪʚʘ ʫʤʥʦʞʝʥʠʷ ʧʝʨʝʥʦʩʷʪʩʷ ʥʘ ʥʘʟʚʘʥʠʝ ʢʦʣʴʮʘ.  

ʅʘʧʨʠʤʝʨ, ʝʩʣʠ ʫʤʥʦʞʝʥʠʝ ʢʦʤʤʫʪʘʪʠʚʥʦ, ʪʦ ʢʦʣʴʮʦ ʥʘʟʳʚʘʝʪʩʷ ʢʦʤʤʫʪʘʪʠʚʥʳʤ, ʝʩʣʠ ʘʩ-

ʩʦʮʠʘʪʠʚʥʦ, ï ʪʦ ʘʩʩʦʮʠʘʪʠʚʥʳʤ. 

ʅʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ ʢʦʣʴʮʘ ʥʘʟʳʚʘʶʪʩʷ ʜʝʣʠʪʝʣʷʤʠ ʥʫʣʷ, ʝʩʣʠ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝ ʨʘʚʥʦ ʥʫʣʶ. 

ɺ ʩʣʝʜʫʶʱʝʡ ʛʣʘʚʝ ʧʦʷʚʠʪʩʷ ʚʘʞʥʦʝ ʜʣʷ ʧʨʠʣʦʞʝʥʠʡ ʠ, ʚ ʯʘʩʪʥʦʩʪʠ, ʜʣʷ ʠʟʫʯʝʥʠʷ ʵʣʝʢʪʨʠ-

ʯʝʩʢʠʭ ʮʝʧʝʡ,  ʢʦʣʴʮʦ ʢʚʘʜʨʘʪʥʳʭ ʤʘʪʨʠʮ ï ʘʩʩʦʮʠʘʪʠʚʥʦʝ, ʥʦʥʝ ʢʦʤʤʫʪʘʪʠʚʥʦʝ, ʩ ʝʜʠʥʠʮʝʡ ʠ ʩ 

ʜʝʣʠʪʝʣʷʤʠ ʥʫʣʷ.  

ʂʦʣʴʮʦ ʥʘʟʳʚʘʶʪ ʣʠʝʚʳʤ (ʠʣʠ ʢʦʣʴʮʦʤ ʃʠ
1
), ʝʩʣʠ ʚ ʥʝʤ ʚʳʧʦʣʥʷʶʪʩʷ ʪʦʞʜʝʩʪʚʘ: 

 

a
2 
= 0  ʠ a(bc) + b(ca) + c(ab) = 0. 

ʄʥʦʞʝʩʪʚʦ ʪʨʝʭʤʝʨʥʳʭ ʚʝʢʪʦʨʦʚ ʩ ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʝ ʠ ʚʝʢʪʦʨʥʦʝ ʫʤʥʦʞʝʥʠʝ ʦʙʨʘʟʫʶʪ 

ʣʠʝʚʦ ʢʦʣʴʮʦ. 

ɸʩʩʦʮʠʘʪʠʚʥʦ-ʢʦʤʤʫʪʘʪʠʚʥʦʝ ʥʝʥʫʣʝʚʦʝ ʢʦʣʴʮʦ, ʥʝ ʩʦʜʝʨʞʘʱʝʝ ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ, ʥʘʟʳʚʘʶʪ 

ʮʝʣʦʩʪʥʳʤ ʢʦʣʴʮʦʤ (ʠʣʠ ʦʙʣʘʩʪʴʶ ʮʝʣʦʩʪʥʦʩʪʠ). 

ɽʩʣʠ ʚʩʝ ʥʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ ʢʦʣʴʮʘ ʦʙʨʘʟʫʶʪ ʘʙʝʣʝʚʫ ʛʨʫʧʧʫ ʧʦ ʫʤʥʦʞʝʥʠʶ, ʪʦ ʢʦʣʴʮʦ 

ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝʤ.  

ʊʘʢ ʢʘʢ ʛʨʫʧʧʘ ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥʘ ʪʦʣʴʢʦ ʥʘ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ, ʧʦʣʝ ʩʦʜʝʨʞʠʪ, ʧʦ ʢʨʘʡ-

ʥʝʡ ʤʝʨʝ, ʜʚʘ ʵʣʝʤʝʥʪʘ ï ʥʫʣʴ ʠ ʝʜʠʥʠʮʫ. 

ʅʘʠʙʦʣʴʰʠʤ ʯʠʩʣʦʚʳʤ ʧʦʣʝʤ ʷʚʣʷʝʪʩʷ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. ʇʦʵʪʦʤʫ ʯʠʩʣʦʚʦʝ ʢʦʣʴʮʦ ï 

ʵʪʦ (ʥʝʥʫʣʝʚʦʝ) ʧʦʜʢʦʣʴʮʦ ʧʦʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ C, ʘ ʯʠʩʣʦʚʦʝ ʧʦʣʝ ï ʵʪʦ ʧʦʜʧʦʣʝ ʧʦʣʷ C. 

ʃʶʙʦʝ ʥʝʥʫʣʝʚʦʝ ʧʦʜʢʦʣʴʮʦ ʧʦʣʷ ʷʚʣʷʝʪʩʷ ʮʝʣʦʩʪʥʳʤ. ɺʝʨʥʦ ʠ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ: 

ʢʘʞʜʦʝ ʮʝʣʦʩʪʥʦʝ ʢʦʣʴʮʦ ï ʵʪʦ ʧʦʜʢʦʣʴʮʦ ʥʝʢʦʪʦʨʦʛʦ ʧʦʣʷ. 

ʂʦʣʴʮʦ ʤʥʦʞʝʩʪʚ. ɽʩʣʠ U ï ʧʨʦʠʟʚʦʣʴʥʦʝ ʤʥʦʞʝʩʪʚʦ, ʪʦ ʩʠʤʚʦʣʦʤ P(U) ʦʙʦʟʥʘʯʘʶʪ ʙʫʣʝ-

ʘʥ
2
 ʤʥʦʞʝʩʪʚʘ U. ʕʣʝʤʝʥʪʘʤʠ ʙʫʣʝʘʥʘ P(U) ʷʚʣʷʁ ʪʩʷ ʧʦʜʤʥʦʞʝʩʪʚʘ ʤʥʦʞʝʩʪʚʘ U.  

  

                                                 
1 ʄʘʨʠʫʩ ʉʦʬʫʩ ʃʠ (1842ï1899) ï ʥʦʨʚʝʞʩʢʠʡ ʤʘʪʝʤʘʪʠʢ. 
2 ɺ ʯʝʩʪʴ ʘʥʛʣʠʡʩʢʦʛʦ ʤʘʪʝʤʘʪʠʢʘ ɼʞʦʨʜʞʘ ɹʫʣʷ (1815ï1864),  ʦʩʥʦʚʦʧʦʣʦʞʥʠʢʘ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʣʦʛʠʢʠ.  
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ʊʝʦʨʝʪʠʢʦ-ʤʥʦʞʝʩʪʚʝʥʥʳʝ ʦʧʝʨʘʮʠʠ ʧʝʨʝʩʝʯʝʥʠʷ, ʦʙʲʝʜʠʥʝʥʠʷ, ʜʦʧʦʣʥʝʥʠʷ ʠ ʩʠʤʤʝʪʨʠʯʝ-

ʩʢʦʡ ʨʘʟʥʦʩʪʠ, ʧʨʠʤʝʥʝʥʥʳʝ ʢ ʵʣʝʤʝʥʪʘʤ ʠʟ P(U),  ʥʝ ʚʳʚʦʜʷʪ ʟʘ ʧʨʝʜʝʣʳ P(U), ʧʦʵʪʦʤʫ ʤʦʞʥʦ 

ʛʦʚʦʨʠʪʴ ʦʙ ʘʣʛʝʙʨʝ  ʤʥʦʞʝʩʪʚ  

 

< P(U); Æ, Ç, >. 

 

ʕʪʘ ʘʣʛʝʙʨʘ ʷʚʣʷʝʪʩʷ ʨʝʰʝʪʢʦʡ, ʛʜʝ ʦʧʝʨʘʮʠʷ ʦʙʲʝʜʝʥʠʷ ʠʛʨʘʝʪ ʨʦʣʴ ʪʦʯʥʦʡ ʚʝʨʭʥʝʡ ʛʨʘʥʠ, ʘ 

ʧʝʨʝʩʝʯʝʥʠʝ ï ʵʪʦ ʪʦʯʥʘʷ ʥʠʞʥʷʷ ʛʨʘʥʴ. ʂʨʦʤʝ ʪʦʛʦ, ʚ ʵʪʦʡ ʨʝʰʝʪʢʝ ʦʧʝʨʘʮʠʠ ʚʟʷʪʠʷ ʪʦʯʥʳʭ ʛʨʘ-

ʥʝʡ ʩʚʷʟʘʥʳ ʟʘʢʦʥʘʤʠ ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʠ: 

 

A Æ (B Ç C) = (A ÆB) Ç (A Æ C); 

A Ç (B Æ C) = (A ÇB) Æ (A Ç C). 

 

ʈʝʰʝʪʢʫ ʩ ʪʘʢʠʤ ʩʚʦʡʩʪʚʦʤ ʥʘʟʳʚʘʶʪ ʜʠʩʪʨʠʙʫʪʠʚʥʦʡ ʨʝʰʝʪʢʦʡ. ɺ ʨʝʰʝʪʢʝ ʧʦʜʤʥʦʞʝʩʪʚ 

ʝʱʝ ʜʚʘ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʩʚʦʡʩʪʚʘ. ɺʦ-ʧʝʨʚʳʭ, ʪʘʤ ʝʩʪʴ ʥʘʠʙʦʣʴʰʠʡ ʠ ʥʘʠʤʝʥʴʰʠʡ ʵʣʝʤʝʥʪʳ. 

ʅʘʠʙʦʣʴʰʠʡ ï ʵʪʦ ʚʩʝ ʤʥʦʞʝʩʪʚʦ U, ʘ ʥʘʠʤʝʥʴʰʠʡ ï ʧʫʩʪʦʝ ʤʥʦʞʝʩʪʚʦ Å.  ʂʘʞʜʦʝ ʵʣʝʤʝʥʪ ʙʫʣʝ-

ʘʥʘ ʚʢʣʶʯʘʝʪʩʷ ʚ U ʠ ʚʢʣʶʯʘʝʪ Å. ɺʦ-ʚʪʦʨʳʭ, ʫ ʢʘʞʜʦʛʦ ʵʣʝʤʝʥʪʘ A ʠʟ P(U) ʝʩʪʴ ʜʦʧʦʣʥʝʥʠʝ ï 

ʪʘʢʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ,A ʯʪʦ  Å=ÆAA  ʠ .UAA =Ç   

ʈʝʰʝʪʢʘ ʩ ʪʘʢʠʤ ʩʚʦʡʩʪʚʦʤ ʥʘʟʳʚʘʝʪʩʷ ʨʝʰʝʪʢʦʡ ʩ ʜʦʧʦʣʥʝʥʠʷʤʠ. 

ɼʠʩʪʨʠʙʫʪʠʚʥʫʶ ʨʝʰʝʪʢʫ ʩ ʜʦʧʦʣʥʝʥʠʷʤʠ ʥʘʟʳʚʘʶʪ ʙʫʣʝʚʦʡ ʨʝʰʝʪʢʦʡ. 

ɸʣʛʝʙʨʘ < P(U); Æ, Ç, > ʷʚʣʷʝʪʩʷ ʙʫʣʝʚʦʡ ʨʝʰʝʪʢʦʡ. 

ʆʧʨʝʜʝʣʠʤ ʚ ʵʪʦʡ ʨʝʰʝʪʢʝ ʦʧʝʨʘʮʠʶ ʩʣʦʞʝʥʠʷ ʧʦ ʧʨʘʚʠʣʫ: 

A Ä B = ( ) ( ).BABA ÆÇÆ  

ʉ ʪʘʢʠʤ ʩʣʦʞʝʥʠʝʤ ʠ ʦʧʝʨʘʮʠʝʡ ʧʝʨʝʩʝʯʝʥʠʷ, ʠʛʨʘʶʱʠʤ ʨʦʣʴ ʫʤʥʦʞʝʥʠʷ, ʙʫʣʝʘʥ ʧʨʝʚʨʘ-

ʱʘʝʪʩʷ ʚ ʢʦʣʴʮʦ.  

çʋʤʥʦʞʝʥʠʝè ʚ ʵʪʦʤ ʢʦʣʴʮʝ ʥʝʦʙʳʯʥʦʝ: ʜʣʷ ʢʘʞʜʦʛʦ A ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʞʜʝʩʪʚʦ: A Æ A = A. 

ʊʦʞʜʝʩʪʚʦ x
2
 = x ʥʘʟʳʚʘʶʪ ʩʚʦʡʩʪʚʦʤ ʠʜʝʤʧʦʪʝʥʪʥʦʩʪʠ. 

ʅʝʥʫʣʝʚʦʝ, ʘʩʩʦʮʠʘʪʠʚʥʦʝ, ʠʜʝʤʧʦʪʝʥʪʥʦʝ ʢʦʣʴʮʦ ʩ ʝʜʠʥʠʮʝʡ ʥʘʟʳʚʘʝʪʩ ̫ʙʫʣʝʚʳʤ ʢʦʣʴʮʦʤ. 

ɸʣʛʝʙʨʘ  < P(U); Ä, Æ > ʦʙʨʘʟʫʝʪ  ʙʫʣʝʚʦ ʢʦʣʴʮʦ. 

ʊʦʣʴʢʦ ʯʪʦ ʦʪʤʝʯʝʥʥʘʷ ʩʚʷʟʴ ʤʝʞʜʫ ʨʝʰʝʪʢʦʡ  < P(U); Æ, Ç, > ʠ ʢʦʣʴʮʦʤ  < P(U); Ä, Æ > 

ʧʝʨʝʥʦʩʠʪʩʷ ʥʘ ʩʘʤʳʡ ʦʙʱʠʡ ʩʣʫʯʘʡ.  

ʆʪʥʦʰʝʥʠʝ ¢, ʚʚʝʜʝʥʥʦʝ ʚ ʙʫʣʝʚʦʤ ʢʦʣʴʮʝ <B; +, Ö > ʧʦ ʧʨʘʚʠʣʫ: 

x ¢ y Ú x = xÖy, 

 

ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʯʘʩʪʠʯʥʦʛʦ ʧʦʨʷʜʢʘ. 

ʀʟ ʠʜʝʤʧʦʪʝʥʪʥʦʩʪʠ ʫʤʥʦʞʝʥʠʷ ʩʣʝʜʫʝʪ ʨʝʬʣʝʢʪʠʚʥʦʩʪʴ ʦʪʥʦʰʝʥʠʷ ¢, ʘ ʠʟ ʘʩʩʦʮʠʘʪʠʚʥʦ-

ʩʪʠ ï ʪʨʘʥʟʠʪʠʚʥʦʩʪʴ ʵʪʦʛʦ ʦʪʥʦʰʝʥʠʷ. ɽʩʣʠ x = x Ö y ʠ y = xÖy, ʪʦ  x = y, ʪ. ʝ. ʦʪʥʦʰʝʥʠʝ  ¢  ʘʥʪʠ-

ʩʠʤʤʝʪʨʠʯʥʦ.  

ʇʦʣʦʞʠʚ (ʜʣʷ ʚʩʝʭ x, y ʠʟ B): 

x Ù y = x + y + x Ö y, 

x Ø y = x Ö y, 

,1+=xx  

ʤr  ʧʨʝʚʨʘʪʠʤ ʢʦʣʴʮʦ B ʚ ʨʝʰʝʪʢʫ, ʠ ʨʝʰʝʪʢʘ ʵʪʘ ʙʫʜʝʪ ʙʫʣʝʚʦʡ. 

ʅʘʦʙʦʨʦʪ, ʝʩʣʠ B = < B; Ù, Ø > ï ʙʫʣʝʚʘ ʨʝʰʝʪʢʘ, ʪʦ ʤʥʦʞʝʩʪʚʦ B ʩ ʦʧʝʨʘʮʠʷʤʠ, ʟʘʜʘʥʥʳʤʠ 

ʪʦʞʜʝʩʪʚʘʤʠ: 

x + y = ( )( )yxyx ØÙØ , 

x Ö y = x Ø y 

ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʙʫʣʝʚʦ ʢʦʣʴʮʦ. 
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ʀʪʘʢ, ʢʘʞʜʘʷ ʙʫʣʝʚʘ ʨʝʰʝʪʢʘ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʚʨʘʱʝʥʘ ʚ ʙʫʣʝʚʦ ʢʦʣʴʮʦ ʥʘ ʪʦʤ ʞʝ ʤʥʦʞʝʩʪʚʝ; 

ʠ, ʥʘʦʙʦʨʦʪ, ʣʶʙʦʝ ʙʫʣʝʚʦ ʢʦʣʴʮʦ ʤʦʞʥʦ ʧʨʝʚʨʘʪʠʪʴ ʚ ʙʫʣʝʚʫ ʨʝʰʝʪʢʫ.  

ʕʪʘ ʩʚʷʟʴ ʤʝʞʜʫ ʙʫʣʝʚʳʤʠ ʢʦʣʴʮʘʤʠ ʠ ʙʫʣʝʚʳʤʠ ʨʝʰʝʪʢʘʤʠ ʙʳʣʘ ʦʙʥʘʨʫʞʝʥʘ ʚ 30-ʭ ʛʦʜʘʭ 

ʧʨʦʰʣʦʛʦ ʚʝʢʘ ʘʤʝʨʠʢʘʥʩʢʠʤ ʤʘʪʝʤʘʪʠʢʦʤ ʉʪʦʫʥʦʤ
1
.  

 

  ʂʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ. ʄʥʦʛʦʯʣʝʥʦʤ f(x) ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ (ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʯʠʩʣʦʚʦʛʦ, 

ʥʦ, ʢʘʢ ʧʨʘʚʠʣʦ, ʮʝʣʦʩʪʥʦʛʦ) ʢʦʣʴʮʘ K  ʥʘʟʳʚʘʝʪʩʷ ʚʳʨʘʞʝʥʠʝ  

a0x
n
+a1x

n ï 1
+ é +an ï 1x+an, 

ʛʜʝ n Í Z0, a0, a1, é an ï 1, an Í K.  

ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʢʦʣʴʮʦʤ K ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ K [x]. ʉ ʦʙʳʯʥʳʤʠ 

ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ
2
  ʤʥʦʞʝʩʪʚʦ K [x] ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ.  

ʈʦʣʴ ʥʫʣʷ ʚ ʵʪʦʤ ʢʦʣʴʮʝ  ʠʛʨʘʝʪ ʤʥʦʛʦʯʣʝʥ, ʫ ʢʦʪʦʨʦʛʦ  ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʨʘʚʥʳ ʥʫʣʶ. 

ʊʘʢʦʡ ʤʥʦʛʦʯʣʝʥ ʥʘʟʳʚʘʶʪ ʥʫʣʝʚʳʤ.  

ɿʘʤʝʪʠʤ, ʯʪʦ ʝʩʣʠ f(x) ï ʤʥʦʛʦʯʣʝʥ, ʪʦ ʨʘʚʝʥʩʪʚʦ f(x) = 0, ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ ʢʦʥʪʝʢʩʪʘ,  ʤʦʞʝʪ 

ʦʟʥʘʯʘʪʴ ʫʨʘʚʥʝʥʠʝ, ʘ ʤʦʞʝʪ ʠʟʦʙʨʘʞʘʪʴ ʠ ʥʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ.  

ɿʘʧʠʩʴ f(x) ¹ 0,  ʦʟʥʘʯʘʶʱʘʷ, ʯʪʦ ʬʫʥʢʮʠʷ y = f(x) ʪʦʞʜʝʩʪʚʝʥʥʦ ʨʘʚʥʘ ʥʫʣʶ, ʜʣʷ ʢʦʥʝʯʥʦʛʦ 

ʢʦʣʴʮʘ K  ʚʦʚʩʝ ʥʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʫ ʤʥʦʛʦʯʣʝʥʘ f(x)  ʨʘʚʥʳ ʥʫʣʶ.  

ɽʩʣʠ a0  ̧0, ʪʦ ʤʥʦʛʦʯʣʝʥ f(x) ʠʤʝʝʪ ʩʪʝʧʝʥʴ n; ʧʠʰʫʪ: 

deg f(x) = n. 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʦʜʥʦʯʣʝʥ  a0x
n
  ʥʘʟʳʚʘʶʪ ʩʪʘʨʰʠʤ ʯʣʝʥʦʤ ʤʥʦʛʦʯʣʝʥʘ.  

ʄʥʦʛʦʯʣʝʥ, ʫ ʢʦʪʦʨʦʛʦ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ, ʢʨʦʤʝ ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ an, ʨʘʚʥʳ ʥʫʣʶ, ʠʤʝʝʪ 

ʥʫʣʝʚʫʶ ʩʪʝʧʝʥʴ. ʅʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ ʥʝ ʠʤʝʝʪ.  

  ʇʦʜʢʦʣʴʮʦ. ʅʦʚʦʝ ʢʦʣʴʮʦ ʤʦʞʝʪ ʙʳʪʴ ʧʦʩʪʨʦʝʥʦ ʠʟ ʫʞʝ ʠʤʝʶʱʝʛʦʩʷ ʢʦʣʴʮʘ K, ʧʨʠʯʝʤ ʵʪʦ 

ʧʦʩʪʨʦʝʥʥʦʝ ʢʦʣʴʮʦ ʤʦʞʝʪ ʙʳʪʴ ʢʘʢ ʤʝʥʴʰʝ, ʪʘʢ ʠ ʙʦʣʴʰʝ ʢʦʣʴʮʘ K.  

ʅʘʧʨʠʤʝʨ, ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʢʦʣʴʮʦʤ K ï ʵʪʦ ʨʘʩʰʠʨʝʥʠʝ ʢʦʣʴʮʘ K; ʢʦʣʴʮʦ K [x] 

ʙʦʣʴʰʝ ʢʦʣʴʮʘ K. 

çʄʝʥʴʰʝè ï ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʧʦʜʤʥʦʞʝʩʪʚʦ ʵʣʝʤʝʥʪʦʚ ʠʟ K ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʢʦʣʴʮʦʤ ʦʪʥʦʩʠ-

ʪʝʣʴʥʦ ʪʝʭ ʞʝ ʦʧʝʨʘʮʠʡ, ʯʪʦ ʠ K.  

ʊʦʯʥʝʝ, ʥʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ H ʠʟ ʢʦʣʴʮʘ K ʥʘʟʳʚʘʝʪʩʷ ʧʦʜʢʦʣʴʮʦʤ, ʝʩʣʠ H ʟʘʤʢʥʫʪʦ ʦʪ-

ʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ, ʚʳʯʠʪʘʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ, ʪ.ʝ. 

.,,, HyxHyxHyxHyHx ÍÖÍ-Í+ÝÍÍ  

ʅʘʧʨʠʤʝʨ, ʩʫʤʤʘ, ʨʘʟʥʦʩʪʴ ʠ ʧʨʦʠʟʚʝʜʝʥʠʝ ʯʝʪʥʳʭ ʯʠʩʝʣ ʩʥʦʚʘ ʷʚʣʷʶʪʩʷ ʯʝʪʥʳʤʠ ʯʠʩʣʘʤʠ, 

ʧʦʵʪʦʤʫ ʤʥʦʞʝʩʪʚʦ ʯʝʪʥʳʭ ʯʠʩʝʣ ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ.  

ʄʥʦʞʝʩʪʚʦ ʥʝʯʝʪʥʳʭ ʯʠʩʝʣ ʥʝ ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ (ʩʫʤʤʘ ʜʚʫʭ ʥʝʯʝʪʥʳʭ ʯʠ-

ʩʝʣ ʥʝ ʷʚʣʷʝʪʩʷ ʥʝʯʝʪʥʳʤ ʯʠʩʣʦʤ), ʠ ʤʥʦʞʝʩʪʚʦ ʥʝʯʝʪʥʳʭ ʯʠʩʝʣ ʢʦʣʴʮʦ ʥʝ ʦʙʨʘʟʫʶʪ.  

ɺʦʦʙʱʝ ʯʠʩʣʦʚʳʤ ʢʦʣʴʮʦʤ ʙʫʜʝʪ ʣʶʙʦʝ ʥʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʧʦʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ C, 

ʟʘʤʢʥʫʪʦʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ, ʚʳʯʠʪʘʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ. 

ʂʦʛʜʘ ʥʦʚʦʝ ʢʦʣʴʮʦ ʙʦʣʴʰʝ ʩʪʘʨʦʛʦ, ï ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʩʪʨʦʷʱʝʝʩʷ  ʢʦʣʴʮʦ ʩʦʜʝʨʞʠʪ ʜʘʥʥʦʝ 

ʢʦʣʴʮʦ K ʚ ʢʘʯʝʩʪʚʝ ʧʦʜʢʦʣʴʮʘ. ʊʘʢʦʡ ʩʧʦʩʦʙ ʧʦʩʪʨʦʝʥʠʷ ʥʦʚʦʛʦ ʢʦʣʴʮʘ ʩʦʩʪʦʠʪ ʚ ʧʨʠʩʦʝʜʠʥʝʥʠʠ 

ʢ ʜʘʥʥʦʤʫ ʢʦʣʴʮʫ K ʥʦʚʳʭ ʵʣʝʤʝʥʪʦʚ.  

ʅʘʧʨʠʤʝʨ, ʝʩʣʠ ʢʦʣʴʮʦ K ï ʮʝʣʦʩʪʥʦʝ, ʥʦ ʥʝ ʧʦʣʝ, ʪʦ, ʧʨʠʩʦʝʜʠʥʠʚ ʢ ʤʥʦʞʝʩʪʚʫ K  ʯʘʩʪʥʳʝ 

ʚʩʝʭ ʵʣʝʤʝʥʪʦʚ ʠʟ K, ʧʦʣʫʯʠʤ ʙʦʣʝʝ ʰʠʨʦʢʦʝ ʢʦʣʴʮʦ K,  ʷʚʣʷʶʱʝʝʩʷ  ʧʦʣʝʤ ʠ  ʩʦʜʝʨʞʘʱʝʝ K. 

ʇʦʣʝ K  ʥʘʟʳʚʘʶʪ ʧʦʣʝʤ ʯʘʩʪʥʳʭ ʢʦʣʴʮʘ K. 

ʄʦʞʥʦ ʧʨʠʩʦʝʜʠʥʷʪʴ ʢ ʢʦʣʴʮʫ ʥʝʢʦʪʦʨʦʝ ʤʥʦʞʝʩʪʚʦ ʵʣʝʤʝʥʪʦʚ (ʥʘʧʨʠʤʝʨ, ʚʩʝʛʦ ʦʜʠʥ ʥʦ-

ʚʳʡ ʵʣʝʤʝʥʪ), ʘ ʟʘʪʝʤ ʫʞʝ ʧʦʪʨʝʙʦʚʘʪʴ ʚʳʧʦʣʥʝʥʠʷ ʢʦʣʴʮʝʚʳʭ ʦʧʝʨʘʮʠʡ: ʩʣʦʞʝʥʠʷ, ʚʳʯʠʪʘʥʠʷ ʠ 

ʫʤʥʦʞʝʥʠʷ. 

                                                 
1 ʄʘʨʰʘʣʣ ʍʘʨʚʠ ʉʪʦʫʥ (1903ï1989) ï ʘʤʝʨʠʢʘʥʩʢʠʡ ʤʘʪʝʤʘʪʠʢ. ʉʚʷʟʴ ʤʝʞʜʫ ʙʫʣʝʚʳʤʠ ʨʝʰʝʪʢʘʤʠ ʠ ʙʫʣʝʚʳʤʠ 

ʢʦʣʴʮʘʤʠ ʫʩʪʘʥʦʚʣʝʥʘ ʉʪʦʫʥʦʤ ʚ ʜʚʫʭ ʨʘʙʦʪʘʭ 1935 ʛ. ʠ 1936  ʛ.; ʪʦʛʜʘ ʞʝ  ʄ. ʉʪʦʫʥ ʚʧʝʨʚʳʝ  ʚʚʝʣ ʪʝʨʤʠʥ çʙʫʣʝʚʦ 

ʢʦʣʴʮʦè. 
2 ʊʦ ʝʩʪʴ ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ, ʦʧʨʝʜʝʣʝʥʥʳʤʠ ʪʦʯʥʦ ʪʘʢ, ʞʝ ʚ ʰʢʦʣʴʥʦʤ ʢʫʨʩʝ ʤʘʪʝʤʘʪʠʢʠ ʙʳʣʦ 

ʩʜʝʣʘʥʦ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʯʠʩʣʦʚʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ.  
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ʇʨʠʤʝʨʦʤ ʪʘʢʦʛʦ ʧʨʠʩʦʝʜʠʥʝʥʠʷ ʷʚʣʷʝʪʩʷ ʤʥʦʞʝʩʪʚʦ K[x] ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʩ ʢʦʵʬʬʠ-

ʮʠʝʥʪʘʤʠ ʠʟ ʢʦʣʴʮʘ  K, ʢʦʪʦʨʦʝ ʧʦʣʫʯʘʝʪʩʷ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʢ ʧʦʣʶ K ʩʥʘʯʘʣʘ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ ï 

x, ʘ ʟʘʪʝʤ ï ʚʩʝʭ ʨʝʟʫʣʴʪʘʪʦʚ ʢʦʣʴʮʝʚʳʭ ʦʧʝʨʘʮʠʡ, ʧʨʠʤʝʥʝʥʥʳʭ ʢ ʵʣʝʤʝʥʪʘʤ ʠʟ K ʠ ʵʣʝʤʝʥʪʫ x.  

ʂʦʣʴʮʝʚʦʝ ʧʨʠʩʦʝʜʠʥʝʥʠʝ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ  a ʢ ʢʦʣʴʮʫ K ʥʘʟʳʚʘʶʪ  ʧʨʦʩʪʳʤ ʨʘʩʰʠʨʝʥʠʝʤ 

ʠ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ K [a]. 

ɽʩʣʠ a ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʢʦʣʴʮʘ K, ʪʦ ʨʘʩʰʠʨʝʥʠʝ K [a] 

ʥʘʟʳʚʘʶʪ ʧʨʦʩʪʳʤ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʨʘʩʰʠʨʝʥʠʝʤ. 

ʊʝʦʨʝʤʘ (ʂʨʦʥʝʢʝʨ
1
). ɽʩʣʠ P ï ʧʦʣʝ, ʘ a ï ʢʦʨʝʥʴ ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʩʪʝʧʝʥʠ n c 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ P, ʪʦ ʤʥʦʞʝʩʪʚʦ  

{ a0a
n 
+ a1a

n ï 1 
+ é + an ï 1a + anù aiÍP}  

ʦʙʨʘʟʫʝʪ ʧʨʦʩʪʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ P [a], ʧʨʠʯʝʤ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʢʘʞʜʦʛʦ ʵʣʝʤʝʥʪʘ ʠʟ 

P [a]  ʚ ʪʘʢʦʤ ʚʠʜʝ ʝʜʠʥʩʪʚʝʥʥʦ.  

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʧʦʣʷ P ʠ ʣʶʙʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f(x) ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ P 

ʩʫʱʝʩʪʚʫʝʪ ʧʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ ʠ P, ʠ ʚʩʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ f(x).  

ʅʘʠʤʝʥʴʰʝʝ ʪʘʢʦʝ ʧʦʣʝ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʧʦʣʝʤ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x). ʅʘʧʨʠʤʝʨ, 

ʢʘʞʜʦʝ ʢʦʥʝʯʥʦʝ ʧʦʣʝ, ʩʦʩʪʦʷʱʝʝ ʠʟ p
n
 ʵʣʝʤʝʥʪʦʚ, ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ  

xx
np - . 

ʇʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʦʜʥʦʟʥʘʯʥʦ ʟʘʜʘʝʪʩʷ ʤʥʦʛʦʯʣʝʥʦʤ f(x), ʪ.ʝ. ʣʶʙʳʝ ʜʚʘ ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʦʜ-

ʥʦʛʦ ʠ ʪʦʛʦ ʞʝ ʤʥʦʛʦʯʣʝʥʘ ʠʟʦʤʦʨʬʥʳ. ʀʤʝʥʥʦ ʦʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ  ʚʩʝ ʢʦʥʝʯʥʳʝ ʧʦʣʷ ʦʜʠʥʘʢʦ-

ʚʦʛʦ ʧʦʨʷʜʢʘ ʠʟʦʤʦʨʬʥʳ.  

ʇʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ C ʷʚʣʷʝʪʩʷ ʧʨʦʩʪʳʤ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ ʜʝʡʩʪʚʠ-

ʪʝʣʴʥʳʭ ʯʠʩʝʣ R ʩ ʧʦʤʦʱʴʶ ʢʦʨʥʷ i ʤʥʦʛʦʯʣʝʥʘ x
2 
+ 1, ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʥʘʜ ʧʦʣʝʤ R, 

 

C = R[i]. 

 

ʊʝʦʨʝʤʘ ʂʨʦʥʝʢʝʨʘ ʦʟʥʘʯʘʝʪ ʚ ʵʪʦʤ ʩʣʫʯʘʝ, ʯʪʦ ʢʘʞʜʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ z ʤʦʞʥʦ ʧʨʝʜʩʪʘ-

ʚʠʪʴ (ʠ ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ) ʚ ʚʠʜʝ  

 

z = a + bi, 

 

ʛʜʝ a, b ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ, ʘ i
2
 = -1. 

 

Ä 4. ʂʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 

 

  ɼʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ ʠ ʩʭʝʤʘ ɻʦʨʥʝʨʘ.  ɺ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʧʦʣʝʤ ʚʳʧʦʣʥʷʝʪʩʷ ʜʝ-

ʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ. 

ʊɽʆʈɽʄɸ (ʆ ɼɽʃɽʅʀʀ ʉ ʆʉʊɸʊʂʆʄ). ɼʣʷ ʣʶʙʳʭ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x) ʩ ʢʦ-

ʵʬʬʠʮʠʝʥʪʘʤʠ  ʠʟ ʧʦʣʷ P, ʝʩʣʠ g(x) ï ʥʝʥʫʣʝʚʦʡ, ʪʦ ʩʫʱʝʩʪʚʫʶʪ ʤʥʦʛʦʯʣʝʥʳ q(x)  

ʠ r (x) ʠʟ P[ x] ʪʘʢʠʝ, ʯʪʦ  

f(x) = g(x)Öq(x) + r (x),  

 

ʛʜʝ r (x)=0 ʠʣʠ deg r (x)<deg g(x). 

ʅʘʡʪʠ ʯʘʩʪʥʦʝ (ʤʥʦʛʦʯʣʝʥ q(x)) ʠ ʦʩʪʘʪʦʢ (ʤʥʦʛʦʯʣʝʥ  r(x)) ʤʦʞʥʦ, ʠʩʧʦʣʴʟʫʷ ʩʭʝʤʫ çʜʝ-

ʣʝʥʠʷ ʫʛʦʣʢʦʤè:  

 

                                                 
1 ʃʝʦʧʦʣʴʜ ʂʨʦʥʝʢʝʨ (1823ï1891) ï ʥʝʤʝʮʢʠʡ ʤʘʪʝʤʘʪʠʢ; ʪʝʦʨʝʤʘ ʦ ʩʪʨʦʝʥʠʠ ʧʨʦʩʪʦʛʦ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʨʘʩʰʠʨʝʥʠʷ 

ʜʦʢʘʟʘʥʘ ʠʤ ʚ 1882 ʛ. 
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ʇʨʠ ʜʝʣʝʥʠʠ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʤʥʦʛʦʯʣʝʥ x-a  ʥʝʪ ʥʝʦʙʭʦʜʠʤʦʩʪʠ ʦʬʦʨʤʣʷʪʴ ʜʝʣʝʥʠʝ ʫʛʦʣʢʦʤ.  

ɽʩʣʠ b0 x
n-1

 + b1x
m-1

 + ... + bn-2x +bn-1 ï ʯʘʩʪʥʦʝ, ʘ  r ï ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ 

a0 x
n
 + a1x

n-1
 + ... + an-1x +an  ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʥʘ ʜʚʫʯʣʝʥ x-a, ʪʦ: 

b0=a0; 

bi=aÖbi-1 + bi, (ʜʣʷ i=1, 2, ..., n-1); 

r=aÖbn-1 + bn.  

ʕʪʠ ʬʦʨʤʫʣʳ ʥʘʟʳʚʘʶʪ ʩʭʝʤʦʡ ɻʦʨʥʝʨʘ
1
.ɺʳʯʠʩʣʝʥʠʷ ʧʦ ʩʭʝʤʝ ɻʦʨʥʝʨʘ ʦʙʳʯʥʦ ʚʳʧʦʣʥʷʶʪ 

ʚ ʚʠʜʝ ʪʘʙʣʠʮʳ. 

 
ɺ ʧʝʨʚʦʡ ʩʪʨʦʢʝ ʵʪʦʡ ʪʘʙʣʠʮʳ ʨʘʩʧʦʣʦʞʝʥʳ ʢʦʵʬʬʠʮʠʝʥʪʳ ʜʝʣʠʤʦʛʦ f(x). ɼʝʣʠʪʝʣʴ (x-a)  

ʦʙʦʟʥʘʯʝʥ ʚ ʩʭʝʤʝ ʩʠʤʚʦʣʦʤ a, ʩʪʦʷʱʠʤ ʧʝʨʝʜ ʚʪʦʨʦʡ ʩʪʨʦʢʦʡ.  

ɺ ʧʝʨʚʳʭ n ʢʣʝʪʢʘʭ ʚʪʦʨʦʡ ʩʪʨʦʢʠ ʥʘʭʦʜʷʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʳ ʯʘʩʪʥʦʛʦ q(x) ʦʪ ʜʝʣʝʥʠʷ f(x) ʥʘ  

x-a. ɺ ʧʦʩʣʝʜʥʝʡ ʢʣʝʪʢʝ ʚʪʦʨʦʡ ʩʪʨʦʢʠ ʨʘʩʧʦʣʦʞʝʥ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ f(x) ʥʘ  x-a.  

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʝʣʷ ʤʥʦʛʦʯʣʝʥ f(x) ʥʘ ʜʚʫʯʣʝʥ x-a, ʟʘʪʝʤ ʯʘʩʪʥʳʝ ʦʪ ʜʝʣʝʥʠʷ, ʤʦʞʥʦ ʧʦ-

ʣʫʯʠʪʴ ʨʘʟʣʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʧʦ ʩʪʝʧʝʥʷʤ ʵʪʦʛʦ ʜʚʫʯʣʝʥʘ. 

 

ʈʘʟʣʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʧʦ ʩʪʝʧʝʥʷʤ x-a.  ʄʥʦʛʦʯʣʝʥ  

f(x)=a0 x
n
 + a1x

n-1
 + ... + an-1x +an 

ʤʦʞʝʪ ʙʳʪʴ ʨʘʟʣʦʞʝʥ ʧʦ ʩʪʝʧʝʥʷʤ x-a, 

f(x)=b0 (x-a)
n
 + b1(x-a)

n-1
 + ... + bn-1(x-a) +bn 

ʕʪʠ ʚʳʯʠʩʣʝʥʠʷ ʦʬʦʨʤʣʷʶʪ ʦʙʳʯʥʦ ʚ ʚʠʜʝ ʪʨʝʫʛʦʣʴʥʦʡ ʪʘʙʣʠʮʳ. 

 
ʈʘʟʣʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʧʦ ʩʪʝʧʝʥʷʤ (x-a) ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʠ ʜʨʫʛʠʤ ʩʧʦʩʦʙʦʤ.  

ʆʧʨʝʜʝʣʠʤ ʩʥʘʯʘʣʘ ʬʦʨʤʘʣʴʥʫʶ ʧʨʦʠʟʚʦʜʥʫʶ )(xf¡  ʤʥʦʛʦʯʣʝʥʘ  

 

f(x)=a0 x
n
 + a1x

n -- 1
 + ... + an ï 1x + an 

ʧʦ ʧʨʘʚʠʣʫ: 

 
ʦʧʨ

xf =¡)(  a0ÖnÖx
n ï 1

 + a1Ö(n - 1) Ö x
n ï 2

 + ... + an -- 2Ö2 Ö x + an ï 1. 

 

ɺʩʝ ʩʚʦʡʩʪʚʘ ʦʙʳʯʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ ʚʳʧʦʣʥʷʶʪʩʷ ʠ ʜʣʷ ʪʘʢʦʡ ʧʨʦʠʟʚʦʜʥʦʡ, ʚʚʝʜʝʥʥʦʡ ʬʦʨ-

ʤʘʣʴʥʦ (ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʘʟʣʠʯʠʝ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʜʣʷ ʥʝʯʠʩʣʦʚʳʭ ʧʦʣʝʡ ʧʨʦʠʟʚʦʜʥʘʷ ʦʜʥʦʯʣʝʥʘ 

ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʤʦʞʝʪ ʩʣʫʯʘʡʥʦ ʩʪʘʪʴ ʥʫʣʝʤ). 

ɺ ʯʘʩʪʥʦʩʪʠ, ʜʣʷ ʬʦʨʤʘʣʴʥʦʡ ʧʨʦʠʟʚʦʜʥʦʡ ʚʳʧʦʣʥʷʶʪʩʷ ʪʦʞʜʝʩʪʚʘ: 

( ) ),()()()( xgxfxgxf ¡+¡=
¡

+  

( ) ),()()()()()( xgxfxgxfxgxf ¡Ö+Ö¡=
¡

Ö  

( ) .)()( 1--=
¡

- mm axkmaxk  

                                                 
1 ɺʠʣʴʷʤʩ ɼʞʦʨʜʞ ɻʦʨʥʝʨ (1768ï1837) ï ʘʥʛʣʠʡʩʢʠʡ ʤʘʪʝʤʘʪʠʢ. ʉʭʝʤʫ ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʜʚʫʯʣʝʥ ɻʦʨʥʝʨ 

ʦʧʫʙʣʠʢʦʚʘʣ ʚ 1819 ʛ. 
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ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ f(x) ʨʘʟʣʦʞʝʥ ʧʦ ʩʪʝʧʝʥʷʤ ( )ax- ,  

 

f(x) = b0 ( )ax-
n
 + b1( )ax-

n-1
 + ... + bn-1( )ax- +bn. 

 

ɺʳʯʠʩʣʠʤ ʝʛʦ ʧʨʦʠʟʚʦʜʥʳʝ: 

)(xf¡ = b0Ön( )ax- n ï 1
 + b1Ö(n - 1)( )ax- n ï 2

 + ... + bn ï 1, 

 

)(xf ¡¡ = b0ÖnÖ(n - 1)( )ax- n-2
 + b1Ö(n - 1)Ö(n-2)( )ax- n-3

 + ... + 2bn ï 2, 

...  

)()( xf n
= b0 Ö n Ö (n - 1) Ö (n - 2)Ö ... Ö 2 Ö 1. 

 

ʇʦʜʩʪʘʚʠʚ ʚ ʢʘʞʜʫʶ ʠʟ ʧʨʦʠʟʚʦʜʥʳʭ ʵʣʝʤʝʥʪ a  ʚʤʝʩʪʦ  x, ʧʦʣʫʯʠʤ ʨʘʚʝʥʩʪʚʘ: 

 

)(af¡ = bn ï 1, 

)(af ¡¡ = 2bn ï 2, 

... 

)()( af i
= 2 Ö 3Ö ...ÖÖi Ö bn ï i = i! Ö bn - i, 

... 

)()( af n

 
= b0 Ö n! 

 

ʀʟ ʵʪʠʭ ʨʘʚʝʥʩʪʚ ʤʦʞʥʦ ʚʳʨʘʟʠʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ bj ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ  f(x) ʧʦ ʩʪʝʧʝ-

ʥʷʤ  ( )ax- ,  

 

()
()
( )i

n

i

i

ax
i

af
xf -=ä

=0

)(

!
. 

ʇʦʣʫʯʝʥʥʘʷ ʬʦʨʤʫʣʘ ʷʚʣʷʝʪʩʷ ʯʘʩʪʥʳʤ ʩʣʫʯʘʝʤ ʨʷʜʘ ʊʝʡʣʦʨʘ
1
 ʨʘʟʣʦʞʝʥʠʷ ʬʫʥʢʮʠʠ ʚ ʩʪʝ-

ʧʝʥʥʦʡ ʨʷʜ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ ʤʦʞʥʦ ʥʘʡʪʠ ʟʥʘʯʝʥʠʷ ʚʩʝ ʧʨʦʠʟʚʦʜʥʳʭ ʤʥʦʛʦ-

ʯʣʝʥʘ f(x)  ʧʨʠ  x = a. 

 

  ʂʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʠ ʪʝʦʨʝʤʘ ɹʝʟʫ. ʕʣʝʤʝʥʪ a (ʚʦʟʤʦʞʥʦ, ʧʨʠʥʘʜʣʝʞʘʱʠʡ ʧʦʣʶ, ʙʦʣʝʝ 

ʰʠʨʦʢʦʤʫ, ʯʝʤ ʧʦʣʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ)  ʥʘʟʳʚʘʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ f(x), ʝʩʣʠ f(a) = 0.  

ʊɽʆʈɽʄɸ (ɹʝʟʫ
2
).  ʆʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ 

ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʥʘ ʜʚʫʯʣʝʥ x - a  ʨʘʚʝʥ f(a). 

ɽʩʣʠ a, b ï ʮʝʣʳʝ ʯʠʩʣʘ ʠʣʠ ʤʥʦʛʦʯʣʝʥʳ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʧʦʣʷ (ʠʣʠ ʚʦʦʙʱʝ ʵʣʝʤʝʥʪʳ 

ʠʟ ʢʦʣʴʮʘ, ʚ ʢʦʪʦʨʦʤ ʚʳʧʦʣʥʷʝʪʩʷ ʪʝʦʨʝʤʘ ʦ ʜʝʣʝʥʠʠ ʩ  ʦʩʪʘʪʢʦʤ), ʪʦ ʩʠʤʚʦʣʦʤ Rest (a, b) ʦʙʦʟʥʘ-

ʯʘʶʪ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ a ʥʘ b.  

ʉ ʪʘʢʦʡ ʩʠʤʚʦʣʠʢʦʡ ʪʝʦʨʝʤʫ ɹʝʟʫ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʢʦʨʦʯʝ: 

 

Rest (f(x), x - a) = f(a). 

 

ɽʩʣʠ a ï ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ, ʪʦ f(a) = 0, ʠ ʤʥʦʛʦʯʣʝʥ ʜʝʣʠʪʩʷ ʥʘ (x - a). ʅʘʦʙʦʨʦʪ, ʝʩʣʠ ʤʥʦ-

ʛʦʯʣʝʥ ʜʝʣʠʪʩʷ ʥʘ x-a, ʪʦ a ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. 

ɼʣʷ ʢʨʘʪʢʦʡ ʟʘʧʠʩʠ ʵʪʦʛʦ ʫʪʚʝʨʞʜʝʥʠʷ ʚʦʩʧʦʣʴʟʫʝʤʩʷ ʩʠʤʚʦʣʦʤ ʜʝʣʠʤʦʩʪʠ  æ(çx æyè ʯʠʪʘʝʪ-

ʩʷ: çʠʢʩ ʜʝʣʠʪ ʠʛʨʝʢè): 

                                                 
1 ɹʨʫʢ ʊʝʡʣʦʨ (1685ï1731) ï ʘʥʛʣʠʡʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ʠ ʬʠʣʦʩʦʬ. ʈʘʟʣʦʞʝʥʠʝ ʬʫʥʢʮʠʠ ʚ ʩʪʝʧʝʥʥʦʡ ʨʷʜ ʊʝʡʣʦʨ ʦʧʫʙ-

ʣʠʢʦʚʘʣ  ʚ 1715 ʛ.  
2 ʕʪʴʝʥʥ ɹʝʟʫ (1730ï1783) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ. ʊʝʦʨʝʤʫ ʦ ʩʚʦʡʩʪʚʘʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ɹʝʟʫ ʦʧʫʙʣʠʢʦʚʘʣ ʚ 

1779 ʛ. 
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f(a) = 0  Ú  (x - a) ¼ f(x).  

 

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʝʩʣʠ ʚ ʩʭʝʤʝ ɻʦʨʥʝʨʘ, ʧʨʠʤʝʥʝʥʥʦʡ ʢ ʤʥʦʛʦʯʣʝʥʫ f(x) ʠ  (x - a), ʧʦʩʣʝʜʥʠʡ 

ʵʣʝʤʝʥʪ ʚʪʦʨʦʡ ʩʪʨʦʢʠ ʨʘʚʝʥ ʥʫʣʶ, ʪʦ a ï ʢʦʨʝʥʴ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʘ ʝʩʣʠ ʥʝ ʨʘʚʝʥ ʥʫʣʶ, ʪʦ a ï 

ʥʝ ʢʦʨʝʥʴ. 

 

  ʂʨʘʪʥʦʩʪʴ ʢʦʨʥʷ. ʄʥʦʛʦʯʣʝʥ f(x) ʤʦʞʝʪ ʜʝʣʠʪʴʩʷ ʥʘ  ( )-x  ʥʝʩʢʦʣʴʢʦ ʨʘʟ; ʪʦʛʜʘ  a 

ʥʘʟʳʚʘʶʪ ʢʨʘʪʥʳʤ ʢʦʨʥʝʤ.  

ʊʦʯʥʝʝ, a ï ʢʦʨʝʥʴ ʢʨʘʪʥʦʩʪʠ k, ʝʩʣʠ 

 

()( )(),xqxxf
k

-=  

 

ʛʜʝ ʤʥʦʛʦʯʣʝʥ ()xq  ʫʞʝ ʥʝ ʜʝʣʠʪʩʷ ʥʘ  (x - a).  

ʂʨʘʪʥʦʩʪʴ ʵʪʦʛʦ ʢʦʨʥʷ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ.  

ɼʣʷ ʵʪʦʛʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʝʣʠʤ ʥʘ (x - a) ʩʥʘʯʘʣʘ ʩʘʤ ʤʥʦʛʦʯʣʝʥ. ɽʩʣʠ ʜʝʣʝʥʠʝ ʩʦʩʪʦʷ-

ʣʦʩʴ ʥʘʮʝʣʦ, ʪʦ ʜʝʣʠʤ ʯʘʩʪʥʦʝ ʦʪ ʜʝʣʝʥʠʷ. ɽʩʣʠ ʯʘʩʪʥʦʝ ʩʥʦʚʘ ʨʘʟʜʝʣʠʣʦʩʴ, ʪʦ ʜʝʣʠʤ ʥʦʚʦʝ ʯʘʩʪ-

ʥʦʝ ʠ ʪʘʢ ʜʘʣʝʝ, ʜʦ ʪʝʭ ʧʦʨ, ʧʦʢʘ ʜʝʣʝʥʠʝ ʙʫʜʝʪ ʧʨʦʠʩʭʦʜʠʪʴ ʙʝʟ ʦʩʪʘʪʢʘ.  

ɺ ʧʦʩʣʝʜʥʠʭ ʩʪʨʦʢʘʭ ʪʘʙʣʠʮʳ ʙʫʜʫʪ ʧʦʷʚʣʷʪʴʩʷ ʥʫʣʠ. ʂʘʢ ʪʦʣʴʢʦ ʧʦʷʚʠʪʩʷ ʥʝ ʥʫʣʴ, ʢʨʘʪ-

ʥʦʩʪʴ ʢʦʨʥʷ ʙʫʜʝʪ ʦʧʨʝʜʝʣʝʥʘ ï ʦʥʘ ʨʘʚʥʘ ʯʠʩʣʫ ʥʫʣʝʡ ʚ ʧʦʩʣʝʜʥʠʭ ʩʪʦʣʙʮʘʭ ʪʨʝʫʛʦʣʴʥʦʡ ʪʘʙʣʠ-

ʮʳ.  

ʇʦ ʩʫʱʝʩʪʚʫ ʵʪʘ ʧʨʦʮʝʜʫʨʘ ʷʚʣʷʝʪʩʷ ʥʘʯʘʣʦʤ ʧʦʠʩʢʘ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʦ ʩʪʝʧʝ-

ʥʷʤ  (x-a), 

 

f(x)=b0(x - a)
n
 + b1(x - a)

n - 1
 + ... + bn - 1(x - a) +bn. 

 

ɽʩʣʠ bn = bn ï 1= bn ï 2 = é = b(n ï k) ï 1 = 0, ʘ bn ï k  ̧0, ʪʦ a ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʢʨʘʪʥʦʩʪʠ k. 

 

  ʄʥʦʛʦʯʣʝʥʳ ʥʘʜ ʧʦʣʝʤ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ. ʈʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ ʨʘʟʳʩʢʘʥʠʷ ʨʘʮʠʦʥʘʣʴ-

ʥʳʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʉʥʘʯʘʣʘ ʩʜʝʣʘʝʤ ʟʘʤʝʯʘʥʠʝ ʦ ʮʝʣʳʭ ʢʦʨʥʷʭ. 

ɺʩʝ ʮʝʣʳʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʷʚʣʷʶʪʩʷ 

ʜʝʣʠʪʝʣʷʤʠ ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ  

f
 
(x) = a0 x

n
 + a1 x

n ï 1
 + ... + anï 1 x + an 

ʠ a   ï   ʮʝʣʳʡ ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f
 
(x), ʪʦ ʩʚʦʙʦʜʥʳʡ ʯʣʝʥ ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʮʝʣʳʭ ʯʠʩʝʣ, ʢʘʞʜʦʝ 

ʠʟ ʢʦʪʦʨʳʭ ʜʝʣʠʪʩʷ ʥʘ a,  

an = (ïa0 a
n
) + (ïa1 a

n ï 1
) + ... + (ïan ï 1 a). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʧʦʠʩʢʘ ʮʝʣʳʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ f
 
(x) ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 

ʤʦʞʥʦ ʧʨʦʩʪʦ ʠʩʧʳʪʘʪʴ ʚʩʝ ʜʝʣʠʪʝʣʠ ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ ʤʥʦʛʦʯʣʝʥʘ. 

ɼʣʷ ʧʨʦʚʝʨʢʠ, ʷʚʣʷʝʪʩʷ ʣʠ ʢʘʥʜʠʜʘʪ ʚ ʢʦʨʥʠ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʪʘʢʦʚʳʤ, ʫʜʦʙʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ 

ʩʭʝʤʫ ɻʦʨʥʝʨʘ. ɽʩʣʠ ʯʠʩʣʦ c ʦʢʘʞʝʪʩʷ ʢʦʨʥʝʤ, ʪʦ ʩʭʝʤʘ ɻʦʨʥʝʨʘ ʢʨʦʤʝ ʠʥʬʦʨʤʘʮʠʠ ʦʙ ʫʜʘʯʝ 

ʧʨʝʜʦʩʪʘʚʠʪ ʠ ʢʦʵʬʬʠʮʠʝʥʪʳ ʯʘʩʪʥʦʛʦ ʦʪ ʜʝʣʝʥʠʷ f
 
(x) ʥʘ x ï c.  

ɺ ʩʣʫʯʘʝ ʫʩʧʝʭʘ (ʥʘʭʦʞʜʝʥʠʷ ʢʦʨʥʷ c) ʩʣʝʜʫʝʪ ʵʪʦʪ ʫʩʧʝʭ ʟʘʢʨʝʧʠʪʴ, ʨʘʩʰʠʨʷʷ ʟʘʭʚʘʯʝʥʥʳʡ 

ʧʣʘʮʜʘʨʤ: ʚʦʟʤʦʞʥʦ, ʯʪʦ c ʷʚʣʷʝʪʩʷ k-ʢʨʘʪʥʳʤ ʢʦʨʥʝʤ, ʪʦʛʜʘ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f
 
(x) ʙʫʜʝʪ ʧʦ-

ʥʠʞʝʥʘ ʜʦ ʯʠʩʣʘ deg f
 
(x) ï k. 

ʇʝʨʚʳʤʠ ʢʘʥʜʠʜʘʪʘʤʠ ʚ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʷʚʣʷʶʪʩʷ ʯʠʩʣʘ 1 ʠ ï1, ʪʘʢ ʢʘʢ ʵʪʠ ʯʠʩʣʘ ʜʝʣʷʪ 

ʣʶʙʦʝ ʮʝʣʦʝ ʯʠʩʣʦ.  

ɽʩʣʠ ʥʠ f
 
(1), ʥʠ f

 
(ï1) ʥʝ ʨʘʚʥʳ ʥʫʣʶ, ʪʦ ʧʦʣʫʯʝʥʥʳʝ ʯʠʩʣʘ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʜʣʷ ʧʨʝʜʚʘ-

ʨʠʪʝʣʴʥʦʛʦ ʦʪʩʝʠʚʘʥʠʷ ʢʘʥʜʠʜʘʪʦʚ ʚ ʢʦʨʥʠ.  
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ʇʫʩʪʴ a  ï   ʮʝʣʳʡ ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f
 
(x). ʊʦʛʜʘ  

f
 
(x) = (x ï a)

 
q(x),  

ʛʜʝ q(x)  ï   ʤʥʦʛʦʯʣʝʥ ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʇʦʜʩʪʘʚʠʤ ʚ ʦʙʘ ʯʣʝʥʘ ʵʪʦʛʦ ʨʘʚʝʥʩʪʚʘ ʚʤʝʩʪʦ 

x ʝʜʠʥʠʮʫ ʠ ʧʦʣʫʯʠʤ: 

f
 
(1) = (1 ï a)

 
q(1). 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ a ï ʮʝʣʳʡ ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ ʩ ʮʝʣʳʤʠ ʢʦʵʬ-

ʬʠʮʠʝʥʪʘʤʠ, ʪʦ ʯʠʩʣʦ    ï   ʮʝʣʦʝ. 

ɺʤʝʩʪʦ x ʚ ʨʘʚʝʥʩʪʚʦ ʤʦʞʥʦ ʧʦʩʪʘʚʠʪʴ ï1, ʠ ʪʦʛʜʘ ʧʦʣʫʯʠʤ, ʯʪʦ ʝʩʣʠ a  ï   

ʮʝʣʳʡ ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʪʦ ʯʠʩʣʦ 

 ï ʮʝʣʦʝ. 

ʇʝʨʝʡʜʝʤ ʪʝʧʝʨʴ ʢ ʧʦʠʩʢʫ (ʠ ʦʪʩʝʚʫ) ʨʘʮʠʦʥʘʣʴʥʳʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠ-

ʮʠʝʥʪʘʤʠ. 

ɽʩʣʠ ʥʝʩʦʢʨʘʪʠʤʘʷ ʜʨʦʙʴ    ï   ʷʚʣʷʝʪʩʷ ʨʘʮʠʦʥʘʣʴʥʳʤ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ 

a0 x
n
 + a1 x

n ï 1
 + é + an ï 1 x + an 

ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʪʦ p ʜʝʣʠʪ an , ʘ q ʜʝʣʠʪ a0 . 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʠʟ ʨʘʚʝʥʩʪʚʘ  

a0 p
n
 + a1 p

n ï 1
q + é + an ï 1 pq

n ï 1
 + an q

n
 = 0 

ʩʣʝʜʫʝʪ, ʯʪʦ q ʜʝʣʠʪ a0 p
n
, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʝʣʠʪ a0 . ʇʦ ʘʥʘʣʦʛʠʯʥʦʡ ʧʨʠʯʠʥʝ p ʜʝʣʠʪ an 

ʀʪʘʢ, ʟʘʜʘʯʘ ʥʘʭʦʞʜʝʥʠʷ ʨʘʮʠʦʥʘʣʴʥʳʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʩ ʨʘʮʠʦʥʘʣʴʥʳʤʠ ʢʦʵʬ-

ʬʠʮʠʝʥʪʘʤʠ ʚ ʧʨʠʥʮʠʧʝ ʨʝʰʝʥʘ. ʕʪʠ ʢʦʨʥʠ ʥʘʭʦʜʷʪʩʷ ʩʨʝʜʠ ʵʣʝʤʝʥʪʦʚ ʢʦʥʝʯʥʦʛʦ ʤʥʦʞʝʩʪʚʘ, ʢʦ-

ʪʦʨʦʝ ʣʝʛʢʦ ʩʪʨʦʠʪʩʷ ʧʦ ʜʘʥʥʦʤʫ ʤʥʦʛʦʯʣʝʥʫ. ɼʦʩʪʘʪʦʯʥʦ ʩʜʝʣʘʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ ʠʩʩʣʝʜʫʝʤʦʛʦ 

ʤʥʦʛʦʯʣʝʥʘ ʮʝʣʳʤʠ, ʘ ʟʘʪʝʤ ʧʝʨʝʙʨʘʪʴ ʚʩʝʚʦʟʤʦʞʥʳʝ ʚʘʨʠʘʥʪʳ ʯʠʩʣʠʪʝʣʝʡ ʠ ʟʥʘʤʝʥʘʪʝʣʝʡ   ï   

ʢʘʥʜʠʜʘʪʦʚ ʚ ʢʦʨʥʠ   ï   ʠ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʠʩʧʳʪʘʥʠʝʤ (ʥʘʧʨʠʤʝʨ, ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝ-

ʨʘ) ʧʨʦʚʝʨʠʪʴ, ʢʪʦ ʠʟ ʢʘʥʜʠʜʘʪʦʚ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ. ʉ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʠ ʢʨʘʪʥʦʩʪʴ ʧʦʣʫʯʝʥʥʦʛʦ ʢʦʨʥʷ. 

ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ ʥʦʨʤʠʨʦʚʘʥʥʳʡ, ʪʦ ʧʦʠʩʢ ʨʘʮʠʦʥʘʣʴʥʳʭ ʢʦʨʥʝʡ ʩʚʦʜʠʪʩʷ ʢ ʧʦʠʩʢʫ ʣʠʰʴ ʮʝ-

ʣʳʭ ʢʦʨʥʝʡ, ʪʘʢ ʢʘʢ ʚʩʝ ʨʘʮʠʦʥʘʣʴʥʳʝ ʢʦʨʥʠ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥ-

ʪʘʤʠ ʷʚʣʷʶʪʩʷ ʮʝʣʳʤʠ. 

ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ ʥʝʥʦʨʤʠʨʦʚʘʥʥʳʡ, ʪ.
 
ʝ. ʢʦʵʬʬʠʮʠʝʥʪ a0 ʩʪʘʨʰʝʛʦ ʯʣʝʥʘ ʦʪʣʠʯʝʥ ʦʪ ʝʜʠʥʠʮʳ, 

ʚʳʯʠʩʣʝʥʠʷ ʤʦʛʫʪ ʠ ʟʘʪʷʥʫʪʴʩʷ, ʦʩʦʙʝʥʥʦ ʝʩʣʠ ʜʝʣʠʪʝʣʝʡ ʫ ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ ʠ ʢʦʵʬʬʠʮʠʝʥʪʘ 

ʩʪʘʨʰʝʛʦ ʯʣʝʥʘ ʦʢʘʟʘʣʦʩʴ ʩʣʠʰʢʦʤ ʤʥʦʛʦ. 

ʇʝʨʚʳʤʠ ʢʘʥʜʠʜʘʪʘʤʠ ʚ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʷʚʣʷʶʪʩʷ ʯʠʩʣʘ 1 ʠ ï1: ʦʥʠ ʜʝʣʷʪ ʣʶʙʦʝ ʮʝʣʦʝ 

ʯʠʩʣʦ.  

ɺ ʩʣʫʯʘʝ ʫʜʘʯʠ (ʦʜʥʦ ʠʟ ʵʪʠʭ ʯʠʩʝʣ ʠʣʠ ʦʙʘ ʦʢʘʟʘʣʠʩʴ ʢʦʨʥʷʤʠ) ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʝʣʷ ʤʥʦʛʦ-

ʯʣʝʥ ʥʘ x ï 1 (ʠʣʠ x + 1), ʦʧʨʝʜʝʣʠʤ ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʷ ʠ ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʦʥʠʟʠʤ ʩʪʝʧʝʥʴ ʠʩʩʣʝʜʫʝ-

ʤʦʛʦ ʤʥʦʛʦʯʣʝʥʘ.  

ɽʩʣʠ ʞʝ ʢʦʨʥʷʤʠ ʤʥʦʛʦʯʣʝʥʘ ʷʚʣʷʶʪʩʷ ʥʝ ʪʦʣʴʢʦ 1 ʠ ï1, ʪʦ ʠʣʠ ʚ ʩʘʤʦʤ ʥʘʯʘʣʝ, ʠʣʠ ʚ ʭʦʜʝ 

ʚʳʯʠʩʣʝʥʠʡ ʜʝʣʝʥʠʝ ʥʘ x ï 1 (ʠʣʠ x + 1) ʟʘʢʦʥʯʠʪʩʷ ʥʝʥʫʣʝʚʳʤ ʦʩʪʘʪʢʦʤ.  

ʆʜʥʘʢʦ ʵʪʫ ʥʝʫʜʘʯʫ ʣʝʛʢʦ ʦʙʨʘʪʠʪʴ ʚ ʧʦʣʝʟʥʦʝ ʫʣʫʯʰʝʥʠʝ ʜʘʣʴʥʝʡʰʠʭ ʚʳʯʠʩʣʝʥʠʡ, ʧʨʝʜʣʘ-

ʛʘʷ ʧʦʩʣʝʜʫʶʱʠʤ ʢʘʥʜʠʜʘʪʘʤ ʚ ʢʦʨʥʠ ʧʨʝʜʚʘʨʠʪʝʣʴʥʦʝ ʠ ʣʝʛʢʦʝ ʜʣʷ ʚʳʯʠʩʣʠʪʝʣʷ ʠʩʧʪrʘʥʠʝ.  

ʇʫʩʪʴ   ï   ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f
 
(x) ʩʪʝʧʝʥʠ n, ʪʦʛʜʘ ʧʦ ʪʝʦʨʝʤʝ ɹʝʟʫ  

 

ʛʜʝ ʤʥʦʛʦʯʣʝʥ g(x) ʠʤʝʝʪ ʩʪʝʧʝʥʴ (n ï 1), ʘ ʢʦʵʬʬʠʮʠʝʥʪʳ ʝʛʦ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʧʦ ʩʭʝʤʝ ɻʦʨʥʝʨʘ. 
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ʇʨʠ ʚʳʯʠʩʣʝʥʠʷʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʧʨʠʜʝʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʧʨʦʠʟʚʦʜʠʪʴ ʫʤʥʦʞʝ- 

ʥʠʷ ʥʘ ʜʨʦʙʴ  ʧʦʵʪʦʤʫ ʚʩʝ ʵʪʠ ʢʦʵʬʬʠʮʠʝʥʪʳ, ʥʘʯʠʥʘʷ ʩʦ ʚʪʦʨʦʛʦ, ʠʤʝʶʪ ʚʠʜ ʜʨʦʙʝʡ, 

ʟʥʘʤʝʥʘʪʝʣʠ ʢʦʪʦʨʳʭ ʷʚʣʷʶʪʩʷ ʩʪʝʧʝʥʷʤʠ q. ʋʤʥʦʞʠʤ ʣʝʚʫʶ ʠ ʧʨʘʚʫʶ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʥʘ ʯʠʩʣʦ 

q
n
. ʊʦʛʜʘ ʚʩʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʘ q

n ï 1
 Ö g(x) ʧʦʩʣʝ ʨʘʩʢʨʳʪʠʷ ʩʢʦʙʦʢ ʩʪʘʥʦʚʷʪʩʷ ʮʝʣʳʤʠ 

ʯʠʩʣʘʤʠ, ʘ ʨʘʚʝʥʩʪʚʦ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: 

q
n 
Ö f

 
(x) = (xq ï p)[q

n ï 1
Ög(x)]. (*)  

ʇʦʜʩʪʘʚʠʤ ʚ ʪʦʞʜʝʩʪʚʦ (*) ʚʤʝʩʪʦ x ʝʜʠʥʠʮʫ ʠ ʧʦʣʫʯʠʤ: 

q
n
Öf(1) = (q ï p)[q

n ï 1
Ög(k)]. 

ʊʘʢ ʢʘʢ q ʠ p  ï   ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ ʅʆɼ (q
n
, q ï p) = 1. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʧʦ ʪʝʦʨʝʤʝ ɽʚʢʣʠʜʘ ʦ 

ʜʝʣʠʤʦʩʪʠ ʯʠʩʣʦ f
 
(1) ʜʝʣʠʪʩʷ ʥʘ (q ï p). 

ɽʩʣʠ ʚ ʪʦʞʜʝʩʪʚʦ (*) ʚʤʝʩʪʦ x ʧʦʜʩʪʘʚʠʪʴ ï1, ʪʦ ʧʦʣʫʯʠʤ, ʯʪʦ ʯʠʩʣʦ p + q ʜʦʣʞʥʦ ʜʝ-

ʣʠʪʴ f
 
(ï1). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʥʝʩʦʢʨʘʪʠʤʘʷ ʜʨʦʙʴ  ʷʚʣʷʝʪʩʷ ʨʘʮʠʦʥʘʣʴʥʳʤ ʢʦʨʥʝʤ 

ʤʥʦʛʦʯʣʝʥʘ f (x) ʩ ʮʝʣʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʪʦ ʯʠʩʣʘ  ʠ   ï   ʮʝ-

ʣʳʝ ʯʠʩʣʘ.  

ʏʠʩʣʦ ʚʦʟʤʦʞʥʳʭ ʢʘʥʜʠʜʘʪʦʚ ʚ ʢʦʨʥʠ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʩʣʠʰʢʦʤ ʚʝʣʠʢʦ, ʠ ʠʩʧʳʪʘʥʠʝ ʥʘ ʧʨʠ-

ʥʘʜʣʝʞʥʦʩʪʴ ʯʠʩʝʣ  ʠ  ʤʥʦʞʝʩʪʚʫ Z, ʤʘʣʦ ʧʦʤʦʞʝʪ ʜʝʣʫ.  

ʆʜʥʘʢʦ ʚ ʜʝʡʩʪʚʠʪʝʣʴʥʦʩʪʠ ʨʦʣʴ ʝʜʠʥʠʮʳ ʟʜʝʩʴ ʤʦʞʝʪ ʚʳʧʦʣʥʷʪʴ ʣʶʙʦʝ ʮʝʣʦʝ ʯʠʩʣʦ k, ʪ.
 
ʝ. 

ʚ ʫʜʘʯʫ ʤʦʞʥʦ ʧʨʝʚʨʘʱʘʪʴ ʣʶʙʫʶ ʥʝʫʜʘʯʫ ʩ ʮʝʣʳʤ ʢʘʥʜʠʜʘʪʦʤ ʚ ʢʦʨʥʠ.  

ɽʩʣʠ ʥʝʩʦʢʨʘʪʠʤʘʷ ʜʨʦʙʴ   ï   ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f (x) ʩ ʮʝʣʳʤʠ ʢʦʵʬ-

ʬʠʮʠʝʥʪʘʤʠ, ʪʦ ʜʣʷ ʣʶʙʦʛʦ ʮʝʣʦʛʦ ʯʠʩʣʘ k ʯʠʩʣʦ 

 

  ï   ʮʝʣʦʝ. 

ɿʘʤʝʪʠʤ, ʯʪʦ ʵʪʦ ʩʚʦʡʩʪʚʦ ʷʚʣʷʝʪʩʷ ʣʠʰʴ ʥʝʦʙʭʦʜʠʤʳʤ, ʥʦ ʥʝ ʥʝʜʦʩʪʘʪʦʯʥʳʤ  ʫʩʣʦʚʠʝʤ 

ʩʚʦʡʩʪʚʘ çʙʳʪʴ ʢʦʨʥʝʤè.  

ɽʩʣʠ ʵʪʦ ʫʩʣʦʚʠʝ ʥʝ ʚʳʧʦʣʥʝʥʦ, ʪʦ ʧʨʝʪʝʥʜʝʥʪ ʚ ʢʦʨʥʠ ʫʞ ʪʦʯʥʦ ʢʦʨʥʝʤ ʥʝ ʙʫʜʝʪ. ʆʜʥʘʢʦ 

ʚʳʧʦʣʥʝʥʠʝ ʵʪʦʛʦ ʫʩʣʦʚʠʷ ʥʝ ʜʘʝʪ ʝʱʝ ʧʦʣʥʦʡ ʛʘʨʘʥʪʠʠ, ʯʪʦ ʢʦʨʝʥʴ ʥʘʡʜʝʥ; ʦʢʦʥʯʘʪʝʣʴʥʳʤ 

ʨʝʰʝʥʠʝʤ ʚʦʧʨʦʩʘ ʙʫʜʝʪ ʚʳʯʠʩʣʝʥʠʝ ʟʥʘʯʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ ʚ ʵʪʦʡ ʪʦʯʢʝ. 

ʕʪʦ ʚʳʯʠʩʣʝʥʠʝ ʣʫʯʰʝ ʚʳʧʦʣʥʷʪʴ ʧʦ ʩʭʝʤʝ ɻʦʨʥʝʨʘ ï ʚ ʩʣʫʯʘʝ ʫʜʘʯʠ ʩʪʝʧʝʥʴ ʠʩʩʣʝʜʫʝʤʦʛʦ 

ʤʥʦʛʦʯʣʝʥʘ ʧʦʥʠʞʘʝʪʩʷ ʥʘ ʝʜʠʥʠʮʫ.  

ʅʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʛʦʯʣʝʥʳ. ʄʥʦʛʦʯʣʝʥ  f(x) ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 

ʠʟ ʧʦʣʷ P ʥʝʧʨʠʚʦʜʠʤ ʥʘʜ ʧʦʣʝʤ P, ʝʩʣʠ ʝʛʦ ʥʝʣʴʟʷ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ 

ʤʝʥʴʰʝʡ ʩʪʝʧʝʥʠ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʵʪʦʛʦ ʞʝ ʧʦʣʷ:  

f(x) = a(x)Öb(x) Ý deg a(x) = 0 ʠʣʠ deg b(x)=0. 

 

ʅʘʧʨʠʤʝʨ, ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ ʥʘʜ ʣʶʙʳʤ ʧʦʣʝʤ ʥʝʧʨʠʚʦʜʠʤʳ.  

ʄʥʦʛʦʯʣʝʥ f(x) ï ʧʨʠʚʦʜʠʤʳʡ, ʝʩʣʠ ʝʛʦ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʚʫʭ ʤʥʦʛʦ-

ʯʣʝʥʦʚ ʥʝʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ,  

 

f(x) = a(x) Ö b(x),  

 

ʛʜʝ deg a(x) > 0 ʠ deg b(x) > 0. 
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ɺ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ P[x] ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʧʦʣʷ ʢʘʞʜʳʡ ʧʨʠʚʦʜʠʤʳʡ ʤʥʦʛʦʯʣʝʥ ʧʦ-

ʣʦʞʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʧʨʠ-

ʯʝʤ ʪʘʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʝʜʠʥʩʪʚʝʥʥʦ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʨʷʜʢʘ ʤʥʦʞʠʪʝʣʝʡ ʠ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʠʟ 

ʧʦʣʷ P.  

ɸʥʘʣʦʛʠʯʥʳʤ ʩʚʦʡʩʪʚʦʤ ʦʙʣʘʜʘʝʪ ʢʦʣʴʮʦ ʮʝʣʳʭ ʯʠʩʝʣ: ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʦʪʣʠʯʥʳʡ ʦʪ ʥʫʣʷ, 1 

ʠ -1, ʷʚʣʷʝʪʩʷ ʣʠʙʦ ʧʨʦʩʪʳʤ, ʣʠʙʦ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʧʨʦʩʪʳʭ, ʧʨʠʯʝʤ ʪʘʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʝʜʠʥ-

ʩʪʚʝʥʥʦ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʨʷʜʢʘ ʤʥʦʞʠʪʝʣʝʡ ʠ ʢʦʵʬʬʠʮʠʝʥʪʦʚ °1.  

ʊʘʢʦʝ ʩʚʦʡʩʪʚʦ ʢʦʣʴʮʘ ʥʘʟʳʚʘʶʪ ʬʘʢʪʦʨʠʘʣʴʥʦʩʪʴʶ (ʠʣʠ ʛʘʫʩʩʦʚʦʩʪʴʶ
1
).  

ʆʜʠʥʘʢʦʚʳʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʤʥʦʛʦʯʣʝʥʘ f(x) ʤʦʞʥʦ  ʩʦʙʨʘʪʴ ʚ ʩʪʝʧʝʥʠ, ʠ ʪʦʛʜʘ 

ʤʥʦʛʦʯʣʝʥ ʧʨʠʤʝʪ ʚʠʜ: 

() () () ()xp...xpxpxf km
k

mm
ÖÖÖ= 21

21 , 

ʛʜʝ ʯʠʩʣʘ m1, m2, é , mk ï ʢʨʘʪʥʦʩʪʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʞʠʪʝʣʝʡ. 

ʇʦ ʪʝʦʨʝʤʝ ɹʝʟʫ ʣʠʥʝʡʥʳʡ ʤʥʦʞʠʪʝʣʴ (ʪ. ʝ. ʤʥʦʞʠʪʝʣʴ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ) ʜʣʷ ʤʥʦʛʦʯʣʝʥʘ f(x) 

ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ f(x). ʂʨʘʪʥʦʩʪʴ ʢʦʨʥʷ a ï ʵʪʦ ʚ ʪʦʯʥʦʩʪʠ ʢʨʘʪʥʦʩʪʴ ʥʝʧʨʠʚʦʜʠʤʦ-

ʛʦ ʤʥʦʞʠʪʝʣʷ (x-a).   

ʇʨʠʤʝʨʳ ʢʦʥʝʯʥʳʭ ʢʦʣʝʮ. ʂʦʥʝʯʥʳʝ ʧʦʣʷ ʠʛʨʘʶʪ ʚʘʞʥʫʶ ʨʦʣʴ ʧʨʠ ʧʝʨʝʜʘʯʝ ʠʥʬʦʨʤʘ-

ʮʠʠ: ʚ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ ʠ ʢʨʠʧʪʦʛʨʘʬʠʠ. ʈʘʩʩʤʦʪʨʠʤ ʧʨʠʤʝʨʳ ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ.  

ʇʦʣʝ ï ʵʪʦ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʢʦʣʴʮʘ, ʧʦʵʪʦʤʫ ʧʦʢʘʞʝʤ ʩʥʘʯʘʣʘ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ 

ʯʠʩʣʘ m ʩʫʱʝʩʪʚʫʝʪ ʢʦʣʴʮʦ ʩ ʥʝʥʫʣʝʚʳʤ ʫʤʥʦʞʝʥʠʝʤ, ʩʦʩʪʦʷʱʝʝ ʚ ʪʦʯʥʦʩʪʠ ʠʟ m ʵʣʝʤʝʥʪʦʚ.  

 ʇʫʩʪʴ m ï ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʮʝʣʦʝ ʯʠʩʣʦ. ʆʪʥʦʰʝʥʠʝ ʩʨʘʚʥʠʤʦʩʪʠ ʧʦ ʤʦʜʫʣʶ m, ʟʘʜʘʥʥʦʝ 

ʧʨʘʚʠʣʦʤ  

 

a ¹ b (mod m) Ú mæ(a ï b), 

 

ʷʚʣ̫ʝʪʩʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴʶ ʥʘ ʤʥʦʞʝʩʪʚʝ ʮʝʣʳʭ ʯʠʩʝʣ, ʠ ʧʦʵʪʦʤʫ, ʢʘʢ ʢʘʞʜʘʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴ, 

ʨʘʟʙʠʚʘʝʪ ʤʥʦʞʝʩʪʚʦ Z ʥʘ ʢʣʘʩʩʳ ʵʢʚʠʚʘʣʝʥʪʥʳʭ ʵʣʝʤʝʥʪʦʚ.  

ʉʤʝʞʥʳʡ ʢʣʘʩʩ ʩ ʧʨʝʜʩʪʘʚʠʪʝʣʝʤ x ʦʙʦʟʥʘʯʠʤ ʩʠʤʚʦʣʦʤ [x],   

 

[x] = { y Í Z ù x ¹ y(mod m)}.  

 

ʉʨʘʚʥʠʤʦʩʪʴ ʧʦ ʤʦʜʫʣʶ ʷʚʣʷʝʪʩʷ ʥʝ ʧʨʦʩʪʦ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʴʶ; ʦʥʘ ʩʦʛʣʘʩʦʚʘʥʘ ʩ ʦʧʝʨʘʮʠʷ-

ʤʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ: 

a ¹ a1 (mod m), b ¹ b1 (mod m) Ý a + b ¹ a1 + b1 (mod m); 

a ¹ a1 (mod m), b ¹ b1 (mod m) Ý a Ö b ¹ a1 Ö b1 (mod m) 

ʉʦʛʣʘʩʦʚʘʥʥʦʩʪʴ ʩʨʘʚʥʠʤʦʩʪʠ ʠ ʦʧʝʨʘʮʠʡ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʦʧʝʨʘʮʠʠ ʩʣʦʞʝ-

ʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʢʣʘʩʩʘʭ ʩʨʘʚʥʠʤʳʭ ʯʠʩʝʣ ʧʦ ʧʨʘʚʠʣʫ: 

 

[a] + [b] = [a + b],   

 

 [a] Ö [b] = [a Ö b]. 

 

ɺ  ʢʣʘʩʩ [a]  ʧʦʧʘʜʫʪ ʚʩʝ ʯʠʩʣʘ, ʠʤʝʶʱʠʝ ʪʘʢʦʡ ʞʝ ʦʩʪʘʪʦʢ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ m. ʯʪʦ ʠ ʯʠʩʣʦ a: 

a ¹ b (mod m) Ú Rest(a, m) = Rest(b, m). 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʯʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʢʣʘʩʩʦʚ ʨʘʚʥʦ ʯʠʩʣʫ ʨʘʟʣʠʯʥʳʭ ʦʩʪʘʪʢʦʚ ʦʪ ʜʝʣʝʥʠʷ ʥʘ m, 

ʪ. ʝ. ʨʘʚʥʦ m. ʏʠʩʣʘ 0, 1, é, (m - 1) ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʚ ʢʘʯʝʩʪʚʝ ʧʨʝʜʩʪʘʚʠʪʝʣʝʡ ʢʣʘʩʩʦʚ.  

ɽʩʣʠ a ï ʮʝʣʦʝ ʯʠʩʣʦ, ʪʦ, ʚʳʯʠʪʘʷ ʠʟ a ʧʨʦʠʟʚʦʣʴʥʦʝ ʯʠʩʣʦ ʨʘʟ ʯʠʩʣʦ m  ʠʣʠ  -m, ʩʥʦʚʘ ʧʦʣʫ-

ʯʠʤ ʵʣʝʤʝʥʪ ʠʟ ʪʦʛʦ ʞʝ ʢʣʘʩʩʘ.  

ʇʦʵʪʦʤʫ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʯʠʩʝʣ, ʩʨʘʚʥʠʤʳʭ ʤʝʞʜʫ ʩʦʙʦʡ ʧʦ ʤʦʜʫʣʶ m, ʥʘʟʳʚʘʶʪ ʢʣʘʩʩʦʤ 

ʚʳʯʝʪʦʚ. 

  

                                                 
1 ʂʘʨʣ ʌʨʠʜʨʠʭ ɻʘʫʩʩ (1777ï1855) ï ʥʝʤʝʮʢʠʡ ʤʘʪʝʤʘʪʠʢ. 
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ʄʥʦʞʝʩʪʚʦ ʵʪʠʭ ʢʣʘʩʩʦʚ ʩ ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʦʙʨʘʟʫʶʪ ʢʦʣʴʮʦ. ʕʪʦ ʢʦʣʴʮʦ 

ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ Zm (ʠ ʥʘʟʳʚʘʶʪ ʢʦʣʴʮʦʤ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ ʤʦʜʫʣʶ m).  

ɽʩʣʠ ʤʦʜʫʣʴ m ï ʩʦʩʪʘʚʥʦʝ ʯʠʩʣʦ, ʪʦ ʢʦʣʴʮʦ Zm ʩʦʜʝʨʞʠʪ ʜʝʣʠʪʝʣʠ ʥʫʣʷ, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʥʝ ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ
1
.  

 

ʇʨʠʤʝʨʳ ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ. ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʝʩʣʠ ʤʦʜʫʣʴ p ï ʧʨʦʩʪʦʝ ʯʠʩʣʦ, ʪʦ ʢʦʣʴʮʦ   

Zp ʷʚʣ̫ʝʪʩʷ ʧʦʣʝʤ.  

ʅʘʧʨʠʤʝʨ, ʜʣʷ p = 2 ʧʦʣʫʯʘʝʪʩʷ ʧʦʣʝ Z2, ʩʦʩʪʦʷʱʝʝ ʚʩʝʛʦ ʠʟ ʜʚʫʭ ʵʣʝʤʝʥʪʦʚ.  

ʆʜʥʠʤ ʠʟ ʦʩʥʦʚʥʳʭ ʧʨʠʤʝʥʝʥʠʡ ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ, ʠ ʚ ʦʩʦʙʝʥʥʦʩʪʠ ʧʦʣʷ  Z2, ʷʚʣʷʝʪʩʷ  ʪʝʦ-

ʨʠʷ ʢʦʜʠʨʦʚʘʥʠʷ. 

ʈʘʩʩʤʦʪʨʠʤ ʝʱʝ ʦʜʠʥ ʧʨʠʤʝʨ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ. ʇʫʩʪʴ  p=5, ʪʦʛʜʘ  ʧʦʣʝ Zp ʩʦʩʪʦʠʪ ʠʟ ʧʷʪʠ 

ʵʣʝʤʝʥʪʦʚ, ʚ ʢʘʯʝʩʪʚʝ ʧʨʝʜʩʪʘʚʠʪʝʣʝʡ ʢʦʪʦʨʳʭ ʤʦʞʥʦ ʚʟʷʪʴ ʯʠʩʣʘ 0, 1, 2, 3, 4 (ʠʣʠ ʣʶʙʦʡ ʜʨʫʛʦʡ 

ʥʘʙʦʨ ʠʟ ʧʷʪʠ ʯʠʩʝʣ, ʜʘʶʱʠʭ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ ʧʷʪʴ ʨʘʟʣʠʯʥʳʝ ʦʩʪʘʪʢʠ, ʥʘʧʨʠʤʝʨ ʯʠʩʣʘ: 0, 1, 

2, -2, -1).  

ʊʘʙʣʠʮʳ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʚ ʵʪʦʤ ʧʦʣʝ ʠʤʝʶʪ ʚʠʜ:  

 + 0 1 2 3 4     Ö 0 1 2 3 4 

 0 0 1 2 3 4     0 0 0 0 0 0 

 1 1 2 3 4 0     1 0 1 2 3 4 

 2 2 3 4 0 1     2 0 2 4 1 3 

 3 3 4 0 1 2     3 0 3 1 4 2 

 4 4 0 1 2 3     4 0 4 3 2 1 

ɺ ʢʘʞʜʦʡ ʩʪʨʦʢʝ ʚ ʢʘʞʜʦʤ ʩʪʦʣʙʮʝ ʪʘʙʣʠʮʳ ʩʣʦʞʝʥʠʷ ʣʶʙʦʡ ʵʣʝʤʝʥʪ ʚʩʪʨʝʯʘʝʪʩʷ ʚ ʪʦʯʥʦ-

ʩʪʠ ʦʜʠʥ ʨʘʟ. ʕʪʦ ʩʚʦʡʩʪʚʦ ʪʘʙʣʠʮʳ  ʜʣʷ ʘʩʩʦʮʠʘʪʠʚʥʦʡ ʦʧʝʨʘʮʠʠ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ ʩ ʪʘʢʦʡ 

ʦʧʝʨʘʮʠʝʡ ʦʙʨʘʟʫʝʪ ʛʨʫʧʧʫ.  

ɺ ʪʘʙʣʠʮʝ ʫʤʥʦʞʝʥʠʷ ʚʩʝ ʥʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ ʦʙʣʘʜʘʶʪ ʪʘʢʠʤ ʞʝ ʩʚʦʡʩʪʚʦʤ; ʚ ʧʦʣʝ ʚʩʝ 

ʥʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ ʦʙʨʘʟʫʶʪ ʛʨʫʧʧʫ ʧʦ ʫʤʥʦʞʝʥʠʶ. 

ʆʙʝ ʪʘʙʣʠʮʳ ʩʠʤʤʝʪʨʠʯʥʳ ʦʪʥʦʩʠʪʝʣʴʥʦ ʜʠʘʛʦʥʘʣʠ, ʯʪʦ ʦʟʥʘʯʘʝʪ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʴ ʦʧʝʨʘʮʠʡ. 

ʌʫʥʢʮʠʠ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ. ʂʦʥʝʯʥʳʝ ʧʦʣʷ ʦʪʥʦʩʷʪʩʷ ʢ ʯʠʩʣʫ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʩʠ-

ʩʪʝʤ, ʠʟʫʯʝʥʥʳʭ ʥʘʠʙʦʣʝʝ ʧʦʣʥʦ ʠ ʠʤʝʶʱʠʭ ʜʦʚʦʣʴʥʦ ʧʨʦʟʨʘʯʥʦʝ ʩʪʨʦʝʥʠʝ.  

ʆʜʥʦ ʠʟ ʟʘʤʝʯʘʪʝʣʴʥʳʭ ʩʚʦʡʩʪʚ ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ ʥʝʪ 

ʚʩʶʜʫ ʦʧʨʝʜʝʣʝʥʥʳʭ ʬʫʥʢʮʠʡ, ʢʨʦʤʝ ʤʥʦʛʦʯʣʝʥʦʚ. ʕʪʦ ʫʪʚʝʨʞʜʝʥʠʝ ʩʣʝʜʫʝʪ ʠʟ ʧʨʦʩʪʳʭ ʘʨʠʬʤʝ-

ʪʠʯʝʩʢʠʭ ʩʦʦʙʨʘʞʝʥʠʡ: ʯʠʩʣʦ ʚʩʝʭ ʬʫʥʢʮʠʡ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ ʚ ʪʦʯʥʦʩʪʠ ʩʦʚʧʘʜʘʝʪ ʩ ʯʠʩʣʦʤ 

ʬʫʥʢʮʠʡ, ʧʨʝʜʩʪʘʚʠʤʳʭ ʤʥʦʛʦʯʣʝʥʘʤʠ. 

 ɹʦʣʝʝ ʪʦʛʦ, ʝʩʣʠ ʬʫʥʢʮʠʷ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ ʥʝ ʷʚʣʷʝʪʩʷ ʚʩʶʜʫ ʦʧʨʝʜʝʣʝʥʥʦʡ, ʪʦ ʝʝ ʤʦʞʥʦ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʨʘʮʠʦʥʘʣʴʥʦʡ ʜʨʦʙʠ. ʂʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ïʟʥʘʤʝʥʘʪʝʣʷ ʠ ʙʫʜʫʪ ʪʝʤʠ ʪʦʯʢʘʤʠ, 

ʚ ʢʦʪʦʨʳʭ ʬʫʥʢʮʠʷ ʥʝ ʦʧʨʝʜʝʣʝʥʘ. 

ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʢʦʥʝʯʥʳʝ ʧʦʣʷ ʥʘʰʣʠ ʰʠʨʦʢʦʝ ʧʨʠʤʝʥʝʥʠʝ ʚ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ, ʘ 

ʬʫʥʢʮʠʠ ʥʘʜ ʢʦʥʝʯʥʳʤʠ ʧʦʣʷʤʠ ï ʚ ʢʨʠʧʪʦʛʨʘʬʠʠ.  

ʏʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʢʦʥʝʯʥʦʤ ʧʦʣʝ ʤʦʞʝʪ ʙʳʪʴ ʣʶʙʳʤ ʥʘʪʫʨʘʣʴʥʳʤ ʯʠʩʣʦʤ ʠʣʠ ʵʪʦ ʯʠʩʣʦ ʦʙ-

ʣʘʜʘʝʪ ʦʩʦʙʳʤ ʩʚʦʡʩʪʚʦʤ? ɽʩʣʠ ʚʳʧʦʣʥʷʝʪʩʷ ʵʪʦ çʠʣʠè, ʪʦ ʜʣʷ ʣʶʙʦʛʦ ʣʠ ʪʘʢʦʛʦ ʦʩʦʙʦʛʦ ʯʠʩʣʘ m 

ʥʘʡʜʝʪʩʷ ʧʦʣʝ ʠʟ m ʵʣʝʤʝʥʪʦʚ? ʂʘʢ ʫʩʪʨʦʝʥʘ ʨʝʰʝʪʢʘ ʧʦʜʧʦʣʝʡ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʠ ʝʛʦ ʛʨʫʧʧʘ ʘʚ-

ʪʦʤʦʨʬʠʟʤʦʚ? ʅʘ ʚʩʝ ʵʪʠ ʚʦʧʨʦʩʳ ʝʩʪʴ ʦʪʚʝʪʳ. 

ʏʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʢʦʥʝʯʥʦʤ ʧʦʣʝ. ʂʦʣʴʮʦ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ Zp ʧʦ ʧʨʦʩʪʦʤʫ ʤʦʜʫʣʶ p ʚ̫-

ʣʷʝʪʩʷ ʧʦʣʝʤ. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʜʣʷ ʢʘʞʜʦʛʦ ʧʨʦʩʪʦʛʦ ʯʠʩʣʘ p ʩʫʱʝʩʪʚʫʝʪ ʧʦʣʝ ʠʟ p ʵʣʝʤʝʥʪʦʚ.  

ʇʫʩʪʴ P  ï   ʢʦʥʝʯʥʦʝ ʧʦʣʝ ʠʟ q ʵʣʝʤʝʥʪʦʚ. ʊʦʛʜʘ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʧʦʣʷ P ʥʝʥʫʣʝʚʘʷ ʠ ʷʚʣʷʝʪʩʷ 

ʧʨʦʩʪʳʤ ʯʠʩʣʦʤ (ʚ ʧʨʦʪʠʚʥʦʤ ʩʣʫʯʘʝ ʚ P ʧʦʷʚʷʪʩʷ ʜʝʣʠʪʝʣʠ ʥʫʣʷ). 

ɸʜʜʠʪʠʚʥʘʷ ʧʦʜʛʨʫʧʧʘ H, ʧʦʨʦʞʜʝʥʥʘʷ ʝʜʠʥʠʮʝʡ, ʩʦʩʪʦʠʪ ʠʟ p ʵʣʝʤʝʥʪʦʚ, ʘ ʝʝ ʤʥʦʞʝʩʪʚʦ ʟʘ-

ʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʫʤʥʦʞʝʥʠʷ, ʪ.
 
ʝ. ʦʙʨʘʟʫʝʪ ʧʦʜʢʦʣʴʮʦ ʢʦʣʴʮʘ P. ʇʦʜʢʦʣʴʮʦ H ʠʟʦʤʦʨʬʥʦ ʧʦ-

ʣʶ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ Zp. 

                                                 
1 ɺʝʨʥʦ ʠ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ: ʢʘʞʜʦʝ ʢʦʥʝʯʥʦʝ ʮʝʣʦʩʪʥʦʝ ʢʦʣʴʮʦ ʩ ʝʜʠʥʠʮʝʡ ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ. 
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ʀʪʘʢ, ʝʩʣʠ ʢʦʥʝʯʥʦʝ ʧʦʣʝ P ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʝʛʦ ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ   ï   ʧʨʦʩʪʦʝ ʯʠʩʣʦ ʠ ʵʪʦ ʧʦʣʝ 

ʷʚʣʷʝʪʩʷ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ Zp. 

ʂʘʞʜʦʝ n-ʤʝʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʠʟʦʤʦʨʬʥʦ n-ʤʝʨʥʦʤʫ ʘʨʠʬʤʝʪʠʯʝʩʢʦʤʫ ʧʨʦʩʪʨʘʥʩʪʚʫ 

ʩʪʨʦʢ. ʏʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʪʘʢʠʭ ʩʪʨʦʢ (ʨʘʟʤʝʱʝʥʠʡ ʧʦ n ʵʣʝʤʝʥʪʦʚ ʠʟ p ʩ ʧʦʚʪʦʨʝʥʠʷʤʠ) ʨʘʚʥʦ p
n
. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʢʦʥʝʯʥʦʤ ʧʦʣʝ ʨʘʚʥʦ p
n
, ʛʜʝ p   ï  ʧʨʦʩ-

ʪʦʝ, ʘ n  ï  ʥʝʢʦʪʦʨʦʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ. 

ʆʩʪʘʝʪʩʷ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ ʪʘʢʦʛʦ ʧʦʨʷʜʢʘ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʚʩʝʛʜʘ ʩʫʱʝʩʪʚʫʝʪ. 

ɽʩʣʠ f
 
(x)   ï   ʥʝʧʨʠʚʦʜʠʤʳʡ ʥʘʜ ʧʦʣʝʤ Zp ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ n, ʪʦ ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ n, ʪʦ 

ʧʨʦʩʪʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ ZP (g) ʩʦʜʝʨʞʠʪ ʚ ʪʦʯʥʦʩʪʠ p
n
 ʵʣʝʤʝʥʪʦʚ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʥʫʞʥʦʛʦ ʧʦʣʷ ʜʦʩʪʘʪʦʯʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫ-

ʨʘʣʴʥʦʛʦ n ʩʫʱʝʩʪʚʫʝʪ ʥʝʧʨʠʚʦʜʠʤʳʡ ʥʘʜ ʧʦʣʝʤ Zp ʤʥʦʛʦʯʣʝʥ. 

ʆʢʘʟʘʣʦʩʴ, ʯʪʦ ʤʦʞʥʦ ʫʢʘʟʘʪʴ ʙʦʣʝʝ ʟʘʤʝʯʘʪʝʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ 

ʠʟ ʧʦʣʷ Zp. 

ʂʦʥʝʯʥʦʝ ʧʦʣʝ ï ʵʪʦ ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ. ʈʘʟʤʝʨʥʦʩʪʴ P ʢʘʢ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦ-

ʩʪʨʘʥʩʪʚʘ ʥʘʜ Zp ʢʦʥʝʯʥʘ, ʧʦʵʪʦʤʫ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ P ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʥʝʢʦʪʦʨʦʛʦ ʤʥʦʛʦʯʣʝʥʘ 

ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ Zp . ʇʝʨʝʤʥʦʞʠʚ ʵʪʠ ʤʥʦʛʦʯʣʝʥʳ ʠ ʦʪʜʝʣʠʚ ʢʨʘʪʥʳʝ ʢʦʨʥʠ, ʤʦʞʥʦ ʧʦʩʪʨʦ-

ʠʪʴ ʤʥʦʛʦʯʣʝʥ, ʩʨʝʜʠ ʢʦʨʥʝʡ ʢʦʪʦʨʦʛʦ ʙʫʜʫʪ ʚʩʝ ʵʣʝʤʝʥʪʳ ʧʦʣʷ P. 

ɺʧʨʦʯʝʤ, ʤʥʦʛʦʯʣʝʥ, ʢʦʨʥʷʤʠ ʢʦʪʦʨʦʛʦ ʷʚʣʷʶʪʩʷ ʵʣʝʤʝʥʪʳ ʠʟ P, ʤʦʞʥʦ ʫʢʘʟʘʪʴ ʷʚʥʦ.  

ʄʥʦʞʝʩʪʚʦ P* ʥʝʥʫʣʝʚʳʭ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ʦʙʨʘʟʫʝʪ ʛʨʫʧʧʫ ʧʦ ʫʤʥʦʞʝʥʠʶ.  

ʃʶʙʦʡ ʵʣʝʤʝʥʪ ʛʨʫʧʧʳ, ʚʦʟʚʝʜʝʥʥʳʡ ʚ ʩʪʝʧʝʥʴ, ʨʘʚʥʫʶ ʧʦʨʷʜʢʫ ʛʨʫʧʧʳ, ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ 

ʝʜʠʥʠʮʫ. ʇʦʵʪʦʤʫ ʜʣʷ ʣʶʙʦʛʦ ʥʝʥʫʣʝʚʦʛʦ ʵʣʝʤʝʥʪʘ x ʠʟ P ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦ x
q ï 1 

= 1. ʋʤʥʦ-

ʞʠʤ ʣʝʚʫʶ ʠ ʧʨʘʚʫʶ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʥʘ x ʠ ʧʦʣʫʯʠʤ ʪʦʞʜʝʩʪʚʦ x
q 
= x. 

ʀʪʘʢ, ʝʩʣʠ ʢʦʥʝʯʥʦʝ ʧʦʣʝ P, ʩʦʩʪʦʷʱʝʝ ʠʟ q ʵʣʝʤʝʥʪʦʚ, ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʵʪʦʛʦ 

ʧʦʣʷ ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ x
q
 ï x, ʧʨʠʯʝʤ ʢʦʵʬʬʠʮʠʝʥʪʳ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʧʨʠʥʘʜʣʝʞʘʪ 

ʧʦʣʶ Zp, ʢʦʪʦʨʦʝ ʚʭʦʜʠʪ ʢʘʢ ʧʦʜʧʦʣʝ ʚ ʧʦʣʝ P. 

ʇʫʩʪʴ P1   ï  ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ  ʥʘʜ Zp. ʇʦʣʝ P1 ʩʦʜʝʨʞʠʪ Zp ʚ ʢʘʯʝʩʪʚʝ 

ʧʦʜʧʦʣʷ ʠ ʤʥʦʞʝʩʪʚʦ Mʚʩʝʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ f
 
(x). 

ʇʨʦʠʟʚʦʜʥʘʷ f
 //
(x) ʤʥʦʛʦʯʣʝʥʘ f

 
(x) ʨʘʚʥʘï1, ʪʘʢ ʢʘʢ p

n 
¹ 0(mod p). ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʤʥʦʛʦ-

ʯʣʝʥ f
 
(x) ʚʟʘʠʤʥʦ ʧʨʦʩʪ ʩʦ ʩʚʦʝʡ ʧʨʦʠʟʚʦʜʥʦʡ, ʘ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ f

 
(x)ʥʝ ʠʤʝʝʪ ʢʨʘʪʥʳʭ 

ʢʦʨʥʝʡ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ M ʚ ʪʦʯʥʦʩʪʠ ʨʘʚʥʦ p
n
.  

ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʙʠʥʦʤʘ ʅʴʶʪʦʥʘ ʠ ʪʦʪ ʬʘʢʪ, ʯʪʦ ʧʨʠ k ̧  0 ʠ k ̧  p
n
ʯʠʩʣʦ  

 

ʚʩʝʛʜʘ ʜʝʣʠʪʩʷ ʥʘ p, ʧʦʣʫʯʘʝʤ ʪʦʞʜʝʩʪʚʦ (ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ x, y ʠʟ P1): 

 

ʂʨʦʤʝ ʪʦʛʦ,  ʘ ʜʣʷ ʥʝʥʫʣʝʚʦʛʦ ʵʣʝʤʝʥʪʘ b 

 

ɺʩʝ ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ M ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ, ʚʳʯʠʪʘʥʠʷ, ʫʤʥʦʞʝ-

ʥʠʷ ʠ ʜʝʣʝʥʠʷ ʥʘ ʥʝʥʫʣʝʚʦʡ ʵʣʝʤʝʥʪ ʠ ʧʦʵʪʦʤʫ ʦʙʨʘʟʫʝʪ ʧʦʣʝ. ʀʥʘʯʝ ʛʦʚʦʨʷ, ʧʦʣʝ 

ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ  ʥʘʜ ʧʦʣʝʤ Zp ʠ ʝʩʪʴ M. 
ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʧʦʣʷ ʠʟ p

n
 ʵʣʝʤʝʥʪʦʚ ʜʦʢʘʟʘʥʦ: ʜʣʷ ʢʘʞʜʦʛʦ ʧʨʦʩʪʦʛʦ p  

ʠ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ n  ʩʫʱʝʩʪʚʫʝʪ ʧʦʣʝ ʠʟ p
n
 ʵʣʝʤʝʥʪʦʚ.  

ʇʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ ʝʜʠʥʩʪʚʝʥʥʦ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʠʟʦʤʦʨʬʠʟʤʘ. ʇʦʵʪʦʤʫ ʢʦʥʝʯʥʦʝ 

ʧʦʣʝ ʧʦʣʥʦʩʪʴʶ ʦʧʨʝʜʝʣʷʝʪʩʷ ʯʠʩʣʦʤ ʩʚʦʠʭ ʵʣʝʤʝʥʪʦʚ.  
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ʇʦ ʵʪʦʡ ʧʨʠʯʠʥʝ ʢʦʥʝʯʥʦʝ ʧʦʣʝ ʠʟ q ʵʣʝʤʝʥʪʦʚ ʧʨʠʥʷʪʦ ʦʙʦʟʥʘʯʘʪʴ ʩʠʤʚʦʣʦʤ Fq . ɹʫʢʘ F ï

ʧʝʨʚʘʷ ʚ ʩʣʦʚʝ Field (ʧʦʣʝ), ʘ q ï  ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʵʪʦʤ ʧʦʣʝ.  

ɺ ʯʝʩʪʴ ʘʚʪʦʨʘ
1
 ʢʦʥʝʯʥʦʝ ʧʦʣʝ Fq ʥʘʟʳʚʘʶʪ ʧʦʣʝʤ ɻʘʣʫʘ, ʦʙʦʟʥʘʯʘʶʪ ʝʛʦ ʝʱʝ ʠ ʩʠʤʚʦʣʦʤ 

GF(q), ʯʪʦ ʦʟʥʘʯʘʝʪ: GaloisField ʠʟ q ʵʣʝʤʝʥʪʦʚ. 

 

ʇʦʩʪʨʦʝʥʠʝ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ. ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʧʦʣʷ ʧʦʨʷʜʢʘ p
n
 ʦʟʥʘʯʘʝʪ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ 

ʥʘʪʫʨʘʣʴʥʦʛʦ n ʩʫʱʝʩʪʚʫʝʪ ʥʝʧʨʠʚʦʜʠʤʳʡ ʥʘʜ ʧʦʣʝʤ Zp ʤʥʦʛʦʯʣʝʥ f
 
(x). 

ʄʦʞʥʦ ʫʢʘʟʘʪʴ ʜʘʞʝ ʤʝʩʪʦ ʧʦʠʩʢʘ ʤʥʦʛʦʯʣʝʥʘ f
 
(x). ɺʩʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʥʘʜ Zp ʤʥʦʛʦʯʣʝʥʳ 

ʣʶʙʦʡ ʩʪʝʧʝʥʠ, ʥʝ ʧʨʝʚʳʰʘʶʱʝʡ ʯʠʩʣʦ n,   ï   ʵʪʦ ʚ ʪʦʯʥʦʩʪʠ ʥʝʧʨʠʚʦʜʠʤʳʝ ʥʘʜ Zp ʤʥʦʞʠʪʝʣʠ 

ʤʥʦʛʦʯʣʝʥʘ . 

ʀʪʘʢ, ʧʫʩʪʴ  

f
 
(x) = x

n
 + a1 x

n ï 1
 + é + anï 1 x + an 

ʥʝʧʨʠʚʦʜʠʤʳʡ ʥʘʜ Zp ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ n, ʘ I =   ï   ʠʜʝʘʣ, ʧʦʨʦʞʜʝʥʥʳʡ ʤʥʦʛʦʯʣʝʥʦʤ 
f
 
(x), ʚ ʢʦʣʴʮʝ ZP [x]. 

ʊʦʛʜʘ ʬʘʢʪʦʨʢʦʣʴʮʦ  ʦʙʨʘʟʫʝʪ ʧʦʣʝ. ʕʪʦ ʧʦʣʝ ʩʦʜʝʨʞʠʪ ʠʟʦʤʦʨʬʥʫʶ ʢʦʧʠʶ ʧʦʣʷ Zp ʠ 

ʵʣʝʤʝʥʪ I + x ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ  
f
 
(X) =X

n
 + (I + a1) X

n ï 1
 + é + (I + an ï 1)

 
X + (I + an). 

ʉ ʪʦʯʥʦʩʪʴʶ ʜʦ ʠʟʦʤʦʨʬʠʟʤʘ ʧʦʣʝ  ʠ ʝʩʪʴ ʠʩʢʦʤʦʝ ʧʦʣʝ ZP (g).  

ɽʩʣʠ g  ï   ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f
 
(x), ʪʦ ʵʣʝʤʝʥʪʳ 1, g, g

2
, é g

n ï 1 
ʦʙʨʘʟʫʶʪ ʙʘʟʠʩ ʚʝʢʪʦʨʥʦʛʦ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ZP (g) ʥʘʜ Zp. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ ZP (g) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ, ʠ 

ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ, ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ  

b0 + b1 g + é + bnï 1 g
nï 1

,  

ʛʜʝ bi ʧʨʠʥʘʜʣʝʞʘʪ Zp . 

ʉʣʦʞʝʥʠʝ ʪʘʢʠʭ ʢʦʤʙʠʥʘʮʠʡ ʩʚʦʜʠʪʩʷ ʢ ʩʣʦʞʝʥʠʶ ʚ ʧʦʣʝ Zp, ʘ ʧʨʠ ʧʦʩʪʨʦʝʥʠʠ ʪʘʙʣʠʮʳ 

ʫʤʥʦʞʝʥʠʷ ʩʣʝʜʫʝʪ ʣʠʰʴ ʫʯʝʩʪʴ, ʯʪʦ  

g
n  

= ïa1 g
n ï 1

 ï é ï an ï 1 g ï an . 

ʆʪʤʝʪʠʤ, ʯʪʦ ZP (g)  ï   ʣʠʥʝʡʥʘʷ ʘʣʛʝʙʨʘ ʥʘʜ Zp, ʧʦʵʪʦʤʫ ʪʘʙʣʠʮʘ ʫʤʥʦʞʝʥʠʷ ʚ 

ZP (g)ʧʦʣʥʦʩʪʴʶ ʦʧʨʝʜʝʣʷʝʪʩʷ ʪʘʙʣʠʮʝʡ ʫʤʥʦʞʝʥʠʷ ʙʘʟʠʩʥʳʭ ʵʣʝʤʝʥʪʦʚ: 1, g, g
2
, é g

n ï 1
. 

ʇʦʩʪʨʦʠʤ, ʥʘʧʨʠʤʝʨ, ʧʦʣʝ P, ʩʦʩʪʦʷʱʝʝ ʠʟ 8 ʵʣʝʤʝʥʪʦʚ. ɼʣʷ ʵʪʦʛʦ ʩʥʘʯʘʣʘ ʨʘʟʣʦʞʠʤ ʤʥʦʛʦ-

ʯʣʝʥ x
8 
ï x ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʥʘʜ ʧʦʣʝʤ Z2: 

x
8 
ï x = (x

3
 + x + 1) (x

3
 + x

2
 + 1) (x + 1) x. 

ɺ ʵʪʦʤ ʨʘʟʣʦʞʝʥʠʠ ʦʢʘʟʘʣʠʩʴ ʜʚʘ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ. ʃʶʙʦʡ ʠʟ ʥʠʭ ʛʦʜʠʪʩʷ ʜʣʷ 

ʥʘʰʠʭ ʮʝʣʝʡ. 

ɿʘʤʝʪʠʤ, ʢʩʪʘʪʠ, ʯʪʦ ʨʘʩʰʠʨʝʥʠʝ ʣʶʙʦʛʦ ʢʦʥʝʯʥʦʛʦ P ʩ ʧʦʤʦʱʴʶ ʦʜʥʦʛʦ ʢʦʨʥʷ ʦʜʥʦʛʦ ʠʟ 

ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʘʚʪʦʤʘʪʠʯʝʩʢʠ ʟʘʭʚʘʪʳʚʘʝʪ ʠ ʦʩʪʘʣʴʥʳʝ ʢʦʨʥʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʠ 

ʢʦʨʥʠ ʚʩʝʭ ʜʨʫʛʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʪʘʢʦʡ ʞʝ (ʠʣʠ ʤʝʥʴʰʝʡ) ʩʪʝʧʝʥʠ. 

ʀʪʘʢ, ʧʫʩʪʴ f
 
(x) = x

3
 + x + 1, ʘ g  ï   ʢʦʨʝʥʴ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʊʦʛʜʘ ʧʦʣʝ P ʩʦʩʪʦʠʪ 

ʠʟ ʣʠʥʝʡʥʳʭ ʢʦʤʙʠʥʘʮʠʡ ʵʣʝʤʝʥʪʦʚ 1, g, g
2
: 

P = { a + bg + cg
2
æa, b, cÍZp}.  

ʉʣʦʞʝʥʠʝ ʪʘʢʠʭ ʢʦʤʙʠʥʘʮʠʡ ʧʨʦʠʩʭʦʜʠʪ ʧʦ ʧʨʘʚʠʣʫ: 

(a1 + b1g + c1g
2
) + (a2 + b2g + c2g

2
) = (a1 + a2) + (b1 + b2)g + (c1 + c2)g

2
. 

                                                 
1 ʕʚʘʨʠʩʪ ɻʘʣʫʘ (1811ï1832) ï ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʧʝʨʚʳʤ ʧʦʣʫʯʠʚʰʠʡ ʧʦʣʥʦʝ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ ʦ ʢʦʨʥʷʭ ʘʣ-

ʛʝʙʨʘʠʯʝʩʢʦʛʦ ʫʨʘʚʥʝʥʠʷ. ʇʦʥʷʪʠʝ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʦʥ ʚʚʝʣ ʚ 1832ʛ. 

xx
np -

()( )xf

[]
I

xpZ

[]
I

xpZ
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ʇʨʠ ʫʤʥʦʞʝʥʠʠ ʣʠʥʝʡʥʳʭ ʢʦʤʙʠʥʘʮʠʡ (ʚ ʯʘʩʪʥʦʩʪʠ, ʙʘʟʠʩʥʳʭ ʵʣʝʤʝʥʪʦʚ) ʠʩʧʦʣʴʟʫʝʤ ʨʘ-

ʚʝʥʩʪʚʦ g
3
 = ï1 ï g. 

ɼʣʷ ʧʦʣʷ Z2, ʚʧʨʦʯʝʤ, ï1 ï g = 1 + g. ʅʘʧʨʠʤʝʨ: 

g
2
g

2
 = g

4 
= g

3
g = (ï1 ï g) g = ï g ï g

2
 = g + g

2
. 

ʀʪʘʢ, ʧʦʣʝ ʠʟ ʚʦʩʴʤʠ ʵʣʝʤʝʥʪʦʚ ʧʦʩʪʨʦʝʥʦ. ʇʨʠ ʞʝʣʘʥʠʠ ʤʦʞʥʦ ʚʳʧʠʩʘʪʴ ʝʛʦ ʪʘʙʣʠʮʳ ʂʵʣʠ 

ʜʣʷ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ.  

ɺʩʧʦʤʥʠʤ ʪʝʧʝʨʴ, ʯʪʦ ʧʦʣʝ P  ï ʵʪʦ ʩʦʝʜʠʥʝʥʠʝ ʜʚʫʭ ʛʨʫʧʧ: ʘʜʜʠʪʠʚʥʦʡ <P; +> ʠ ʤʫʣʴʪʠʧʣʠ-

ʢʘʪʠʚʥʦʡ < P*; Ö>.  

ɺ ʢʦʥʝʯʥʦʤ ʧʦʣʝ ʩʪʨʦʝʥʠʝ ʵʪʠʭ ʛʨʫʧʧ ʥʝʩʣʦʞʥʦʝ. ʆʩʦʙʝʥʥʦ ʧʨʦʩʪʦ ʫʩʪʨʦʝʥʘ ʤʫʣʴ-

ʪʠʧʣʠʢʘʪʠʚʥʘʷ ʛʨʫʧʧʘ. 

ʂʦʥʝʯʥʦʝ ʧʦʣʷ ï ʵʪʦ ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ. ʇʫʩʪʴ P   ï   ʢʦʥʝʯʥʦʝ ʧʦʣʝ, ʠ îPî   ï   

ʝʛʦ ʧʦʨʷʜʦʢ, ʨʘʚʥʳʡ p
n
.  

ɸʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ <P; + >  ï   ʵʪʦ ʛʨʫʧʧʘ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʥʘʜ Zp , ʠ ʦʥʘ ʠʟʦʤʦʨʬʥʘ 

ʧʨʷʤʦʡ n-ʡ ʩʪʝʧʝʥʠ ʛʨʫʧʧʳ <Zp ; + >,  

<P; + > @ Zp Ä Zp Ä é Ä Zp . 

ɺʩʝ ʵʣʝʤʝʥʪʳ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ ʠʤʝʶʪ ʧʦʨʷʜʦʢ p, ʧʦʵʪʦʤʫ ʝʩʣʠ ʧʦʣʝ P ʥʝ ʩʦʚʧʘʜʘʝʪ ʩ Zp, 

ʪʦ ʛʨʫʧʧʘ <P; + >   ï    ʥʝʮʠʢʣʠʯʝʩʢʘʷ 

ɺ ʦʪʣʠʯʠʝ ʦʪ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ (ʢʦʪʦʨʘʷ ʧʦʨʦʞʜʘʝʪʩʷ ʦʜʥʠʤ ʵʣʝʤʝʥʪʦʤ ʣʠʰʴ ʚ ʧʦʣʷʭ Zp), 

ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʘʷ ʛʨʫʧʧʘ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʚʩʝʛʜʘ ʮʠʢʣʠʯʝʩʢʘʷ, ʪʘʢ ʢʘʢ ʚʩʝ ʢʦʥʝʯʥʳʝ ʤʫʣʴʪʠʧʣʠ-

ʢʘʪʠʚʥʳʝ ʛʨʫʧʧʳ ʣʶʙʦʛʦ ʧʦʣʷ ʧʦʨʦʞʜʘʶʪʩʷ ʦʜʥʠʤ ʵʣʝʤʝʥʪʦʤ.  

ɺ ʧʦʣʝ P ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʫʶ ʛʨʫʧʧʫ P* ʩʦʩʪʘʚʣʷʶʪ ʚʩʝ ʝʛʦ ʥʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ, ʪ.
 
ʝ. ʧʦʨʷ-

ʜʦʢ îP*î ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʧʦʣʷ P ʨʘʚʝʥ p
n
 ï 1. ʀʪʘʢ, ʚ ʧʦʣʝ P ʥʘʡʜʝʪʩʷ ʪʘʢʦʡ ʵʣʝʤʝʥʪ 

g, ʯʪʦ  

 

ɽʩʣʠ ʮʠʢʣʠʯʝʩʢʘʷ ʛʨʫʧʧʘ ʛʨ(g) ʠʤʝʝʪ ʧʦʨʷʜʦʢ m, ʪʦ ʵʣʝʤʝʥʪ g
k
 ʧʦʨʦʞʜʘʝʪ ʵʪʫ ʛʨʫʧʧʫ ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ k ʠ m ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʢʦʥʝʯʥʦʤ ʧʦʣʝ P ʧʦʨʷʜʢʘ p
n
 ʩʦʜʝʨ-

ʞʠʪʩʷ ʚ ʪʦʯʥʦʩʪʠ j(p
n 
ï 1) ʵʣʝʤʝʥʪʦʚ, ʢʘʞʜʳʡ ʠʟ ʢʦʪʦʨʳʭ ʧʦʨʦʞʜʘʝʪ ʛʨʫʧʧʫ < P*;  Ö >. 

ʇʦʨʦʞʜʘʶʱʠʡ ʵʣʝʤʝʥʪ g ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ P ʤʦʞʝʪ ʙʳʪʴ ʚʳʙʨʘʥ ʚ ʢʘʯʝʩʪʚʝ ʧʨʠ-

ʩʦʝʜʠʥʷʝʤʦʛʦ ʵʣʝʤʝʥʪʘ, ʪ.
 
ʝ. P = ZP (g). ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʩʪʝʧʝʥʠ ʵʣʝʤʝʥʪʘ g  ï   ʵʪʦ ʚʩʝ ʥʝʥʫʣʝʚʳʝ 

ʵʣʝʤʝʥʪʳ ʠʟ P, ʘ 0 = g ï g.  

ʕʪʦ ʬʘʢʪ ʤʦʞʥʦ ʨʘʩʩʤʦʪʨʝʪʴ ʩ ʠʥʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ.  

ʂʘʞʜʳʡ ʵʣʝʤʝʥʪ ʢʦʥʝʯʥʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʧʦʣʷ Zp ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ ʩ ʢʦʵʬ-

ʬʠʮʠʝʥʪʘʤʠ ʠʟ Zp ʠ ʩʪʝʧʝʥʴ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʥʝ ʧʨʝʚʳʰʘʝʪ ʯʠʩʣʦ n. ʅʝ ʙʫʜʝʪ ʠʩʢʣʶʯʝʥʠʝʤ ʠ ʧʦ-

ʨʦʞʜʘʶʱʠʡ ʵʣʝʤʝʥʪ g ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ P* ʧʦʣʷ P. 

ɽʩʣʠ k  ï   ʥʘʠʤʝʥʴʰʘʷ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f
 
(x) ʥʘʜ Zp , ʢʦʨʥʝʤ ʢʦʪʦʨʦʛʦ ʷʚʣʷʝʪʩʷ ʵʣʝ-

ʤʝʥʪ g, ʪʦ ʵʣʝʤʝʥʪʳ 1, g, g
2
, é g

k ï 1
 ʝʱʝ ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳ ʥʘʜ ʧʦʣʝʤ Zp , ʘ ʵʣʝʤʝʥʪʳ 1, g, g

2
, 

é g
k ï 1

, g
k
 ʫʞʝ ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʳ. ʇʦʵʪʦʤʫ  

g
k 
= a0 + a1 g + é + ak ï 1 g

k ï 1
, (*) 

ʛʜʝ ao, a1, é, ak ï 1  ï   ʵʣʝʤʝʥʪʳ ʠʟ Zp .  

ʀʟ ʤʠʥʠʤʘʣʴʥʦʩʪʠ ʚʳʙʦʨʘ ʯʠʩʣʘ k ʩʣʝʜʫʝʪ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ  

f
 
(x) = a0 + a1 x + é + akï 1 x

kï 1
 

ʥʝʧʨʠʚʦʜʠʤ, ʧʦʵʪʦʤʫ ʧʨʦʩʪʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ ZP (g) ʧʦʣʷ Zpʩ ʧʦʤʦʱʴʶ g   ï  ʢʦʨʥʷ 

ʤʥʦʛʦʯʣʝʥʘ f
 
(x)   ï   ʠʤʝʝʪ ʥʘʜ Zp ʨʘʟʤʝʨʥʦʩʪʴ k. ʇʦʣʝ ZP (g)ʩʦʜʝʨʞʠʪʩʷ ʚ ʧʦʣʝ P. 

ʉ ʧʦʤʦʱʴʶ ʨʘʚʝʥʩʪʚʘ (*) ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʚʩʝ ʦʩʪʘʣʴʥʳʝ ʩʪʝʧʝʥʠ ʵʣʝʤʝʥʪʘ g. ʊʘʢ ʢʘʢ g   ï   ʧʦ-

ʨʦʞʜʘʶʱʠʡ ʵʣʝʤʝʥʪ ʛʨʫʧʧʳ P*, ʵʪʠ ʦʩʪʘʣʴʥʳʝ ʩʪʝʧʝʥʠ ʚʤʝʩʪʝ ʩ ʫʞʝ ʠʤʝʶʱʠʤʠʩʷ: 1, g, g
2
, é g

k ï 

1
, ʜʘʜʫʪ ʚʩʝ ʥʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ ʧʦʣʷ P. ʇʦʵʪʦʤʫ ZP (g) = P, ʘ k = n. 

{} { }....,,,,10\ 22 -=
npgggP
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ʄʥʦʛʦʯʣʝʥ  ʥʝ ʠʤʝʝʪ ʢʨʘʪʥʳʭ ʢʦʨʥʝʡ, ʧʦʵʪʦʤʫ ʢʘʞʜʳʡ ʝʛʦ ʥʝʧʨʠʚʦʜʠʤʳʡ ʤʥʦʞʠ-

ʪʝʣʴ ʩʪʝʧʝʥʠ n ʠʤʝʝʪ n ʨʘʟʣʠʯʥʳʭ ʢʦʨʥʝʡ. ʂʘʞʜʳʡ ʧʦʨʦʞʜʘʶʱʠʡ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʧʦ-

ʣʷ ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʦʜʥʦʛʦ ʠʟ ʪʘʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ-ʤʥʦʞʠʪʝʣʝʡ. ʏʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʧʦʨʦʞʜʘʶʱʠʭ 

ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʳ ʧʦʨʷʜʢʘ p
n
 ʨʘʚʥʦj(p

n
 ï 1) ʂʨʦʤʝ ʪʦʛʦ, ʝʩʣʠ ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ ʥʝʧʨʠʚʦʜʠʤʦʛʦ 

ʤʥʦʛʦʯʣʝʥʘ ʩʪʝʧʝʥʠ n ʦʢʘʟʘʣʩʷ ʧʦʨʦʞʜʘʶʱʠʤ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʧʦʣʷ FG(p
n
), ʪʦ ʠ ʚʩʝ 

ʦʩʪʘʣʴʥʳʝ ʢʦʨʥʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʪʦʞʝ ʙʫʜʫʪ ʧʦʨʦʞʜʘʶʱʠʤʠ. ɽʩʣʠ k  ï   ʯʠʩʣʦ ʥʝʧʨʠʚʦʜʠʤʳʭ 

ʥʘʜ Zp ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ n, ʢʦʨʥʠ ʢʦʪʦʨʳʭ ʦʢʘʟʘʣʠʩʴ ʧʦʨʦʞʜʘʶʱʠʤʠ ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʳ 

<P*; Ö>, ʪʦ 

kn = j(p
n
 ï 1). 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʙʱʝʝ ʯʠʩʣʦ ʥʝʧʨʠʚʦʜʠʤʳʭ ʥʘʜ Zp ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ n ʥʝ ʤʝʥʴʰʝ ʯʠʩʣʘ  

 

ʕʪʦ ʯʠʩʣʦ ʜʣʷ ʥʝʢʦʪʦʨʳʭ p
n
 ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʨʘʚʥʦ ʯʠʩʣʫ ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ 

n ʥʘʜ ʧʦʣʝʤ Zp(ʥʘʧʨʠʤʝʨ, ʜʣʷ ʨʘʩʩʤʦʪʨʝʥʥʦʛʦ ʨʘʥʝʝ ʧʦʣʷ ʠʟ ʚʦʩʴʤʠ ʵʣʝʤʝʥʪʦʚ), ʥʦ, ʚʦʦʙʱʝ ʛʦʚʦ-

ʨʷ, ʵʪʘ ʦʮʝʥʢʘ ʩʣʠʰʢʦʤ ʛʨʫʙʘ.̫  

ɼʝʣʦ ʚ ʪʦʤ, ʯʪʦ ʥʝ ʢʘʞʜʳʡ ʢʦʨʝʥʴ ʤʠʥʠʤʘʣʴʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʦʙʷʟʘʥ ʙʳʪʴ ʧʦʨʦʞʜʘʶʱʠʤ 

ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʧʦʣʷ. 

ʅʘʧʨʠʤʝʨ,  

 

ʥʦ ʚ ʜʝʡʩʪʚʠʪʝʣʴʥʦʩʪʠ ʯʠʩʣʦ ʥʝʧʨʠʚʦʜʠʤʳʭ ʥʘʜ Z2 ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ 12 ʨʘʚʥʦ 335. ʕʪʦ ʟʥʘ-

ʯʠʪ, ʯʪʦ ʧʦʣʝ FG(2
12

) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʢʘʢ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ Zp ʩ ʧʦʤʦʱʴʶ ʣʶʙʦʛʦ ʠʟ ʜʚʝʥʘʜʮʘ-

ʪʠ ʢʦʨʥʝʡ 191 ʤʥʦʛʦʯʣʝʥʘ ʠ ʵʪʦʪ ʢʦʨʝʥʴ ʥʝ ʙʫʜʝʪ ʧʦʨʦʞʜʘʶʱʠʤ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ 

ʥʝʥʫʣʝʚʳʭ ʵʣʝʤʝʥʪʦʚ ʵʪʦʛʦ ʧʦʣʷ.  

ʊʦʯʥʦʝ ʟʥʘʯʝʥʠʝ ʯʠʩʣʘ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ m ʠ ʥʝʧʨʠʚʦʜʠʤʳʭ ʥʘʜ ʧʦʣʝʤ Zp ʨʘʚʥʦ  

,  

ʛʜʝ m(n) ï ʬʫʥʢʮʠʷ ʄʝʙʠʫʩʘ
1
: m(1) = 1 ʠ ʝʩʣʠ pi ï ʨʘʟʣʠʯʥʳʝ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʠ 

 ʛʜʝ ai ² 1, ʪʦ 

 

 

ʇʦʜʧʦʣʷ ʠ ʘʚʪʦʤʦʨʬʠʟʤʳ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ. ɼʣʷ ʩʪʨʦʝʥʠʷ ʧʦʣʷ ʚʘʞʥʫʶ ʨʦʣʴ ʠʛʨʘʝʪ ʫʩʪʨʦʡ-

ʩʪʚʦ ʨʝʰʝʪʢʠ ʧʦʜʧʦʣʝʡ. ʂʘʢ ʠ ʜʣʷ ʣʶʙʦʡ ʘʣʛʝʙʨʳ, ʚ ʠʩʩʣʝʜʦʚʘʥʠʠ ʧʦʣʷ ʦʜʥʦʡ ʠʟ ʧʝʨʚʦʩʪʝʧʝʥʥʳʭ 

ʟʘʜʘʯ ʷʚʣʷʝʪʩʷ ʦʧʠʩʘʥʠʝ ʘʚʪʦʤʦʨʬʠʟʤʦʚ ʧʦʣʷ. 

ʇʫʩʪʴ P ï ʢʦʥʝʯʥʦʝ ʧʦʣʝ ʧʦʨʷʜʢʘ p
n
, ʠ H ï ʝʛʦ ʧʦʜʧʦʣʝ. ʇʦʨʷʜʦʢ k ʧʦʜʧʦʣʷ H ʷʚʣʷʝʪʩʷ ʜʝʣʠ-

ʪʝʣʝʤ ʯʠʩʣʘ p
n
, ʧʦʵʪʦʤʫ k = p

m
, ʛʜʝ m ¢ n. 

ʇʦʣʝ P ʷʚʣ̫ʝʪʩʷ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʜʧʦʣʷ H, ʠ ʟʥʘʯʠʪ, P ʦʙʨʘʟʫʝʪ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʥʘʜ H 

ʢʦʥʝʯʥʦʡ ʨʘʟʤʝʨʥʦʩʪʠ s. ʂʘʞʜʦʝ ʪʘʢʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʠʟʦʤʦʨʬʥʦ s-ʤʝʨʥʦʤʫ ʘʨʠʬʤʝʪʠʯʝʩʢʦʤʫ ʧʨʦ-

ʩʪʨʘʥʩʪʚʫ ʩʪʨʦʢ. ʏʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʪʘʢʠʭ ʩʪʨʦʢ (ʨʘʟʤʝʱʝʥʠʡ ʧʦ s ʵʣʝʤʝʥʪʦʚ ʠʟ k ʩ ʧʦʚʪʦʨʝʥʠʷʤʠ) 

ʨʘʚʥʦ k
s
, ʪ.

 
ʝ.(p

m
)
s
 = p

n
. 

                                                 
1 ɸʚʛʫʩʪ ʌʝʨʜʠʥʘʥʜ ʄʝʙʠʫʩ (1790ï1868) ï ʥʝʤʝʮʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʧʦʣʫʯʠʚʰʠʡ ʚ ʦʩʥʦʚʥʦʤ ʨʝʟʫʣʴʪʘʪʳ ʚ ʛʝʦʤʝʪʨʠʠ; 

ʚ 1858 ʛ. ʫʩʪʘʥʦʚʠʣ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʦʜʥʦʩʪʦʨʦʥʥʠʭ ʧʦʚʝʨʭʥʦʩʪʝʡ (ʣʠʩʪ ʄʝʙʠʫʩʘ). ʌʫʥʢʮʠʷ m(n) ʚʚʝʜʝʥʘ ɸ. ʄʝʙʠʫʩʦʤ ʚ 

1832 ʛ. 
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʚ ʧʦʜʧʦʣʝ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʧʦʨʷʜʢʘ p
n 
ʨʘʚʥʦ 

p
m
, ʛʜʝ m ʜʝʣʠʪ n.  

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʜʣʷ ʢʘʞʜʦʛʦ ʜʝʣʠʪʝʣʷ m ʯʠʩʣʘ n ʚ ʧʦʣʝ P ʥʘʡʜʝʪʩʷ ʧʦʜʧʦʣʝ ʧʦʨʷʜʢʘ p
m
. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʤʥʦʛʦʯʣʝʥ  ʜʝʣʠʪʩʷ ʥʘ  ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ H ʤʥʦʛʦʯʣʝʥʘ g(x) ʩʦʜʝʨʞʠʪʩʷ ʚ ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f
 
(x). 

ʇʦʨʷʜʦʢ H ʨʘʚʝʥ p
m
, ʘ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʜʣʷ ʢʘʞʜʦʛʦ m ï ʜʝʣʠʪʝʣʷ ʯʠʩʣʘ n ʚ ʧʦʣʝ ʧʦʨʷʜʢʘ p

n 

ʥʘʡʜʝʪʩʷ ʧʦʜʧʦʣʝ ʧʦʨʷʜʢʘ p
m
. 

ʄʫʣʴʪʠʧʣʠʢʘʪʠʚʥʘʷ ʛʨʫʧʧʘ ʢʘʞʜʦʛʦ ʧʦʜʧʦʣʷ ʷʚʣʷʝʪʩʷ ʧʦʜʛʨʫʧʧʦʡ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧ-

ʧʳ ʧʦʣʷ, ʥʦ ʚ ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʝ ʧʦʨʷʜʢʘ t ʩʫʱʝʩʪʚʫʝʪ ʚ ʪʦʯʥʦʩʪʠ ʦʜʥʘ ʧʦʜʛʨʫʧʧʘ ʧʦʨʷʜʢʘ q ʜʣʷ 

ʢʘʞʜʦʛʦ q ï ʜʝʣʠʪʝʣʷ ʯʠʩʣʘ t. ɽʜʠʥʩʪʚʝʥʥʘʷ ʧʦʜʛʨʫʧʧʘ ʜʘʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʧʦʜʧʦʣʝ. 

ɼʣʷ ʢʘʞʜʦʛʦ m ïʜʝʣʠʪʝʣʷ ʯʠʩʣʘ n  ʚ ʧʦʣʝ ʧʦʨʷʜʢʘ p
n  
ʥʘʡʜʝʪʩʷ ʝʜʠʥ-

ʩʪʚʝʥʥʦʝ ʧʦʜʧʦʣʝ ʧʦʨʷʜʢʘ p
m

.  ʕʪʦ ʚʩʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʨʝʰʝʪʢʘ ʧʦʜʧʦʣʝʡ ʧʦʣʷ GF(p
n
) ʵʣʝ-

ʤʝʥʪʦʚ ʠʟʦʤʦʨʬʥʘ ʨʝʰʝʪʢʝ ʜʝʣʠʪʝʣʝʡ ʯʠʩʣʘ n.  

 

ʈʝʰʝʪʢʘ ʧʦʜʧʦʣʝʡ ʧʦʣʷ GF(212) 

ʅʘʧʨʠʤʝʨ, ʰʝʩʪʠ ʜʝʣʠʪʝʣʷʤ ʯʠʩʣʘ 12 ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʰʝʩʪʴ ʧʦʜʧʦʣʝʡ ʧʦʣʷ GF(p
12

).  

ʇʦʣʥʦʝ ʦʧʠʩʘʥʠʝ ʘʣʛʝʙʨʳ ʚʢʣʶʯʘʝʪ ʠʩʩʣʝʜʦʚʘʥʠʝ ʝʝ ʧʦʣʫʛʨʫʧʧʳ ʵʥʜʦʤʦʨʬʠʟʤʦʚ ʠ ʛʨʫʧʧʳ 

ʘʚʪʦʤʦʨʬʠʟʤʦʚ. ʕʥʜʦʤʦʨʬʠʟʤʦʚ, ʦʪʣʠʯʥʳʭ ʦʪ ʠʟʦʤʦʨʬʠʟʤʦʚ, ʥʝ ʠʤʝʝʪ ʣʶʙʦʝ ʧʦʣʝ, ʚ ʪʦʤ ʯʠʩʣʝ ʠ 

ʢʦʥʝʯʥʦʝ.  

ʃʶʙʦʡ ʘʚʪʦʤʦʨʬʠʟʤ a ʧʦʣʷ ʦʩʪʘʚʣʷʝʪ ʥʘ ʤʝʩʪʝ ʥʝʡʪʨʘʣʴʥʳʝ ʵʣʝʤʝʥʪʳ. ʇʦʵʪʦʤʫ a(1) = 1, ʘ 

ʪʦʛʜʘ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ n ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʞʜʝʩʪʚʦ 

a(nÖ 1) = n Ö 1. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʣʶʙʦʡ ʘʚʪʦʤʦʨʬʠʟʤ ʦʩʪʘʚʣʷʝʪ ʧʨʦʩʪʦʝ ʧʦʜʧʦʣʝ ʥʝʧʦʜʚʠʞʥʳʤ. ɺ ʢʦʥʝʯʥʦʤ 

ʧʦʣʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ p ʧʨʦʩʪʳʤ ʧʦʜʧʦʣʝʤ ʷʚʣʷʝʪʩʷ Zp . ʕʣʝʤʝʥʪʳ ʠʟ Zp ʥʝ ʧʝʨʝʤʝʱʘʶʪʩʷ ʧʨʠ ʣʶ-

ʙʦʤ ʘʚʪʦʤʦʨʬʠʟʤʝ, ʚ ʯʘʩʪʥʦʩʪʠ ʛʨʫʧʧʘ Aut(Zp) ï ʝʜʠʥʠʯʥʘʷ.  

ʇʦʩʤʦʪʨʠʤ, ʢʘʢ ʫʩʪʨʦʝʥʘ ʛʨʫʧʧʘ ʘʚʪʦʤʦʨʬʠʟʤʦʚ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ P ʠʟ p
n
 ʵʣʝʤʝʥʪʦʚ ʧʨʠ 

n >  1.ʆʪʦʙʨʘʞʝʥʠʝ j:  ʩʦʭʨʘʥʷʝʪ ʦʧʝʨʘʮʠʠ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʷʚʣʷʝʪʩʷ (ʢʦʣʴ-

ʮʝʚʳʤ)ʛʦʤʦʤʦʨʬʠʟʤʦʤ. ʇʨʠ ʵʪʦʤ ʛʦʤʦʤʦʨʬʠʟʤʝ ʝʜʠʥʠʮʘ ʧʝʨʝʭʦʜʠʪ ʚ ʝʜʠʥʠʮʫ, ʪ.
 
ʝ. ʦʪʦʙʨʘʞʝʥʠʝ 

ʥʝʥʫʣʝʚʦʝ. ʋ ʧʦʣʝʡ ʣʶʙʦʡ ʥʝʥʫʣʝʚʦʡ ʛʦʤʦʤʦʨʬʠʟʤ ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ. ʇʦʣʝ P ïʢʦʥʝʯʥʦ, 

ʩʣʝʜʦʚʘʪʝʣʴʥʦ, j ï ʦʪʦʙʨʘʞʝʥʠʝ ʥʘ (ʙʠʝʢʮʠʷ), ʪ.
 
ʝ. ʘʚʪʦʤʦʨʬʠʟʤ.  

ʕʪʦʪ ʘʚʪʦʤʦʨʬʠʟʤ ʥʘʟʳʚʘʶʪ ʘʚʪʦʤʦʨʬʠʟʤʦʤ ʌʨʦʙʝʥʠʫʩʘ
1
. ɼʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ 

m < n ʚ ʧʦʣʝ P ʥʝ ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʞʜʝʩʪʚʦ , ʧʦʵʪʦʤʫ ʠ ʩʘʤ ʘʚʪʦʤʦʨʬʠʟʤ ʌʨʦʙʝʥʠʫʩʘ ʥʝʪʦʞ-

ʜʝʩʪʚʝʥʥʳʡ, ʚʩʝ n ʩʪʝʧʝʥʝʡ ʵʪʦʛʦ ʘʚʪʦʤʦʨʬʠʟʤʘ(1 ¢ k ¢ n) 

 

                                                 
1 ʌʝʨʜʠʥʘʥʜ ɻʝʦʨʛ ʌʨʦʙʝʥʠʫʩ (Frobenius, 1849ï1917)   ï   ʥʝʤʝʮʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʧʨʦʬʝʩʩʦʨ ʎʶʨʠʭʩʢʦʛʦ ʧʦʣʠʪʝʭʥʠ-

ʢʫʤʘ (1875ï1892), ɹʝʨʣʠʥʩʢʦʛʦ ʫʥʠʚʝʨʩʠʪʝʪʘ(ʩ 1892 ʛ.). ɺ 1877 ʛ. ʌ. ʌʨʦʙʝʥʠʫʩ ʜʦʢʘʟʘʣ ʪʝʦʨʝʤʫ, ʠʟ ʢʦʪʦʨʦʡ ʩʣʝʜʫʝʪ, 

ʯʪʦ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ   ï   ʥʘʠʙʦʣʴʰʘʷ ʠʟ ʚʦʟʤʦʞʥʳʭ ʯʠʩʣʦʚʳʭ ʩʠʩʪʝʤ. 
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ʨʘʟʣʠʯʥʳ. ʊʦʞʜʝʩʪʚʦ  ʦʟʥʘʯʘʝʪ, ʯʪʦ j
n 
= e. ʀʪʘʢ, ʮʠʢʣʠʯʝʩʢʘʷ ʛʨʫʧʧʘ, ʧʦʨʦʞʜʝʥʥʘʷ ʘʚʪʦ-

ʤʦʨʬʠʟʤʦʤ ʌʨʦʙʝʥʠʫʩʘ, ʩʦʩʪʦʠʪ ʚ ʪʦʯʥʦʩʪʠ ʠʟ n  ʵʣʝʤʝʥʪʦʚ.  

ʇʫʩʪʴ ʵʣʝʤʝʥʪ a   ï ʢʦʨʝʥʴ ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʥʘʜ Zp ʤʥʦʛʦʯʣʝʥʘ f
 
(x) ʩʪʝʧʝʥʠ n ʠ a2, a3, ..., an   ï    

ʦʩʪʘʣʴʥʳʝ ʢʦʨʥʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ɺʩʝ ʵʪʠ ʢʦʨʥʠ ʧʨʠʥʘʜʣʝʞʘʪ ʧʦʣʶ P, ʨʘʚʥʦʤʫ ZP (a)   ï    

ʧʨʦʩʪʦʤʫ ʘʣʛʝʙʨʘʠʯʝʩʢʦʤʫ ʨʘʩʰʠʨʝʥʠʶ ʧʦʣʷ Zp . ʇʦʵʪʦʤʫ ʣʶʙʦʡ ʘʚʪʦʤʦʨʬʠʟʤ, ʦʩʪʘʚʣʷʶʱʠʡ ʧʦ-

ʣʝ Zp ʥʝʧʦʜʚʠʞʥʳʤ, ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝʤ a  ai  (i  =  2, 3, é, n). ʏʠʩʣʦ ʪʘʢʠʭ 

ʦʪʦʙʨʘʞʝʥʠʡ ʨʘʚʥʦ n, ʟʥʘʯʠʪ, ʧʦʨʷʜʦʢ Aut(P) ʪʦʞʝ ʨʘʚʝʥ n. 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʜʨʫʛʠʭ ʘʚʪʦʤʦʨʬʠʟʤʦʚ, ʢʨʦʤʝ ʩʪʝʧʝʥʝʡ ʘʚʪʦʤʦʨʬʠʟ-

ʤʘ ʌʨʦʙʝʥʠʫʩʘ, ʫ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʥʝʪ. 

ɻʨʫʧʧʘ ʘʚʪʦʤʦʨʬʠʟʤʦʚ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ GF(p
n
) ʥʘʡʜʝʥʘ. 

Aut(GF(p
n
))    ï    ʵʪʦ ʮʠʢʣʠʯʝʩʢʘʷ ʛʨʫʧʧʘ ʧʦʨʷʜʢʘ n, ʧʦʨʦʞʜʝʥʥʘʷ ʘʚʪʦ-

ʤʦʨʬʠʟʤʦʤ , ʠ ʩʦʩʪʦʷʱʘʷ ʠʟ ʦʪʦʙʨʘʞʝʥʠʡ ʚʠʜʘ  

ʕʪʦ ʦʟʥʘʯʘʝʪ, ʚ ʯʘʩʪʥʦʩʪʠ, ʯʪʦ ʝʩʣʠ a    ï    ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ ʤʠʥʠʤʘʣʴʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʪʦ ʚʩʝ 

ʢʦʨʥʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʠʤʝʶʪ ʚʠʜ  ʛʜʝ i = 0, 3, é, n ï 1.  

ʂʨʦʤʝ ʪʦʛʦ, ʠʟ ʙʠʝʢʪʠʚʥʦʩʪʠ ʦʪʦʙʨʘʞʝʥʠʷ  ʩʣʝʜʫʝʪ, ʯʪʦ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ 
n ʫʨʘʚʥʝʥʠʝ  ʚ ʧʦʣʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ p ʠʤʝʝʪ ʚ ʪʦʯʥʦʩʪʠ ʦʜʥʦ ʨʝʰʝʥʠʝ 

ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ a. 

 

ʂʚʘʜʨʘʪʠʯʥʳʝ ʚʳʯʝʪʳ. ʆʩʦʙʳʡ ʠʥʪʝʨʝʩ ʧʨʝʜʩʪʘʚʣʷʶʪ ʢʚʘʜʨʘʪʥʳʝ ʜʚʫʯʣʝʥʥʳʝ ʫʨʘʚʥʝʥʠʷ ʥʘʜ 

ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ. 

ʂʘʢ ʠ ʚ ʧʦʣʝ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ ʧʨʦʩʪʦʤʫ ʤʦʜʫʣʶ, ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʦʧʨʝ-

ʜʝʣʷʶʪʩʷ ʢʚʘʜʨʘʪʠʯʥʳʝ ʚʳʯʝʪʳ ʠ ʥʝʚʳʯʝʪʳ. 

ʇʫʩʪʴ a   ï    ʥʝʥʫʣʝʚʦʡ ʵʣʝʤʝʥʪ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ GF(p
m
). ɽʩʣʠ ʫʨʘʚʥʝʥʠʝ x

2
 = a ʠʤʝʝʪ ʨʝʰʝʥʠʝ 

ʚ ʧʦʣʝ GF(p
m
), ʪʦ a ʥʘʟʳʚʘʶʪ ʢʚʘʜʨʘʪʠʯʥʳʤ ʚʳʯʝʪʦʤ. ɺ ʧʨʦʪʠʚʥʦʤ ʩʣʫʯʘʝ, ʪ.

 
ʝ. ʪʦʛʜʘ, ʢʦʛʜʘ ʥʝ 

ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʛʦ ʵʣʝʤʝʥʪʘ b, ʯʪʦ a = b
2
, ʵʣʝʤʝʥʪ a ʥʘʟʳʚʘʝʪʩʷ ʢʚʘʜʨʘʪʠʯʥʳʤ ʥʝʚʳʯʝʪʦʤ. 

ɽʩʣʠ g   ï    ʧʦʨʦʞʜʘʶʱʠʡ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʥʝʥʫʣʝʚʳʭ ʵʣʝʤʝʥʪʦʚ ʵʪʦʛʦ ʧʦʣʷ, ʪʦ 

ʢʘʞʜʳʡ ʥʝʥʫʣʝʚʦʡ ʵʣʝʤʝʥʪ ʵʪʦʛʦ ʧʦʣʷ ʠʤʝʝʪ ʚʠʜ g
k
. ʉʨʘʚʥʝʥʠʝ 

2x ¹ k(mod  2
m
 ï 1) 

ʠʤʝʝʪ ʨʝʰʝʥʠʝ ʜʣʷ ʣʶʙʦʛʦ ʮʝʣʦʛʦ ʯʠʩʣʘ k. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʫʨʘʚʥʝʥʠʝ g
k
 = x

2 
ʚ ʧʦʣʝ GF(2

m
) ʠʤʝʝʪ 

ʨʝʰʝʥʠʝ ʜʣʷ ʣʶʙʦʛʦ k, ʧʦʵʪʦʤʫ ʚʩʝ ʥʝʥʫʣʝʚʳʝ ʵʣʝʤʝʥʪʳ ʠʟ GF(2
m
) ʷʚʣʷʶʪʩʷ ʢʚʘʜʨʘʪʠʯʥʳʤʠ ʚʳ-

ʯʝʪʘʤʠ. 
 

ɽʩʣʠ p ʥʝʯʝʪʥʦʝ ʧʨʦʩʪʦʝ ʯʠʩʣʦ, ʪʦ ʩʨʘʚʥʝʥʠʝ  

2x ¹ k(mod  p
m
 ï  1) 

ʠʤʝʝʪ ʨʝʰʝʥʠʝ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʯʠʩʣʦ k   ï   ʯʝʪʥʦʝ. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʯʝʪʥʳʝ ʩʪʝʧʝʥʠ ʧʦ-

ʨʦʞʜʘʶʱʝʛʦ ʵʣʝʤʝʥʪʘ ʷʚʣʷʶʪʩʷ ʢʚʘʜʨʘʪʠʯʥʳʤʠ ʚʳʯʝʪʘʤʠ, ʘ ʥʝʯʝʪʥʳʝ ʩʪʝʧʝʥʠ   ï   ʢʚʘʜʨʘʪʠʯʥ -r

ʤʠ ʥʝʚʳʯʝʪʘʤʠ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʧʦʣʝ GF(p
m
) ʩʦʜʝʨʞʠʪʩʷ  ʢʚʘʜʨʘʪʠʯʥʳʭ ʚʳʯʝʪʦʚ ʠ ʨʦʚʥʦ 

ʩʪʦʣʴʢʦ ʞʝ ʢʚʘʜʨʘʪʠʯʥʳʭ ʥʝʚʳʯʝʪʦʚ. 

ɿʘʤʝʪʠʤ, ʢʩʪʘʪʠ, ʯʪʦ ʦʜʥʦ ʠʟ ʚʘʞʥʝʡʰʠʭ ʧʨʠʤʝʥʝʥʠʡ ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ   ï   ʵʪʦ ʪʝʦ-

ʨʠʷ ʢʦʜʠʨʦʚʘʥʠʷ. 
 

Ä 5. ʄʥʦʛʦʯʣʝʥʳ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ  

ʂʨʘʪʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ʢʦʣʴʮʘ. ʆʧʨʝʜʝʣʠʤ ʢʦʣʴʮʦ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ x1, x2, ..., xn ʩ ʢʦʵʬʬʠʮʠ-

ʝʥʪʘʤʠ ʠʟ ʢʦʣʴʮʘ K ʧʦ ʧʨʘʚʠʣʫ 

K[x1, x2, ..., xn-1, xn] = (K[x1, x2, ..., xn-1])[xn], 

xx
np =

S

pxxS .
npxxS

,
ipa

npxxS
ax

np =

2

1-mp
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ʪ. ʝ. ʚʟʷʚ ʚ ʢʘʯʝʩʪʚʝ ʢʦʣʴʮʘ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ n ï1  ʧʝʨʝʤʝʥʥʦʛʦ. ʀʩʧʦʣʴʟʫʷ 

ʩʚʦʡʩʪʚʘ ʢʦʣʴʮʘ ʤʦʞʥʦ ʨʘʩʢʨʳʪʴ ʩʢʦʙʢʠ ʠ ʩʦʙʨʘʪʴ ʧʦʜʦʙʥʳʝ ʦʜʥʦʯʣʝʥʳ. 

ʕʪʦ ʞʝ ʢʦʣʴʮʦ ʥʘʟʳʚʘʶʪ ʢʨʘʪʥʳʤ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʤ ʨʘʩʰʠʨʝʥʠʝʤ ʢʦʣʴʮʘ K. 

ɺʩʝ ʩʚʦʡʩʪʚʘ ʢʦʣʴʮʘ, ʢʦʪʦʨʳʝ ʩʦʭʨʘʥʷʶʪʩʷ ʧʨʠ ʧʨʠʩʦʝʜʠʥʝʥʠʠ ʦʜʥʦʛʦ ʧʝʨʝʤʝʥʥʦʛʦ,  ʩʦʭʨʘ-

ʥʷʪʩʷ ʠ ʧʨʠ ʢʨʘʪʥʦʤ ʨʘʩʰʠʨʝʥʠʠ ʢʦʣʴʮʘ. ɺ ʯʘʩʪʥʦʩʪʠ,  ʩʦʭʨʘʥʷʪʩʷ ʩʚʦʡʩʪʚʘ ʮʝʣʦʩʪʥʦʩʪʠ, ʛʘʫʩʩʦ-

ʚʦʩʪʠ ʠ ʥʝʪʝʨʦʚʦʩʪʠ.  

ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ K[x1, x2, ..., xn] ʥʘʜ ʮʝʣʦʩʪʥʳʤ ʢʦʣʴʮʦʤ K ʷʚʣʷʝʪʩʷ ʮʝ-

ʣʦʩʪʥʳʤ ʢʦʣʴʮʦʤ; ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ K[x1, x2, ..., xn] ʥʘʜ ʛʘʫʩʩʦʚʳʤ ʢʦʣʴʮʦʤ K ʷʚʣʷʝʪʩʷ ʛʘʫʩʩʦ-

ʚʳʤ ʢʦʣʴʮʦʤ; ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ K[x1, x2, ..., xn] ʥʘʜ ʥʝʪʝʨʦʚʳʤ ʢʦʣʴʮʦʤ K ʷʚʣʷʝʪʩʷ ʥʝʪʝʨʦʚʳʤ 

ʢʦʣʴʮʦʤ. 

ʇʦʩʣʝʜʥʝʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʣʶʙʘʷ ʩʠʩʪʝʤʘ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʩ n  

ʥʝʠʟʚʝʩʪʥʳʤʠ ʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʧʦʣʷ ʨʘʚʥʦʩʠʣʴʥʘ ʩʚʦʝʡ ʢʦʥʝʯʥʦʡ 

ʧʦʜʩʠʩʪʝʤʝ. 

ɼʚʘ ʤʥʦʛʦʯʣʝʥʘ f(x1, x2, ..., xn) ʠ g(x1, x2, ..., xn) ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʙʝʩʢʦʥʝʯʥʦʛʦ ʮʝʣʦʩʪʥʦʛʦ 

ʢʦʣʴʮʘ ʨʘʚʥʳ ʚ ʬʫʥʢʮʠʦʥʘʣʴʥʦʤ ʩʤʳʩʣʝ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʠ ʨʘʚʥʳ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʤ 

ʩʤʳʩʣʝ. 

ʅʝ ʩʦʭʨʘʥʝʥʠʝ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʩʚʦʡʩʪʚ ʢʦʣʝʮ ʧʨʠ ʧʨʦʩʪʦʤ (ʦʜʥʦʢʨʘʪʥʦʤ) ʨʘʩʰʠʨʝʥʠʠ 

ʧʨʠʚʦʜʠʪ  ʢ ʩʣʝʜʫʶʱʠʤ ʬʘʢʪʘʤ.  

 ɽʩʣʠ n > 1, ʪʦ ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ K[x1, x2, ..., xn] ʥʘʜ ʣʶʙʳʤ ʥʝʥʫʣʝʚʳʤ ʢʦʣʴʮʦʤ K ʥʝ ʷʚʣ̫-

ʝʪʩʷ ʝʚʢʣʠʜʦʚʳʤ ʢʦʣʴʮʦʤ. 

 ʂʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ K[x1, x2, ..., xn] ʥʘʜ ʣʶʙʳʤ ʥʝʥʫʣʝʚʳʤ ʢʦʣʴʮʦʤ K ʥʝ ʷʚʣʷʝʪʩʷ ʢʦʣʴʮʦʤ 

ʛʣʘʚʥʳʭ ʠʜʝʘʣʦʚ. 

 ʅʝ ʩʫʱʝʩʪʚʫʝʪ ʘʣʛʦʨʠʪʤʘ ʜʝʣʝʥʠʷ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ ʜʚʫʭ ʠ ʙʦʣʝʝ ʧʝʨʝʤʝʥʥʳʭ. 

ʆʪʤʝʪʠʤ, ʯʪʦ ʢʨʘʪʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ, ʥʝ ʧʨʠʩʦʝʜʠʥʷʷ ʦʜʠʥ ʵʣʝʤʝʥʪ ʟʘ ʜʨʫʛʠʤ, 

ʘ ʨʘʟʦʤ. ʂʨʘʪʥʦʝ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ʢʦʣʴʮʘ K ʷʚʣʷʝʪʩʷ ʧʦʣʫʛʨʫʧʧʦʚʦʡ ʘʣʛʝʙʨʦʡ ʧʨʷʤʦ-

ʛʦ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦ ʟʘʧʠʩʘʥʥʳʭ ʤʦʥʦʠʜʦʚ, ʠʟʦʤʦʨʬʥʳʭ ʘʜʜʠʪʠʚʥʦʤʫ ʤʦʥʦʠʜʫ 

ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ. ʊʘʢʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʦʪʢʨʳʚʘʝʪ ʥʦʚʳʝ ʚʦʟʤʦʞʥʦʩʪʠ. ʇʨʷʤʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʤʦʞʥʦ ʚʟʷʪʴ ʣʶʙʦʛʦ ʯʠʩʣʘ ʤʦʥʦʠʜʦʚ, ʩʯʠʪʘʷ, ʯʪʦ ʚ ʦʙʨʘʟʦʚʘʥʠʠ ʢʘʞʜʦʛʦ ʵʣʝʤʝʥʪʘ ʫʯʘʩʪʚʫʝʪ ʣʠʰʴ 

ʢʦʥʝʯʥʦʝ ʧʨʷʤʳʭ ʩʦʤʥʦʞʠʪʝʣʝʡ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʦʞʥʦ ʛʦʚʦʨʠʪʴ ʦ ʩʦʩʪʘʚʥʦʤ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʤ 

ʨʘʩʰʠʨʝʥʠʠ K[M] ʢʦʣʴʮʘ K  ʩ ʧʦʤʦʱʴʶ ʧʝʨʝʤʝʥʥʳʭ ʠʟ ʤʥʦʞʝʩʪʚʘ M. ɽʩʣʠ K ï ʢʦʥʝʯʥʦ ʠʣʠ ʩʯʝʪ-

ʥʦ, ʘ M ï ʙʝʩʢʦʥʝʯʥʦ, ʪʦ ʤʦʱʥʦʩʪʴ K[M] ʨʘʚʥʘ ʤʦʱʥʦʩʪʠ M. 

ʅʘʧʦʤʥʠʤ, ʯʪʦ ʢʘʞʜʦʝ ʮʝʣʦʩʪʥʦʝ ʢʦʣʴʮʦ ʠʟʦʤʦʨʬʥʦ ʚʣʦʞʠʤʦ ʚ ʧʦʣʝ, ʘ ʢʘʞʜʦʝ ʧʦʣʝ ï ʚ ʙʦ-

ʣʝʝ ʰʠʨʦʢʦʝ ʧʦʣʝ.  

ɹʦʣʝʝ ʰʠʨʦʢʦʝ ʧʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ ʧʦʣʝ P, ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʠʟʦʤʦʨʬʥʳʤ ʧʦʣʶ P. ʅʘʧʨʠʤʝʨ, 

ʝʩʣʠ P ï ʧʦʣʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʜʨʦʙʝʡ ʦʪ ʩʯʝʪʥʦʛʦ ʯʠʩʣʘ ʧʝʨʝʤʝʥʥʳʭ x1, x2, ..., xn, ..., ʪʦ ʧʦʣʝ P(y) 

ʠʟʦʤʦʨʬʥʦ ʧʦʣʶ P. 

ʆʜʥʘʢʦ, ʠʩʧʦʣʴʟʫʷ ʪʝʦʨʝʤʫ ʂʘʥʪʦʨʘ ʦ ʥʝʦʛʨʘʥʠʯʝʥʥʦʩʪʠ ʤʦʱʥʦʩʪʝʡ, ʚʩʝʛʜʘ ʤʦʞʥʦ ʫʢʘʟʘʪʴ 

ʥʦʚʦʝ, ʙʦʣʝʝ ʰʠʨʦʢʦʝ ʧʦʣʝ, ʩʫʱʝʩʪʚʝʥʥʦ ʦʪʣʠʯʘʶʱʝʝʩʷ ʦʪ ʠʩʭʦʜʥʦʛʦ. ʀʥʘʯʝ ʛʦʚʦʨʷ, ʢʘʞʜʦʝ 

ʧʦʣʝ ʠʟʦʤʦʨʬʥʦ ʚʣʦʞʠʤʦ ʚ ʥʝʠʟʦʤʦʨʬʥʦʝ ʝʤʫ ʧʦʣʝ. 

ʆʜʥʘʢʦ ʚʘʞʥʝʡʰʠʤ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʤ ʨʘʩʰʠʨʝʥʠʝʤ ʷʚʣʷʝʪʩʷ  ʩʣʫʯʘʡ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʧʝʨʝ-

ʤʝʥʥʳʭ. 

ʈʘʩʩʤʦʪʨʠʤ ʦʩʦʙʦ ʠ ʩʣʫʯʘʡ ʢʦʥʝʯʥʦʛʦ ʢʦʣʴʮʘ ʢʦʵʬʬʠʮʠʝʥʪʦʚ.  

 

ʄʥʦʛʦʯʣʝʥ ʥʘʜ ʢʦʥʝʯʥʳʤ ʢʦʣʴʮʦʤ. ɽʩʣʠ K ï ʢʦʥʝʯʥʦʝ ʮʝʣʦʩʪʥʦʝ ʢʦʣʴʮʦ, ʘ 

y = f(x1, xn, ..., xn) ï ʬʫʥʢʮʠʷ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ, ʦʧʨʝʜʝʣʝʥʥʘʷ ʥʘʜ K ʩʦ ʟʥʘʯʝʥʠʷʤʠ ʚ K ʵʪʦʤ ʢʦʣʴʮʝ, 

ʪʦ f(x1, xn, ..., xn)  ʷʚʣʷʝʪʩʷ ʤʥʦʛʦʯʣʝʥʦʤ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʯʠʩʣʦ ʨʘʟʣʠʯʥʳʭ ʬʫʥʢʮʠʡ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ, ʦʧʨʝʜʝʣʝʥʥʳʭ ʚ K ʩʦ ʟʥʘʯʝʥʠʷʤʠ 

ʚ  K, ʩʦʚʧʘʜʘʝʪ ʩ ʯʠʩʣʦʤ ʨʘʟʣʠʯʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʩʪʝʧʝʥʴ ʢʦʪʦʨʳʭ ʥʝ ʚʳʰʝ ʯʠʩʣʘ ʵʣʝʤʝʥʪʦʚ ʚ K.  
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ʌʫʥʢʮʠʠ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ, ʦʧʨʝʜʝʣʝʥʥʳʝ ʥʘʜ ʜʚʫʭʵʣʝʤʝʥʪʥʳʤ ʧʦʣʝʤ Z2, ʩʦ ʟʥʘʯʝʥʠʷʤʠ ʚ 

ʵʪʦʤ ʧʦʣʝ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʙʫʣʝʚʳʤʠ ʬʫʥʢʮʠʷʤʠ. 

ɼʣʷ ʢʦʣʴʮʘ Z2 ʫʪʚʝʨʞʜʝʥʠʝ ʦ ʧʨʝʜʩʪʘʚʠʤʦʩʪʠ ʣʶʙʦʡ ʬʫʥʢʮʠʠ ʥʘʜ ʢʦʥʝʯʥʳʤ ʢʦʣʴʮʦʤ ʚ ʚʠʜʝ 

ʤʥʦʛʦʯʣʝʥʘ ʧʨʠʥʠʤʘʝʪ ʚʠʜ: ʢʘʞʜʫʶ ʙʫʣʝʚʫ ʬʫʥʢʮʠʶ y = f(x1, xn, ..., xn) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ 

ʤʥʦʛʦʯʣʝʥʘ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ. 

ɺ ʯʝʩʪʴ ʘʚʪʦʨʘ ʤʥʦʛʦʯʣʝʥ, ʧʨʝʜʩʪʘʚʣʷʶʱʠʡ ʙʫʣʝʚʫ ʬʫʥʢʮʠʶ, ʥʘʟʳʚʘʶʪ ʧʦʣʠʥʦʤʦʤ ɾʝʛʘʣ-

ʢʠʥʘ
1
. 

 

ʋʧʦʨʷʜʦʯʝʥʠʝ ʦʜʥʦʯʣʝʥʦʚ; ʚʳʩʰʠʡ ʯʣʝʥ ʧʨʦʠʟʚʝʜʝʥʠʷ ʦʜʥʦʯʣʝʥʦʚ. ʆʜʥʦʯʣʝʥʳ ʚ ʤʥʦ-

ʛʦʯʣʝʥʝ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ʤʦʞʥʦ ʫʧʦʨʷʜʦʯʠʪʴ ʧʦ ʚʦʟʨʘʩʪʘʥʠʶ ʠʣʠ ʫʙʳʚʘʥʠʶ ʩʪʝʧʝʥʝʡ. ɼʣʷ  

ʤʥʦʛʦʯʣʝʥʘ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʪʘʢʦʝ ʫʧʦʨʷʜʦʯʝʥʠʝ ʥʝ ʛʦʜʠʪʩʷ ï ʚ ʥʝʤ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ 

ʥʝʩʢʦʣʴʢʦ ʦʜʥʦʯʣʝʥʦʚ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ ʩʪʝʧʝʥʠ; ʙʦʣʝʝ ʪʦʛʦ, ʚʩʝ ʦʜʥʦʯʣʝʥʳ, ʚʭʦʜʷʱʠʝ ʚ ʦʜʥʦʯʣʝʥ 

ʤʦʛʫʪ ʦʢʘʟʘʪʴʩʷ ʦʜʥʦʡ ʩʪʝʧʝʥʠ. ɺ ʪʘʢʦʤ ʩʣʫʯʘʝ ʤʥʦʛʦʯʣʝʥ ʥʘʟʳʚʘʝʪʩʷ ʦʜʥʦʨʦʜʥʳʤ (ʠʣʠ ʬʦʨʤʦʡ). 

ʂʘʞʜʳʡ ʤʥʦʛʦʯʣʝʥ f(x1, xn, ..., xn) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʩʫʤʤʳ ʬʦʨʤ. ʄʦʞʥʦ ʫʧʦʨʷʜʦʯʠʪʴ ʵʪʠ 

ʬʦʨʤʳ, ʥʘʧʨʠʤʝʨ, ʧʦ ʫʙʳʚʘʥʠʶ ʩʪʝʧʝʥʝʡ, ʧʨʦʙʣʝʤʘ ʫʧʦʨʷʜʦʯʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ ʚʥʫʪʨʠ ʬʦʨʤʳ 

ʦʩʪʘʝʪʩʷ.   

ʋʧʦʨʷʜʦʯʠʪʴ ʦʜʥʦʯʣʝʥʳ ʤʦʞʥʦ ʚʩʝ ʩʨʘʟʫ, ʥʝ ʧʨʦʚʦʜʷ ʥʠʢʘʢʠʭ ʧʨʝʜʚʘʨʠʪʝʣʴʥʳʭ ʫʧʦʨʷʜʦʯʝ-

ʥʠʡ ʧʦ ʬʦʨʤʝ. ʊʘʢʦʡ ʧʦʨʷʜʦʢ ï ʧʦ ʘʣʬʘʚʠʪʫ ï ʠʟʜʘʚʥʘ ʠʩʧʦʣʴʟʫʝʪʩʷ ʧʨʠ ʩʦʩʪʘʚʣʝʥʠʠ ʩʣʦʚʘʨʝʡ  

ʋʪʦʯʥʠʤ ʵʪʦ ʧʦʥʷʪʠʝ.  

ʇʫʩʪʴ M ï ʤʥʦʞʝʩʪʚʦ ʧʨʦʠʟʚʦʣʴʥʳʭ ʩʠʤʚʦʣʦʚ, ʢʦʪʦʨʳʝ ʥʘʟʦʚʝʤ ʙʫʢʚʘʤʠ, ʘ M ï ʩʦʦʪʚʝʪ-

ʩʪʚʝʥʥʦ ʘʣʬʘʚʠʪʦʤ. ʉʨʝʜʠ ʩʠʤʚʦʣʦʚ ʧʦʤʝʩʪʠʤ ʠ ʩʠʤʚʦʣ ʧʨʦʙʝʣʘ, ʥʘʧʨʠʤʝʨ,.  . ʃʶʙʫʶ ʢʦʥʝʯ-

ʥʫʶ ʮʝʧʦʯʢʫ ʙʫʢʚ ʥʘʟʦʚʝʤ ʩʣʦʚʦʤ. 

ʋʧʦʨʷʜʦʯʝʥʠʝ ʩʣʦʚ ʚ ʩʣʦʚʘʨʝ ʥʘʟʳʚʘʶʪ ʩʣʦʚʘʨʥʳʤ (ʠʣʠ ʣʝʢʩʠʢʦʛʨʘʬʠʯʝʩʢʠʤ
2
) ʫʧʦʨʷʜʦʯʝ-

ʥʠʝʤ. ʊʝʢʩʪ ʚ ʩʣʦʚʘʨʝ ʠʜʝʪ ʩʚʝʨʭʫ ʚʥʠʟ, ʦʜʥʦ ʩʣʦʚʦ ʨʘʩʧʦʣʦʞʝʥʦ ʚʳʰʝ ʠʣʠ ʥʠʞʝ ʜʨʫʛʦʛʦ, ʧʦʵʪʦʤʫ 

ʩʣʦʚʘʨʥʦʝ ʫʧʦʨʷʜʦʯʝʥʠʝ ʷʚʣʷʝʪʩʷ ʫʧʦʨʷʜʦʯʝʥʠʝʤ ʧʦ ʚʳʩʦʪʝ. 

ʉʣʦʚʘʨʥʦʝ ʫʧʦʨʷʜʦʯʝʥʠʝ ʷʚʣʷʝʪʩʷ ʧʨʦʜʦʣʞʝʥʠʝʤ ʫʧʦʨʷʜʦʯʝʥʠʷ ʘʣʬʘʚʠʪʘ. ʇʫʩʪʴ ʘʣʬʘʚʠʪ 

M = { , a, b, c, ..., d} ʫʧʦʨʷʜʦʯʝʥ ʧʦ ʚʳʩʦʪʝ, ʧʨʠʯʝʤ ʩʠʤʚʦʣ ʧʨʦʙʝʣʘ ʨʘʩʧʦʣʦʞʝʥ ʥʠʞʝ ʚʩʝʭ 

ʦʩʪʘʣʴʥʳʭ ʩʠʤʚʦʣʦʚ. ɺʦʟʴʤʝʤ ʜʚʘ ʩʣʦʚʘ ʚ ʵʪʦʤ ʘʣʬʘʚʠʪʝ: 

 

U = x1 x2 x3...xn,   W = y1 y2 y3...ym, 

 

ʛʜʝ  xi, yj Í M.  

ʉʣʦʚʦ  U  ʚ ʩʣʦʚʘʨʝ ʙʫʜʝʪ ʨʘʩʧʦʣʦʞʝʥʦ ʚʳʰʝ ʩʣʦʚʘ W, ʝʩʣʠ   x1 = y1,  x2 = y2, ... xk ï 1 = yk ï 1 , ʥʦ  

xk   ʚʳʰʝ  yk.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʣʦʚʘʨʥʦʝ ʫʧʦʨʷʜʦʯʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪʩʷ ʧʦ ʧʝʨʚʳʤ ʦʪʣʠʯʘʶʱʠʤʩʷ ʩʠʤʚʦʣʘʤ 

ʚ ʩʣʦʚʘʭ. 

ʆʜʥʦʯʣʝʥʳ ʦʪ ʧʝʨʝʤʝʥʥʳʭ x1, x2, ..., xn ʪʦʞʝ ʷʚʣʷʶʪʩʷ ʩʣʦʚʘʤʠ (ʩ ʢʦʤʤʫʪʠʨʫʶʱʠʤʠ ʙʫʢʚʘʤʠ 

ʠ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʙʫʢʚʦʡ ï ʥʝʥʫʣʝʚʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʣʦʚʦ n

nxxxU
aaa

...21

21=  ʚʳʰʝ ʩʣʦʚʘ  n

nxxxW
bbb

...21

21= , ʝʩʣʠ ʧʝʨʚʦʝ ʥʝʥʫʣʝ-

ʚʦʝ ʯʠʩʣʦ ʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ  

 

a1 ï b1, a2 ï b2,  é an ï bn, 

 

ʧʦʣʦʞʠʪʝʣʴʥʦ. 

                                                 
1 ʀʚʘʥ ʀʚʘʥʦʚʠʯ ɾʝʛʘʣʢʠʥ (1869-1947) ï ʨʫʩʩʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʧʨʦʬʝʩʩʦʨ ʄʦʩʢʦʚʩʢʦʛʦ ʫʥʠʚʝʨʩʠʪʝʪʘ (1902ï1911 ʠ ʩ 

1917), ʘʚʪʦʨ ʧʝʨʚʦʡ ʨʫʩʩʢʦʡ ʤʦʥʦʛʨʘʬʠʠ ʧʦ ʪʝʦʨʠʠ ʤʥʦʞʝʩʪʚ (çʊʨʘʥʩʬʠʥʠʪʥʳʝ ʯʠʩʣʘè, 1907 ʛ.). ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʙʫʣʝ-

ʚʳʭ ʬʫʥʢʮʠʡ ʤʥʦʛʦʯʣʝʥʘʤʠ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ ʦʙʥʘʨʫʞʝʥʦ ʠʤ ʚ 1927 ʛ.  
2 ʆʪ ʛʨʝʯʝʩʢʠʭ lexicoz ï ʦʪʥʦʩʷʱʠʡʩʷ ʢ ʩʣʦʚʫ ʠ grajw ï ʧʠʰʫ. 
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ʕʪʦ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʫʧʦʨʷʜʦʯʝʥʠʝ, ʪ. ʝ. ʨʝʬʣʝʢʩʠʚʥʦʝ, ʪʨʘʥʟʠʪʠʚʥʦʝ ʠ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʦʝ ʦʪ-

ʥʦʰʝʥʠʝ ʥʘ ʤʥʦʞʝʩʪʚʝ ʩʣʦʚ.  

ɹʦʣʝʝ ʪʦʛʦ, ʵʪʦ ʦʪʥʦʰʝʥʠʝ ʩʚʷʟʥʦ, ʪ.ʝ. ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʣʠʥʝʡʥʦʛʦ ʧʦʨʷʜʢʘ. ʂʘʞʜʘʷ 

ʫʙʳʚʘʶʱʘʷ ʮʝʧʴ ʩʣʦʚ ʦʙʨʳʚʘʝʪʩʷ ʥʘ ʢʦʥʝʯʥʦʤ ʰʘʛʝ, ʧʦʵʪʦʤʫ ʣʝʢʩʠʢʦʛʨʘʬʠʯʝʩʢʠʡ ʧʦʨʷʜʦʢ ʷʚʣʷ-

ʝʪʩʷ ʚʧʦʣʥʝ ʫʧʦʨʷʜʦʯʝʥʠʝʤ. 

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʚ ʵʪʦʤ ʫʧʦʨʷʜʦʯʝʥʠʠ ʧʦ ʚʳʩʦʪʝ ʢʘʞʜʦʝ ʥʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʩʣʦʚ ʠʤʝʝʪ 

ʥʘʠʤʝʥʴʰʠʡ ʵʣʝʤʝʥʪ. 

ʊʘʢ ʢʘʢ ʩʣʦʚʘʨʥʦʝ ʫʧʦʨʷʜʦʯʝʥʠʝ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ ʧʦʨʷʜʢʦʤ, ʦʜʥʦʯʣʝʥʳ ʣʶʙʦʛʦ ʤʥʦʛʦ-

ʯʣʝʥʘ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʤʦʞʥʦ ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʫʧʦʨʷʜʦʯʝʥʦ ʚʳʩʦʪʝ. ʉʘʤʳʡ ʧʝʨ-

ʚʳʡ ʯʣʝʥ ʪʘʢʦʛʦ ʫʧʦʨʷʜʦʯʝʥʠʷ ʚ ʥʝ ʥʝʥʫʣʝʚʦʤ ʤʥʦʛʦʯʣʝʥʝ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʚʳʩʰʠʤ ʯʣʝʥʦʤ ʤʥʦ-

ʛʦʯʣʝʥʘ. 

ɽʩʣʠ ʚ ʤʥʦʛʦʯʣʝʥʝ ʚʩʝʛʦ ʦʜʥʦ ʧʝʨʝʤʝʥʥʦʝ, ʪʦ ʧʦʥʷʪʠʝ ʚʳʩʰʝʛʦ ʠ ʩʪʘʨʰʝʛʦ ʯʣʝʥʦʚ ʩʦʚʧʘʜʘ-

ʶʪ. ɺ ʫʧʦʨʷʜʦʯʝʥʠʠ çʧʦ ʚʦʟʨʘʩʪʫè ʙʳʣʦ ʚʘʞʥʦʝ ʩʚʦʡʩʪʚʦ: ʝʩʣʠ ʢʦʣʴʮʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ï ʮʝʣʦʩʪ-

ʥʦʝ, ʪʦ ʩʪʘʨʰʠʡ ʯʣʝʥ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʩʪʘʨʰʠʭ ʯʣʝʥʦʚ. 

ʕʪʦ ʩʚʦʡʩʪʚʦ ʩ ʝʩʪʝʩʪʚʝʥʥʳʤ ʠʟʤʝʥʝʥʠʝʤ ʚ ʪʝʨʤʠʥʦʣʦʛʠʠ  ʧʝʨʝʥʦʩʠʪʩʷ ʥʘ ʢʦʣʴʮʦ ʤʥʦʛʦʯʣʝ-

ʥʦʚ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʥʘʜ ʮʝʣʦʩʪʥʳʤ ʢʦʣʴʮʦʤ: ʚʳʩʰʠʡ ʯʣʝʥ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ 

ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʚʳʩʰʠʭ ʯʣʝʥʦʚ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ ʦʜʥʦʯʣʝʥʳ ʤʥʦʛʦʯʣʝʥʦʚ f(x1, xn, ..., xn)  ʠ g(x1, xn, ..., xn) ʫʧʦʨʷʜʦʯʝʥʳ ʧʦ 

ʚʳʩʦʪʝ:  

f(x1, xn, ..., xn) = ............. 2121

2121 +++ nn

nn

a
xxBxxxAx
bbbaa

 

g(x1, xn, ..., xn) = ,............ 2121

2121 +++ nn

nn xxDxxxCx
dddggg

 

ʪʦ ʦʜʥʦʯʣʝʥ  nn
n

a
x...xAx

g+ag+al+ 2211

21  ʙʫʜʝʪ ʚʳʰʝ ʚʩʝʭ ʦʩʪʘʣʴʥʳʭ ʯʣʝʥʦʚ ʧʨʦʠʟʚʝʜʝʥʠʷ. 

ʉʠʤʤʝʪʨʠʯʝʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ. ʈʝʟʫʣʴʪʘʪʦʤ ʜʝʡʩʪʚʠʷ ʧʦʜʩʪʘʥʦʚʢʠ 

 

ʥʘ ʤʥʦʛʦʯʣʝʥ f
 
(x1, x2, ..., xn) ʥʘʟʳʚʘʶʪ ʤʥʦʛʦʯʣʝʥ  

a
 
f
 
(x1, x2, ..., xn) = f

 
(xa(1), xa(2), é, xa(n)). 

ɻʦʚʦʨʷʪ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ f ʚʳʜʝʨʞʠʚʘʝʪ ʧʦʜʩʪʘʥʦʚʢʫ a, ʝʩʣʠ af = f.  

ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ ʚʳʜʝʨʞʠʚʘʝʪ ʚʩʝ ʧʦʜʩʪʘʥʦʚʢʠ ʩʪʝʧʝʥʠ n, ʪʦ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ 

ʥʘʟʳʚʘʶʪ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ. ʀʪʘʢ, ʤʥʦʛʦʯʣʝʥ f
 
(x1, x2, é, xn)   ï   ʩʠʤʤʝʪʨʠʯʝʩʢʠʡ, ʝʩʣʠ ʜʣʷ ʣʶ-

ʙʦʡ ʧʦʜʩʪʘʥʦʚʢʠa ʠʟ Sn 

f
 
(xa(1), xa(2), ..., xa(n)) = f

 
(x1, x2, é, xn). 

ʏʪʦʙʳ ʫʟʥʘʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ ʜʘʥʥʳʡ ʤʥʦʛʦʯʣʝʥ ʦʪ n ʧʝʨʝʤʝʥʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ, ʥʝʪ ʥʝʦʙʭʦ-

ʜʠʤʦʩʪʠ ʧʨʦʚʝʨʷʪʴ ʜʝʡʩʪʚʠʝ ʥʘ ʥʝʛʦ ʢʘʞʜʦʡ ʠʟ n! ʧʦʜʩʪʘʥʦʚʦʢ ʩʪʝʧʝʥʠ n. ʊʘʢ ʢʘʢ ʩʠʤʤʝʪʨʠʯʝʩʢʘʷ 

ʛʨʫʧʧʘ Sn ʧʦʨʦʞʜʘʝʪʩʷ ʪʨʘʥʩʧʦʟʠʮʠʷʤʠ, ʧʝʨʝʤʝʱʘʶʱʠʤʠ ʩʦʩʝʜʥʠʝ ʩʠʤʚʦʣʳ, ʜʦʩʪʘʪʦʯʥʦ ʣʠʰʴ (n 

ï 1) ʧʨʦʚʝʨʦʢ. 

ʄʥʦʛʦʯʣʝʥ f
 
(x1, x2, é, xn) ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ, ʝʩʣʠ ʦʥ ʚʳʜʝʨʞʠʚʘʝʪ ʚʩʝ ʪʨʘʥʩʧʦʟʠʮʠʠ (i i 

+ 1), ʛʜʝ i = 1, 2, é, n ï 1. 

ʆʜʥʘʢʦ ʯʠʩʣʦ ʠʩʧʳʪʘʥʠʡ ʥʘ ʩʠʤʤʝʪʨʠʯʥʦʩʪʴ ʤʦʞʥʦ ʩʥʠʟʠʪʴ ʜʦ ʜʚʫʭ, ʪʘʢ ʢʘʢ ʩʠʤʤʝʪʨʠʯʝʩʢʘʷ 

ʛʨʫʧʧʘ Sn ʧʦʨʦʞʜʘʝʪʩʷ ʚʩʝʛʦ ʣʠʰʴ ʜʚʫʤʷ ʵʣʝʤʝʥʪʘʤʠ: (1 2) ʠ (1 2 é n). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʥʦʛʦʯʣʝʥ f
 
(x1, x2, é, xn) ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ, ʝʩʣʠ: 

f
 
(x2, x1, x3, é, xn ï 1, xn) = f

 
(x1, x2, x3, é, xn ï 1, xn); 

f
 
(x2, x3, é, xn ï 1, xn, x1) = f

 
(x1, x2, x3, é, xn ï 1, xn). 
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ʄʝʥʝʝ ʯʝʤ ʜʚʫʤʷ ʧʨʦʚʝʨʢʘʤʠ ʜʣʷ n > 2 ʦʙʦʡʪʠʩʴ ʥʝʣʴʟʷ. ʇʨʠ n > 2 ʛʨʫʧʧʘ Sn  ï   ʥʝʮʠʢʣʠʯʝ-

ʩʢʘʷ, ʧʦʵʪʦʤʫ ʜʘʞʝ ʝʩʣʠ ʤʥʦʛʦʯʣʝʥ f
 
(x1, x2, é, xn) ʚʳʜʝʨʞʘʣ ʢʘʢʫʶ-ʥʠʙʫʜʴ ʥʝʝʜʠʥʠʯʥʫʶ ʧʦʜʩʪʘ-

ʥʦʚʢʫ, ʪʦ ʥʘʚʝʨʥʷʢʘ ʥʘʡʜʝʪʩʷ ʧʦʜʩʪʘʥʦʚʢʘ ʠʟ Sn , ʢʦʪʦʨʘʷ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ ʠʟʤʝʥʠʪ. 

ʇʨʦʩʪʝʡʰʠʤ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ ʤʥʦʛʦʯʣʝʥʦʤ ʙʫʜʝʪ ʤʥʦʛʦʯʣʝʥ, ʩʦʩʪʦʷʱʠʡ ʠʟ ʦʜʥʦʛʦ ʩʚʦʙʦʜ-

ʥʦʛʦ ʯʣʝʥʘ: ʦʥ, ʢʦʥʝʯʥʦ, çʚʳʜʝʨʞʠʪè ʚʩʝ ʧʦʜʩʪʘʥʦʚʢʠ ʧʝʨʝʤʝʥʥʳʭ, ʢʦʪʦʨʳʭ ʚ ʥʝʤ ʧʦʧʨʦʩʪʫ ʥʝʪ. 

ʈʘʩʩʤʦʪʨʠʤ ʤʝʥʝʝ ʪʨʠʚʠʘʣʴʥʳʡ ʧʨʠʤʝʨ, ʘ ʠʤʝʥʥʦ ʩʝʨʠʶ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝ-

ʧʝʥʝʡ 1, 2, é, n:  

s1(x1, é, xn) = x1+ x2 + é + xn =  

s2(x1, é, xn) = x1x2+ x1x3 + é + xn ï 1 xn =  

s3(x1, é, xn) = x1x2x3+ x1x3x4+ é + xn ï 2 xn ï 1 xn= ,  

.  .  .  .  .  .  .  .  .  

sk (x1, é, xn) =  

.  .  .  .  .  .  .  .  .  

sn (x1, ..., xn) = x1x2éxn. 

ʄʥʦʛʦʯʣʝʥʳ si (x1, é, xn) ʥʘʟʳʚʘʶʪ ʦʩʥʦʚʥʳʤʠ (ʠʣʠ ʵʣʝʤʝʥʪʘʨʥʳʤʠ, ʠʣʠ ʧʨʦʩʪʝʡʰʠʤʠ) 

ʩʠʤʤʝʪʨʠʯʝʩʢʠʤʠ ʤʥʦʛʦʯʣʝʥʘʤʠ. 

ʊʘʡʥʘ ʧʨʦʠʩʭʦʞʜʝʥʠʷ ʦʩʥʦʚʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ (ʠ ʧʨʝʜʧʦʯʪʝʥʠʝ ʠʤʝʥʥʦ ʵʪʠʭ 

ʤʥʦʛʦʯʣʝʥʦʚ, ʥʘʧʨʠʤʝʨ, ʩʫʤʤʘʤ i-ʭ ʩʪʝʧʝʥʝʡ ʧʝʨʝʤʝʥʥʳʭ) ʧʨʦʷʩʥʷʝʪʩʷ ʩʣʝʜʫʶʱʠʤ ʬʘʢʪʦʤ. 

ʂʦʵʬʬʠʮʠʝʥʪʳ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ʩ ʪʦʯ-

ʥʦʩʪʴʶ ʜʦ ʟʥʘʢʘ ʷʚʣʷʶʪʩʷ ʟʥʘʯʝʥʠʷʤʠ ʦʩʥʦʚʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦ-

ʯʣʝʥʦʚ ʦʪ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ. 

ʆ çʪʦʯʥʦʩʪʠ ʜʦ ʟʥʘʢʘè ʤʦʞʥʦ ʩʢʘʟʘʪʴ ʪʦʯʥʝʝ. 

ɿʥʘʢʠ ʟʥʘʯʝʥʠʡ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʧʨʦʩʪʦ ʯʝʨʝʜʫʶʪʩʷ, ʘ 

ʠʤʝʥʥʦ: ʝʩʣʠ ʤʥʦʛʦʯʣʝʥ 

x
n
 + a1 x

n ï 1
 + é + an ï 1 x + an 

ʠʤʝʝʪ ʢʦʨʥʠ x1, x2, ..., xn , ʛʜʝ ʢʘʞʜʳʡ ʢʦʨʝʥʴ ʩʯʠʪʘʝʪʩʷ ʩʪʦʣʴʢʦ ʨʘʟ, ʢʘʢʦʚʘ ʝʛʦ ʢʨʘʪʥʦʩʪʴ, ʪʦ: 

a1 = ï(x1+ x2+ é + xn);  

a2 = (x1 x2 + x1 x3 + é + xn ï 1 xn);  

a3 =  

.  .  .  .  .  .  .  

ak =  

.  .  .  .  .  .  .  

an = (ï1)
k
Öx1 x2éxn ; 

ʠʣʠ, ʪʦ ʞʝ ʩʘʤʦʝ, ʥʦ ʢʦʨʦʯʝ: 

ak = (ï1)
k
Ösk (x1, x2, é, xn). 

ɺ ʯʝʩʪʴ ʘʚʪʦʨʘ ʵʪʠ ʬʦʨʤʫʣʳ ʥʘʟʳʚʘʶʪ ʬʦʨʤʫʣʘʤʠ ɺʠʝʪʘ
1
. 

                                                 
1 ʌʨʘʥʩʫʘ ɺʠʝʪ (1540ï1603)   ï   ʬʨʘʥʮʫʟʩʢʠʡ ʤʘʪʝʤʘʪʠʢ. ʈʘʟʨʘʙʦʪʘʣ ʧʦʯʪʠ ʚʩʶ ʵʣʝʤʝʥʪʘʨʥʫʶ ʘʣʛʝʙʨʫ ʠ ʧʝʨʚʳʤ 

ʚʚʝʣ ʙʫʢʚʝʥʥʳʝ ʦʙʦʟʥʘʯʝʥʠʷ ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʚ ʫʨʘʚʥʝʥʠʷʭ. ʉʨʝʜʠ ʩʚʦʠʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʦʪʢʨʳʪʠʡ ʩʘʤ ɺʠʝʪ ʦʩʦʙʝʥ-

ʥʦ ʮʝʥʠʣ ʫʩʪʘʥʦʚʣʝʥʠʝ ʟʘʚʠʩʠʤʦʩʪʠ ʤʝʞʜʫ ʢʦʨʥʷʤʠ ʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʫʨʘʚʥʝʥʠʡ. 
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ɼʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʬʦʨʤʫʣ ɺʠʝʪʘ ʜʦʩʪʘʪʦʯʥʦ ʨʘʩʢʨʳʪʴ ʩʢʦʙʢʠ ʚ ʧʨʦʠʟʚʝʜʝʥʠʠ 

x
n 
+ a1 x

n ï 1 
+ é+ an ï 1 x + an = (x ï x1) (x ï x2) é(x ï xn),  

ʧʨʠʚʝʩʪʠ ʧʦʜʦʙʥʳʝ ʯʣʝʥʳ ʠ ʧʨʠʨʘʚʥʷʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ ʫ ʦʜʠʥʘʢʦʚʳʭ ʩʪʝʧʝʥʝʡ x ʫ ʤʥʦʛʦʯʣʝʥʦʚ ʚ 

ʣʝʚʦʡ ʠ ʧʨʘʚʦʡ ʯʘʩʪʷʭ ʨʘʚʝʥʩʪʚʘ. 

ɼʣʷ ʚʦʧʨʦʩʘ ʦ ʢʦʨʥʷʭ ʪʨʝʙʦʚʘʥʠʝ ʥʦʨʤʠʨʦʚʘʥʥʦʩʪʠ ʤʥʦʛʦʯʣʝʥʘ ʥʝʩʫʱʝʩʪʚʝʥʥʦ   ï   ʢʦʨʥʠ 

ʤʥʦʛʦʯʣʝʥʘ ʦʪ ʥʦʨʤʠʨʦʚʘʥʠʷ ʥʝ ʤʝʥʷʶʪʩʷ. 

ʅʦ ʬʦʨʤʫʣʳ ɺʠʝʪʘ ʥʝʩʣʦʞʥʦ ʟʘʧʠʩʘʪʴ ʠ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ: ʢʦʨʥʠ x1, x2, ..., xn 

ʤʥʦʛʦʯʣʝʥʘ 

a0 xn+ a1 x
n ï 1
+ é+ an ï 1 x+ an , 

(ʛʜʝ ʢʘʞʜʳʡ ʢʦʨʝʥʴ ʩʯʠʪʘʝʪʩʷ ʩʪʦʣʴʢʦ ʨʘʟ, ʢʘʢʦʚʘ ʝʛʦ ʢʨʘʪʥʦʩʪʴ) ʩʚʷʟʘʥʳ ʩʣʝʜʫʶʱʠʤʠ ʩʦʦʪʥʦhʝ-

ʥʠʤ̫ʠ: 

 = (ï1)
k
Ösk (x1, x2, é, xn). 

ɽʩʣʠ f
 
(x1, x2, é, xm)  ï   ʧʨʦʠʟʚʦʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ, ʘ si (x1, x2, é, xn)  ï   ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ ʤʥʦ-

ʛʦʯʣʝʥʳ (i = 1, 2, ..., m), ʪʦ  

f
 
(s1(x1, x2, é, xn), s2(x1, x2, é, xn), é, sm(x1, x2, é, xn))   ï   

ʪʦʞʝ ʩʠʤʤʝʪʨʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ. ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʧʦʜʩʪʘʥʦʚʢʘ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʚ 

ʧʨʦʠʟʚʦʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ ʤʥʦʛʦʯʣʝʥʦʤ. 

ʊʘʢ ʢʘʢ ʥʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ ʠ ʤʥʦʛʦʯʣʝʥ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ   ï   ʪʦʞʝ ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ, ʵʪʦ ʫʪ-

ʚʝʨʞʜʝʥʠʝ ʨʘʚʥʦʩʠʣʴʥʦ ʪʦʤʫ, ʯʪʦ ʩʫʤʤʘ, ʨʘʟʥʦʩʪʴ ʠ ʧʨʦʠʟʚʝʜʝʥʠʝ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ 

ʩʥʦʚʘ ʷʚʣʷʶʪʩʷ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤʠ ʤʥʦʛʦʯʣʝʥʘʤʠ.  

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʤʥʦʞʝʩʪʚʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʦʙʨʘʟʫʝʪ ʧʦʜʢʦʣʴʮʦ. 

ɼʣʷ ʠʟʫʯʝʥʠʷ ʦʙʲʝʢʪʘ, ʚ ʧʝʨʚʫʶ ʦʯʝʨʝʜʴ, ʧʦʣʝʟʥʦ ʥʘʡʪʠ ʧʦʨʦʞʜʘʶʱʠʝ ʵʣʝʤʝʥʪʳ.  

ʇʦʜʢʦʣʴʮʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʧʦʨʦʞʜʘʝʪʩʷ ʵʣʝʤʝʥ-

ʪʘʨʥʳʤʠ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤʠ ʤʥʦʛʦʯʣʝʥʘʤʠ.  

ʕʪʦʪ ʬʘʢʪ ʥʦʩʠʪ ʥʘʟʚʘʥʠʝ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʳ ʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʘʭ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʳ ʤʦʞʥʦ ʧʨʦʚʝʩʪʠ ʤʝʪʦʜʦʤ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʠʥʜʫʢʮʠʠ, ʘ 

ʠʤʝʥʥʦ ʠʥʜʫʢʮʠʝʡ ʧʦ ʚʳʩʦʪʝ ʚʳʩʰʝʛʦ ʯʣʝʥʘ ʤʥʦʛʦʯʣʝʥʘ f
 
(x1, x2, ..., xn).  

ʅʠʟʰʠʡ ʚʦʟʤʦʞʥʳʡ ʯʣʝʥ ʤʥʦʛʦʯʣʝʥʘ   ï ʵʪʦ ʩʚʦʙʦʜʥʳʡ ʯʣʝʥ (ʨʘʚʥʳʡ ʥʫʣʶ ʠʣʠ ʥʝʥʫʣʝʚʦʡ). 

ɺ ʩʚʦʙʦʜʥʦʤ ʯʣʝʥʝ ʚʦʦʙʱʝ ʥʝʪ ʧʝʨʝʤʝʥʥʳʭ, ʧʦʵʪʦʤʫ ʬʦʨʤʘʣʴʥʦ ʦʥ ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤ 

ʤʥʦʛʦʯʣʝʥʦʤ. ɹʘʟʘ ʠʥʜʫʢʮʠʠ ʜʦʢʘʟʘʥʘ. 

ʐʘʛ ʠʥʜʫʢʮʠʠ. ʉʠʤʤʝʪʨʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ f
 
(x1, x2, é, xn) ʩʦʩʪʦʠʪ ʥʝ ʠʟ ʦʜʥʦʛʦ ʩʚʦʙʦʜʥʦʛʦ 

ʯʣʝʥʘ, ʠ ʧʫʩʪʴ 

W =  

ʝʛʦ ʚʳʩʰʠʡ ʯʣʝʥ. ʇʦ ʠʥʜʫʢʪʠʚʥʦʤʫ ʧʨʝʜʧʦʣʦʞʝʥʠʶ ʜʣʷ ʚʩʝʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʩ 

ʚʳʩʰʠʤ ʯʣʝʥʦʤ ʥʠʞʝ, ʯʝʤ ʦʜʥʦʯʣʝʥ W, ʫʪʚʝʨʞʜʝʥʠʝ ʪʝʦʨʝʤʳ ʚʝʨʥʦ. 

ʇʦʜʙʝʨʝʤ ʦʜʥʦʯʣʝʥ ʦʪ ʦʩʥʦʚʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʠʤʝʶʱʠʡ ʪʘʢʦʡ ʞʝ ʚʳʩʰʠʡ 

ʯʣʝʥ, ʯʪʦ ʠ W. 

ɿʘʤʝʪʠʤ ʩʥʘʯʘʣʘ, ʯʪʦ ʚ W ʧʦʢʘʟʘʪʝʣʠ ʩʪʝʧʝʥʝʡ ʥʝ ʚʦʟʨʘʩʪʘʶʪ. 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ, ʥʘʧʨʠʤʝʨ, a2 > a1, ʪʦ ʤʥʦʛʦʯʣʝʥ f ʢʘʢ ʩʠʤʤʝʪʨʠʯʝʩʢʠʡ ʜʦʣʞʝʥ ʚʳʜʝʨ-

ʞʘʪʴ ʧʦʜʩʪʘʥʦʚʢʫ (1 2). ʅʦ ʪʦʛʜʘ ʩʨʝʜʠ ʦʜʥʦʯʣʝʥʦʚ ʤʥʦʛʦʯʣʝʥʘ ʜʦʣʞʝʥ ʙʳʪʴ ʦʜʥʦʯʣʝʥ 

,  

ʢʦʪʦʨʳʡ ʚʳʰʝ, ʯʝʤ W. 

ʀʪʘʢ, a2²a2² é ²an. 
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ɺʳʩʰʠʡ ʯʣʝʥ U ʤʥʦʛʦʯʣʝʥʘ 

f1(x1, x2, é, xn) =  

ʨʘʚʝʥ ʧʨʦʠʟʚʝʜʝʥʠʶ ʚʳʩʰʠʭ ʯʣʝʥʦʚ ʵʣʝʤʝʥʪʘʨʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ: 

 

ʏʪʦʙʳ ʥʘʡʪʠ ʯʠʩʣʘ m1, m2, é, mn ï 1, mn , ʩʦʩʪʘʚʠʤ ʠ ʨʝʰʠʤ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ: 

 

ʕʪʘ ʩʠʩʪʝʤʘ ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ: 

(a1-a2, a2-a3, é, an ï 1-an , an). 

ʀʪʘʢ,  

f1(x1, x2, é, xn) = .... 13221

21
nnn

n

a
A

asasaa ssss --- -

 

 

ʄʥʦʛʦʯʣʝʥ 

f2(x1, x2, é, xn) = f
 
(x1, x2, é, xn)  - f1(x1, x2, é, xn)  

ʷʚʣʷʝʪʩʷ ʨʘʟʥʦʩʪʴ ʁʜʚʫʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʠ ʧʦʵʪʦʤʫ ʩʘʤ ʩʠʤʤʝʪʨʠʯʝʩʢʠʡ. ɽʛʦ 

ʚʳʩʰʠʡ ʯʣʝʥ ʥʠʞʝ, ʯʝʤ ʚʳʩʰʠʡ ʯʣʝʥ ʤʥʦʛʦʯʣʝʥʘ W.  

ɼʣʷ ʣʝʢʩʠʢʦʛʨʘʬʠʯʝʩʢʠ ʫʧʦʨʷʜʦʯʝʥʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʦʜʥʦʯʣʝʥʦʚ ʦʪ x1, x2, é, xn ʚʳʧʦʣʥʷʝʪ-

ʩʷ ʫʩʣʦʚʠʝ ʠʥʜʫʢʪʠʚʥʦʩʪʠ (ʨʘʚʥʦʩʠʣʴʥʦʝ ʫʩʣʦʚʠʶ ʦʙʨʳʚʘ ʫʙʳʚʘʶʱʠʭ ʮʝʧʝʡ). ʇʦʵʪʦʤʫ ʠʟ ʪʦʛʦ, 

ʯʪʦ ʫʪʚʝʨʞʜʝʥʠʝ ʚʝʨʥʦ ʜʣʷ ʚʩʝʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʚʳʩʰʠʤ ʯʣʝʥʦʤ ʥʠʞʝ W, ʩʣʝʜʫʝʪ 

ʠʩʪʠʥʥʦʩʪʴ ʧʨʝʜʣʦʞʝʥʠʷ ʠ ʜʣʷ ʤʥʦʛʦʯʣʝʥʘ f
 
(x1, x2, é, xn). 

ɺʧʨʦʯʝʤ, ʪʦ, ʯʪʦ ʮʝʧʦʯʢʘ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ ʥʝʧʨʝʤʝʥʥʦ ʦʙʦʨʚʝʪʩʷ, ʤʦʞʥʦ ʫʚʠʜʝʪʴ 

ʠ ʠʟ ʧʨʦʩʪʳʭ ʘʨʠʬʤʝʪʠʯʝʩʢʠʭ ʩʦʦʙʨʘʞʝʥʠʡ.  

ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ f2(x1, x2, é, xn) ʩʦʩʪʦʠʪ ʥʝ ʠʟ ʦʜʥʦʛʦ ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ, ʪʦ ʝʛʦ ʚʳʩʰʠʡ ʯʣʝʥ 

ʠʤʝʝʪ ʚʠʜ 

,...21

21
n

nxxBx
bbb

 

ʛʜʝ a2  ² b1 ² b2 ² é² bn. 

ʊʘʢʠʤ ʞʝ ʩʚʦʡʩʪʚʦʤ ʙʫʜʫʪ ʦʙʣʘʜʘʪʴ ʚʩʝ ʚʳʩʰʠʝ ʯʣʝʥʳ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ. ʏʠʩʣʦ 

ʚʩʝʚʦʟʤʦʞʥʳʭ ʥʘʙʦʨʦʚ ʮʝʣʳʭ ʥʝʦʪʨʠʮʘʪʝʣʴʥʳʭ ʯʠʩʝʣ (g1, g2, é , gn) ʪʘʢʠʭ, ʯʪʦ 

a2 ² g2 ² g1 ² é ² gn ,  

ʢʦʥʝʯʥʦ; ʧʦʵʪʦʤʫ ʯʝʨʝʟ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ ʰʘʛʦʚ ʙʫʜʝʪ ʧʦʣʫʯʝʥ ʤʥʦʛʦʯʣʝʥ, ʩʦʩʪʦʷʱʠʡ ʠʟ ʦʜʥʦʛʦ 

ʩʚʦʙʦʜʥʦʛʦ ʯʣʝʥʘ. 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʳ ʧʦʜʩʢʘʟʳʚʘʝʪ ʠ ʘʣʛʦʨʠʪʤ ʥʘʭʦʞʜʝʥʠʷ ʢʦʥʢʨʝʪʥʦʛʦ ʧʨʝʜ-

ʩʪʘʚʣʝʥʠʷ ʩʠʤʤʝʪʨʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʦʪ ʦʩʥʦʚʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ. ɺʳʧʠʰʝʤ 

ʩʥʘʯʘʣʘ ʚʳʨʘʞʝʥʠʷ ʚʦʟʤʦʞʥʳʭ ʚʳʩʰʠʭ ʯʣʝʥʦʚ ʚʩʝʭ ʧʨʦʤʝʞʫʪʦʯʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʥʘʯʠʥʘʷ ʩ 

ʜʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘf2(x1, x2, é, xn). 
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ɺ ʨʝʟʫʣʴʪʘʪʝ ʤʳ ʧʦʣʫʯʠʤ ʠʩʢʦʤʦʝ ʚʳʨʘʞʝʥʠʷ ʦʪ ʵʣʝʤʝʥʪʘʨʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦ-

ʯʣʝʥʦʚ ʩ ʧʦʢʘ ʥʝʦʧʨʝʜʝʣʝʥʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. ʅʘʡʜʝʤ ʵʪʠ ʢʦʵʬʬʠʮʠʝʥʪʳ, ʧʨʠʜʘʚ ʥʘʙʦʨʳ 

ʟʥʘʯʝʥʠʡ ʧʝʨʝʤʝʥʥʳʤ x1, x2, ..., xn ʠ ʨʝʰʠʚ ʧʦʣʫʯʠʚʰʫʶʩʷ ʩʠʩʪʝʤʫ ʫʨʘʚʥʝʥʠʡ. 

ʉʠʤʤʝʪʨʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʦʜʥʦʨʦʜʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ 

ʨʘʟʣʠʯʥʳʭ ʩʪʝʧʝʥʝʡ. ʆʜʥʦʯʣʝʥ ʦʪ ʵʣʝʤʝʥʪʘʨʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʧʦʩʣʝ ʨʘʩʢʨʳʪʠʷ 

ʩʢʦʙʦʢ ʪʦʞʝ ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʦʜʥʦʨʦʜʥʳʡ ʤʥʦʛʦʯʣʝʥ.  

ʇʦʵʪʦʤʫ ʮʝʣʝʩʦʦʙʨʘʟʥʦ ʠʩʢʘʪʴ ʚʳʨʘʞʝʥʠʝ ʦʪ ʵʣʝʤʝʥʪʘʨʥʳʭ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ 

ʜʣʷ ʢʘʞʜʦʛʦ ʩʣʘʛʘʝʤʦʛʦ ʦʪʜʝʣʴʥʦ. ɼʣʷ ʦʜʥʦʨʦʜʥʦʛʦ ʩʠʤʤʝʪʨʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʩʪʝʧʝʥʠ k ʚʦʟ-

ʤʦʞʥʦʩʪʠ ʜʣʷ ʧʨʦʤʝʞʫʪʦʯʥʦʛʦ ʚʳʩʰʝʛʦ ʯʣʝʥʘ  

n

nxxx
ggg

...21

21  

ʝʱʝ ʙʦʣʝʝ ʦʛʨʘʥʠʯʝʥʥʳ. ʂ ʫʩʣʦʚʠʶ a2 ²  g2 ² g1 ² é ² gn ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʜʦʙʘʚʣʷʝʪʩʷ ʝʱʝ ʦʜʥʦ: 

g2 + g1 + é + gn= k. 

ɺʝʨʥʝʤʩʷ ʢ ʦʙʱʝʡ ʢʘʨʪʠʥʝ. ʅʘ ʩʠʪʫʘʮʠʶ ʩ ʩʠʤʤʝʪʨʠʯʝʩʢʠʤʠ ʤʥʦʛʦʯʣʝʥʘʤʠ ʤʦʞʥʦ ʚʟʛʣʷʥʫʪʴ 

ʠ ʩ ʠʥʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ.  

ɺ ʢʦʣʴʮʝ K
 
[x1, x2, é, xn] ʨʘʩʩʤʦʪʨʠʤ ʧʦʜʢʦʣʴʮʦ S, ʧʦʨʦʞʜʝʥʥʦʝ ʦʩʥʦʚʥʳʤʠ ʩʠʤʤʝʪ-

ʨʠʯʝʩʢʠʤʠ ʤʥʦʛʦʯʣʝʥʘʤʠ si . ʆʩʥʦʚʥʘʷ ʪʝʦʨʝʤʘ ʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʘʭ ʨʝʰʘʝʪ ʧʨʦʙʣʝʤʫ 

ʚʭʦʞʜʝʥʠʷ ʚ ʧʦʜʢʦʣʴʮʦ S: ʤʥʦʛʦʯʣʝʥ f ʧʨʠʥʘʜʣʝʞʠʪ S ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ f  ï   ʩʠʤʤʝʪ-

ʨʠʯʝʩʢʠʡ. ʇʨʦʚʝʨʢʘ ʩʠʤʤʝʪʨʠʯʥʦʩʪʠ ʩʦʩʪʦʠʪ ʚ ʦʪʚʝʪʝ ʥʘ ʚʦʧʨʦʩ, ʚʳʜʝʨʞʠʚʘʝʪ ʠʣʠ ʥʝʪ ʤʥʦʛʦʯʣʝʥ 

ʧʦʜʩʪʘʥʦʚʢʠ (1 2) ʠ (1 2 é n)?  

ʂʨʦʤʝ ʦʪʚʝʪʘ ʥʘ ʚʦʧʨʦʩ çʚʭʦʜʠʪ ʠʣʠ ʥʝʪ ʤʥʦʛʦʯʣʝʥ ʚ ʧʦʜʢʦʣʴʮʦ Sè, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ 

ʠ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʚ ʧʦʨʦʞʜʘʶʱʠʭ si . 

ɽʩʣʠ As1s2 ... sn  ï   ʦʜʥʦʯʣʝʥ ʦʪ si , ʪʦ ʧʦʩʣʝ ʟʘʤʝʥʳ si ʤʥʦʛʦʯʣʝʥʘʤʠ ʦʪ x1, x2, é, xn ʧʦ ʧʦʢʘ-

ʟʘʪʝʣʷʤ ʩʪʝʧʝʥʝʡ xi ʚ ʚʳʩʰʝʤ ʯʣʝʥʝ ʧʦʣʫʯʝʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʤʦʞʥʦ ʦʜʥʦʟʥʘʯʥʦ ʚʦʩʩʪʘʥʦʚʠʪʴ ʠʩʭʦʜ-

ʥʳʡ ʦʜʥʦʯʣʝʥ As1s2 é sn . ʇʦʵʪʦʤʫ ʥʝʥʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ f
 
(s1, s2, é, sn)ʦʩʪʘʝʪʩʷ ʥʝʥʫʣʝʚʳʤ ʠ ʧʦ-

ʩʣʝ ʟʘʤʝʥʳ si ʥʘ ʠʭ ʚʳʨʘʞʝʥʠʷ ʯʝʨʝʟ x1, x2, é, xn . 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʢʘʞʜʳʡ ʩʠʤʤʝʪʨʠʯʝʩʢʠʡ ʦʪ ʧʝʨʝʤʝʥʥʳʭ xi ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʝʜʠʥ-

ʩʪʚʝʥʥʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʚ ʚʠʜʝ ʤʥʦʛʦʯʣʝʥʘ ʦʪ si . 

ʅʦ ʢʘʞʜʳʡ ʤʥʦʛʦʯʣʝʥ f
 
(x1, x2, é, xn) ʪʘʢʞʝ ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʦʪ ʧʝʨʝʤʝʥʥʳʭ xi . 

ʆʪʦʙʨʘʞʝʥʠʝ xi  si, i = 1, 2, é, n, ʧʨʠ ʥʝʧʦʜʚʠʞʥʳʭ ʵʣʝʤʝʥʪʘʭ ʠʟ K ʤʦʞʥʦ ʧʨʦʜʦʣʞʠʪʴ ʜʦ ʦʪʦʙ-

ʨʘʞʝʥʠʷ ʚʩʝʛʦ ʢʦʣʴʮʘ K
 
[x1, x2, é, xn] ʥʘ ʢʦʣʴʮʦ K

 
[s1, s2, é, sn], ʧʨʠʯʝʤ ʵʪʦ ʦʪʦʙʨʘʞʝʥʠʝ ʚʟʘ-

ʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦ ʠ ʩʦʭʨʘʥʷʝʪ ʦʧʝʨʘʮʠʠ. ʀʥʘʯʝ ʛʦʚʦʨʷ,  

ʂʦʣʴʮʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ K [s1 ,  s2 ,  é, sn] ʠʟʦʤʦʨʬʥʦ ʢʦʣʴʮʫ 

K [ x1 ,  x2, é, xn ] .  

ɽʩʪʝʩʪʚʝʥʥʦ, ʯʪʦ ʤʦʞʥʦ ʚʟʷʪʴ ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ ʦʪ si ʚ ʨʝʟʫʣʴʪʘʪʝ ʩʥʦʚʘ ʧʦʣʫʯʠʪ-

ʩʷ ʢʦʣʴʮʦ, ʠʟʦʤʦʨʬʥʦʝ ʠʩʭʦʜʥʦʤʫ ʢʦʣʴʮʫ ʤʥʦʛʦʯʣʝʥʦʚ, ʠ ʪ.
 
ʜ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʢʦʣʴʮʝ ʤʥʦʛʦ-

ʯʣʝʥʦʚ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʩʦʜʝʨʞʠʪʩʷ ʙʝʩʢʦʥʝʯʥʘʷ ʫʙʳʚʘʶʱʘʷʮʝʧʦʯʢʘ ʧʦʜʢʦʣʝʮ, ʠʟʦ-

ʤʦʨʬʥʳʭ ʢʦʣʴʮʫ K [x1, x2, ..., xn]. 

ʂʨʘʪʥʳʝ ʢʦʨʥʠ. ɿʘʜʘʯʘ ʦ ʢʨʘʪʥʳʭ ʢʦʨʥʷʭ ʤʥʦʛʦʯʣʝʥʘ f
 
(x)ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ 

ʢʦʣʴʮʘ K ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʥʫʣʴ ʣʝʛʢʦ ʨʝʰʘʝʪʩʷ. ʄʥʦʛʦʯʣʝʥ f
 
(x)ʠʤʝʝʪ ʢʨʘʪʥʳʝ ʢʦʨʥʠ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥ ʥʝ ʚʟʘʠʤʥʦ ʧʨʦʩʪ ʩʦ ʩʚʦʝʡ ʧʨʦʠʟʚʦʜʥʦʡ. ɺʳʯʠʩʣʠʪʴ ʥʘʠʙʦʣʴʰʠʡ ʜʝʣʠʪʝʣʴ ʤʥʦʛʦ-

ʯʣʝʥʘ f
 
(x) ʠ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʚ ʢʦʣʴʮʝ  ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ   ï   ʧʦʣʝʤ 

ʯʘʩʪʥʳʭ ʢʦʣʴʮʘ K.  

ɽʩʪʴ, ʦʜʥʘʢʦ, ʠ ʜʨʫʛʦʡ ʧʫʪʴ, ʠʟʚʝʩʪʥʳʡ (ʚ ʯʘʩʪʥʦʤ ʩʣʫʯʘʝ) ʜʘʞʝ ʰʢʦʣʴʥʠʢʘʤ. ʈʘʩʩʤʦʪʨʠʤ ʵʪʫ 

ʰʢʦʣʴʥʫʶ ʩʠʪʫʘʮʠʶ ʧʦʜʨʦʙʥʦ. 

ʇʫʩʪʴ  

f
 
(x) = ax

2
 + bx + c  

][xK K
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ʤʥʦʛʦʯʣʝʥ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ. ʕʪʦʪ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʢʨʘʪʥʳʝ ʢʦʨʥʠ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʝʛʦ 

ʜʠʩʢʨʠʤʠʥʘʥʪ 

D = b
2
 ï 4ac 

ʨʘʚʝʥ ʥʫʣʶ.  

ʋʪʚʝʨʞʜʝʥʠʝ ʦ ʜʠʩʢʨʠʤʠʥʘʥʪʝ ʠ ʢʨʘʪʥʳʭ ʢʦʨʥʷʭ ʢʚʘʜʨʘʪʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʩʚʷʟʘʥʦ 

ʩ ʬʦʨʤʫʣʦʡ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʢʦʨʥʝʡ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʄʦʞʥʦ ʣʠ ʪʘʢ ʦʧʨʝʜʝʣʠʪʴ ʧʦʥʷʪʠʝ ʜʠʩʢʨʠ-

ʤʠʥʘʥʪʘ ʜʣʷ ʤʥʦʛʦʯʣʝʥʘ, ʩʪʝʧʝʥʠ ʙʦʣʴʰʝ ʜʚʫʭ, ʯʪʦ ʝʛʦ ʩʚʦʡʩʪʚʦ (ʨʘʚʝʥʩʪʚʦ ʥʫʣʶ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʢʦʨʥʠ) ʩʦʭʨʘʥʠʣʦʩʴ? ɺʦʟʥʠʢʘʝʪ ʝʱʝ ʦʜʠʥ ʚʦʧʨʦʩ: ʚʦʟʤʦʞʥʦ ʣʠ ʵʪʦ 

ʩʜʝʣʘʪʴ ʙʝʟ ʬʦʨʤʫʣʳ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʢʦʨʥʝʡ?  

ʉʥʘʯʘʣʘ ʨʘʩʩʤʦʪʨʠʤ ʩʠʪʫʘʮʠʶ ʩ ʤʥʦʛʦʯʣʝʥʦʤ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ ʙʦʣʝʝ ʪʱʘʪʝʣʴʥʦ. ʇʫʩʪʴ x1, 

x2  ï   ʢʦʨʥʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʊʦʛʜʘ ʦʥʠ ʩʦʚʧʘʜʘʶʪ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ x1 ï x2 = 0. ɺʳʨʘ-

ʞʝʥʠʝ x1 ï x2ʥʝ ʩʠʤʤʝʪʨʠʯʥʦ, ʦʜʥʘʢʦ ʩʠʤʤʝʪʨʠʶ ʣʝʛʢʦ ʚʥʝʩʪʠ, ʩʦʭʨʘʥʠʚ ʛʣʘʚʥʦʝ ʩʚʦʡʩʪʚʦ ʵʪʦʛʦ 

ʚʳʨʘʞʝʥʠʷ. ʄʥʦʛʦʯʣʝʥ x + bx + c ʠʤʝʝʪ ʢʨʘʪʥʳʝ ʢʦʨʥʠ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʳʨʘʞʝʥʠʝ  

(x1 ïx2)
2
 

ʨʘʚʥʦ ʥʫʣʶ. ʊʘʢʦʝ D ʫʞʝ ʩʠʤʤʝʪʨʠʯʥʦ, ʧʦʵʪʦʤʫ ʝʛʦ ʤʦʞʥʦ ʚʳʨʘʟʠʪʴ ʯʝʨʝʟ ʦʩʥʦʚʥʳʝ ʩʠʤʤʝʪ-

ʨʠʯʝʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ, ʘ ʪʝ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʯʝʨʝʟ ʢʦʵʬʬʠʮʠʝʥʪʳ a, b ʤʥʦʛʦʯʣʝʥʘ. ʏʪʦʙʳ ʦʩʪʘʪʴʩʷ 

ʚ ʢʦʣʴʮʝ (ʘ ʥʝ ʚ ʧʦʣʝ) ʢʦʵʬʬʠʮʠʝʥʪʦʚ, ʥʘʜʦ ʚʩʧʦʤʥʠʪʴ, ʯʪʦ ʚ ʚʳʨʘʞʝʥʠʠ ʦʩʥʦʚʥʳʭ ʩʠʤʤʝʪʨʠʯʝ-

ʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʯʝʨʝʟ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʙʫʜʝʪ ʧʨʠʩʫʪʩʪʚʦʚʘʪʴ 

ʤʥʦʞʠʪʝʣʴ . ʅʘʠʙʦʣʴʰʫʶ ʩʪʝʧʝʥʴ ʵʪʦʛʦ ʤʥʦʞʠʪʝʣʷ ʟʜʝʩʴ ʚʠʜʥʦ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ   ï   

ʵʪʘ ʩʪʝʧʝʥʴ ʨʘʚʥʘ ʜʚʫʤ. ʇʦʵʪʦʤʫ, ʯʪʦʙʳ ʦʩʪʘʪʴʩʷ ʚ ʢʦʣʴʮʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ, ʩʣʝʜʫʝʪ ʫʤʥʦʞʠʪʴ (x1 ï 

x2)
2
 ʥʘ a

2
.  

ʀʪʘʢ,  

D = a
2
Ö (x1 ï x2)

2
 = (x1+ x2)

2
ï 4x1x2 =  = b

2
 ï 4ac. 

ʊʘʡʥʘ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ ʨʘʩʢʨʳʪʘ   ï   ʵʪʦ ʧʨʦʩʪʦ 

ʢʚʘʜʨʘʪ ʨʘʟʥʦʩʪʠ ʝʛʦ ʢʦʨʥʝʡ (ʩ ʥʝʥʫʣʝʚʳʤ ʤʥʦʞʠʪʝʣʝʤ, ʫʙʠʨʘʶʱʠʤ ʟʥʘʤʝʥʘʪʝʣʠ ʚ ʝʛʦ ʚʳʨʘʞʝ-

ʥʠʠ ʯʝʨʝʟ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʘ). 

ɼʠʩʢʨʠʤʠʥʘʥʪ. ʇʦʩʣʝ ʵʪʦʛʦ ʥʘʙʣʶʜʝʥʠʷ ʥʝʩʣʦʞʥʦ ʦʙʦʙʱʠʪʴ ʧʦʥʷʪʠʝ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʥʘ 

ʩʣʫʯʘʡ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. 

ʇʫʩʪʴ f
 
(x)  ï   ʤʥʦʛʦʯʣʝʥ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ K ʥʫʣʝʚʦʡ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ: 

f
 
(x) = a0 xn+ a1 x

n ï 1
+ é+ an ï 1 x+ an ,  

ʛʜʝ a0  ̧0; x1, x2, é, xn  ï   ʢʦʨʥʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʊʦʛʜʘ ʩʨʝʜʠ ʵʪʠʭ ʵʣʝʤʝʥʪʦʚ ʚʩʪʨʝʪʷʪʩʷ ʨʘʚʥʳʝ 

ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʳʨʘʞʝʥʠʝ  

 

ʨʘʚʥʦ ʥʫʣʶ. 

ʇʝʨʝʤʝʥʥʦʝ x1 ʚʭʦʜʠʪ ʚ ʵʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚ ʩʪʝʧʝʥʠ 2n ï 2; ʧʦʵʪʦʤʫ ʜʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʵʪʦ ʧʨʦ-

ʠʟʚʝʜʝʥʠʝ ʦʩʪʘʣʦʩʴ ʚ ʢʦʣʴʮʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ, ʜʦʩʪʘʪʦʯʥʦ ʫʤʥʦʞʠʪʴ 

ʝʛʦ ʥʘ . ɺʳʨʘʞʝʥʠʝ  

Ö  

ʥʘʟʳʚʘʶʪ ʜʠʩʢʨʠʤʠʥʘʥʪʦʤ
1
 ʤʥʦʛʦʯʣʝʥʘ f

 
(x). 

ʇʦʥʷʪʠʝ ʜʠʩʢʨʠʤʠʥʘʪʥʘ ʚʚʝʜʝʥʦ ɼʞʝʡʤʩʦʤ ʉʠʣʴʚʝʩʪʨʦʤ
2
.  

                                                 
1 ʆʪ ʣʘʪʠʥʩʢʦʛʦ discriminare  ï  ʨʘʟʜʝʣʷʪʴ, ʨʘʟʣʠʯʘʪʴ. 
2 ɼʞʝʡʤʩ ɼʞʦʟʝʬ ʉʠʣʴʚʝʩʪʨ (1814ï1897) ï ʘʥʛʣʠʡʩʢʠʡ ʤʘʪʝʤʘʪʠʢ, ʠʥʦʩʪʨʘʥʥʳʡ ʯʣʝʥ-ʢʦʨʨʝʩʧʦʥʜʝʥʪ ʇʝʪʝʨ-

ʙʫʨʛʩʢʦʡ ʘʢʘʜʝʤʠʠ ʥʘʫʢ (ʩ 1872 ʛ.). 
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ʊʦʯʥʦ ʪʘʢ ʞʝ, ʢʘʢ ʠ ʚ ʩʣʫʯʘʝ ʢʚʘʜʨʘʪʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, f
 
(x) ʠʤʝʝʪ ʢʨʘʪʥʳʝ ʢʦʨʥʠ ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʝʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪ D(
 
f
  
) = 0. 

ɼʠʩʢʨʠʤʠʥʘʥʪ D(
 
f
  
) ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʳʤ ʚʳʨʘʞʝʥʠʝʤ ʦʪ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ f

 
(x),ʧʦʵʪʦʤʫ 

ʧʦ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʝ ʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʘʭ ʦʥ ʚʳʨʘʞʘʝʪʩʷ ʯʝʨʝʟ ʦʩʥʦʚʥʳʝ ʩʠʤʤʝʪʨʠʯʝ-

ʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ, ʘ ʪʝ, ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ, ʚʳʨʘʞʘʶʪʩʷ ʧʦ ʬʦʨʤʫʣʘʤ ɺʠʝʪʘ ʯʝʨʝʟ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦ-

ʛʦʯʣʝʥʘ f
 
(x). ʀʥʘʯʝ ʛʦʚʦʨʷ, ʜʠʩʢʨʠʤʠʥʘʥʪ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʧʨʠ-

ʥʘʜʣʝʞʠʪ ʢʦʣʴʮʫ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ 

 

ɺʳʯʠʩʣʝʥʠʝ ʜʠʩʢʨʠʤʠʥʘʥʪʘ. ʉ ʧʦʤʦʱʴʶ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʳ ʦ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦ-

ʯʣʝʥʘʭ ʠ ʬʦʨʤʫʣ ɺʠʝʪʘ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʤʦʞʝʪ ʙʳʪʴ ʚʳʯʠʩʣʝʥ ʙʝʟ ʥʘʭʦʞʜʝʥʠʷ ʢʦʨ-

ʥʝʡ ʤʥʦʛʦʯʣʝʥʘ. 

ʅʘʡʜʝʤ, ʥʘʧʨʠʤʝʨ, ʜʠʩʢʨʠʤʠʥʘʥʪ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ. ɽʩʣʠ x1, 

x2, x3  ï   ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ  

f
 
(x) = ax

3
 + bx

2
 + cx + d,  

ʪʦ 

D(
 
f
  
) = a

4
Ö (x1ï x2)

2
Ö (x1 ï x3)

2
Ö (x2 ï x3)

2
. 

ʀʩʧʦʣʴʟʫʷ ʘʣʛʦʨʠʪʤ ʥʘʭʦʞʜʝʥʠʷ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʩʠʤʤʝʪʨʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʯʝʨʝʟ ʦʩʥʦʚ-

ʥʳʝ ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ, ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʚʳʨʘʞʝʥʠʝ D ʯʝʨʝʟ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝ-

ʥʘ. ʕʪʦ ʚʳʨʘʞʝʥʠʝ ʠ ʚʭʦʜʠʪ ʩʦʩʪʘʚʥʦʡ ʯʘʩʪʴʶ ʚ ʬʦʨʤʫʣʫ ʂʘʨʜʘʥʦ. 

ɼʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ax
3
 + bx

2
 + cx + d ʨʘʚʝʥ 

b
2
c

2
ï 4b

3
d ï 4c

2
a + 18abcd ï 27a

2
d

 2
. 

ʇʨʠ ʥʘʭʦʞʜʝʥʠʠ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ n-ʡ ʩʪʝʧʝʥʠ ʤʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪ 

ʫ ʦʜʥʦʯʣʝʥʘ x
n ï 1

 ʨʘʚʝʥ ʥʫʣʶ. ʀʤʝʥʥʦ ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʢʦʨʥʝʡ 

ʤʝʪʦʜʦʤ ʂʘʨʜʘʥʦ. ɺ ʪʘʢʦʡ ʩʠʪʫʘʮʠʠ ʚʳʨʘʞʝʥʠʝ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʫʧʨʦʱʘʝʪʩʷ (ʚʩʝ ʯʣʝʥʳ, ʩʦʜʝʨʞʘ-

ʱʠʝ ʢʦʵʬʬʠʮʠʝʥʪ a, ʠʩʯʝʟʘʶʪ).  

ɼʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ x
3
 + px + q ʨʘʚʝʥ 

ï4p
3
ï 27q

2
. 

ɺ ʬʦʨʤʫʣʝ ʂʘʨʜʘʥʦ ʚʳʨʘʞʝʥʠʝ ʧʦʜ ʢʚʘʜʨʘʪʥʳʤ ʢʦʨʥʝʤ ʦʪʣʠʯʘʝʪʩʷ ʣʠʰʴ ʯʠʩʣʦʚʳʤ ʤʥʦʞʠ-

ʪʝʣʝʤ: 

ï4p
3
ï 27q

2
 = ï108 . 

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʠ ʬʦʨʤʫʣʳ ʂʘʨʜʘʥʦ ʚ ʩʣʫʯʘʝ ʥʫʣʝʚʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʜʘʶʪ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ 

ʜʚʘ ʨʘʚʥʳʭ ʢʦʨʥʷ. 

ʇʨʘʢʪʠʯʝʩʢʦʝ ʚʳʯʠʩʣʝʥʠʝ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʤʥʦʛʦʯʣʝʥʘ ʩʪʝʧʝʥʠ ʚʳʰʝ ʚʪʦʨʦʡ ʤʦʞʥʦ ʫʧʨʦʩ-

ʪʠʪʴ, ʠʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʠʪʝʣʴ ɺʘʥʜʝʨʤʦʥʜʘ: 

 

 

ʆʧʨʝʜʝʣʠʪʝʣʴ ʥʝ ʠʟʤʝʥʷʝʪʩʷ ʧʨʠ ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʠʠ ʝʛʦ ʤʘʪʨʠʮʳ, ʘ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʧʨʦʠʟʚʝ-

ʜʝʥʠʝ  

ö
ö

÷

õ

æ
æ

ç

å
+

274

32 pq

( )Ô
²>²

---

-==D
1
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1
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2
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ʨʘʚʥʦ ʜʠʩʢʨʠʤʠʥʘʥʪʫ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ.  

ɽʩʣʠ, ʢʘʢ ʦʙʳʯʥʦ, Sk ʦʙʦʟʥʘʯʘʝʪ ʩʫʤʤʫ k-ʭ ʩʪʝʧʝʥʝʡ ʵʣʝʤʝʥʪʦʚ x1, x2, é, xn , ʪʦ ʜʠʩʢʨʠʤʠʥʘʥʪ 

ʨʘʚʝʥ 

D=  

ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʳ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ Si , ʪʝʧʝʨʴ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʚʳʨʘʞʝʥʠʝ ʜʣʷ D. 

ʅʘʧʦʤʥʠʤ, ʯʪʦ ʜʠʩʢʨʠʤʠʥʘʥʪ ʷʚʣʷʝʪʩʷ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʢʚʘʜʨʘʪʦʚ. ɽʩʣʠ D < 0, ʪʦ ʵʪʦ ʟʥʘʯʠʪ, 

ʯʪʦ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʢʦʤʧʣʝʢʩʥʳʡ (ʥʝʜʝʡʩʪʚʠʪʝʣʴʥʳʡ) ʢʦʨʝʥʴ. ʆʜʥʘʢʦ ʤʥʦʛʦʯʣʝʥ ʩ ʜʝʡʩʪʚʠʪʝʣʴ-

ʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʚʤʝʩʪʝ ʩ ʢʦʤʧʣʝʢʩʥʳʤ ʢʦʨʥʝʤ a + bi ʠʤʝʝʪ ʢʦʨʥʝʤ ʠ ʩʦʧʨʷʞʝʥʥʦʝ ʩ ʢʦʨ-

ʥʝʤ ʯʠʩʣʦ a ï bi. ʂʨʦʤʝ ʪʦʛʦ, ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʥʝʯʝʪʥʫʶ ʩʪʝʧʝʥʴ, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʚʩʝʛʜʘ ʠʤʝʝʪ, 

ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʦʜʠʥ ʜʝʡʩʪʚʠʪʝʣʴʥʳʡ ʢʦʨʝʥʴ.  

ɽʩʣʠ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ ʤʝʥʴʰʝ ʥʫʣʷ, ʪʦ ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝ-

ʥʘ   ï   ʜʝʡʩʪʚʠʪʝʣʴʥʳʡ, ʘ ʜʚʘ ʩʦʧʨʷʞʝʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ. 

ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʚʳʯʠʩʣʝʥʠʝʤ ʤʦʞʥʦ ʧʦʚʝʨʠʪʴ, ʯʪʦ ʠ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʪʦʞʝ ʚʝʨʥʦ: 

ʝʩʣʠ ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʡ, ʘ ʜʚʘ ï  ʩʦʧʨʷʞʝʥʥʳʝ ʢʦʤ-

ʧʣʝʢʩʥʳʝ, ʪʦ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʦʪʨʠʮʘʪʝʣʴʥʳʡ. 

ʆʙʘ ʵʪʠ ʫʪʚʝʨʞʜʝʥʠʷ ʤʦʞʥʦ ʩʦʙʨʘʪʴ ʚʤʝʩʪʝ: ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴ-

ʝʡ ʩʪʝʧʝʥʠ ʤʝʥʴʰʝ ʥʫʣʷ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʜʠʥ ʠʟ ʢʦʨʥʝʡ 

ʤʥʦʛʦʯʣʝʥʘ ï ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ, ʘ ʜʚʘ ʜʨʫʛʠʭ ï ʩʦʧʨʞ̫ʝʥʥʳʝ ʢʦʤ-

ʧʣʝʢʩʥʳʝ. 

ɽʩʣʠ D = 0, ʪʦ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʢʨʘʪʥʳʝ ʢʦʨʥʠ. ʉʦʚʧʘʜʝʥʠʝ ʜʚʫʭ ʢʦʤʧʣʝʢʩ-

ʥʳʭ (ʥʝʜʝʡʩʪʚʠʪʝʣʴʥʳʭ) ʢʦʨʥʝʡ ʥʝʚʦʟʤʦʞʥʦ: ʚ ʪʘʢʦʤ ʩʣʫʯʘʝ ʦʙʱʝʝ ʯʠʩʣʦ ʢʦʨʥʝʡ ʙʫʜʝʪ ʥʝ ʤʝʥʴʰʝ 

ʯʝʪʳʨʝʭ. ʀʥʘʯʝ ʛʦʚʦʨʷ, ʝʩʣʠ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ ʨʘ-

ʚʝʥ ʥʫʣʶ, ʪʦ ʚʩʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʠ ʧʦ ʢʨʘʡʥʝʡ 

ʤʝʨʝ ʜʚʘ ʠʟ ʥʠʭ ʩʦʚʧʘʜʘʶʪ. 

ʈʘʟʫʤʝʝʪʩʷ, ʚʝʨʥʦ ʠ ʦʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ   ï  ʨʘʚʝʥʩʪʚʦ ʜʚʫʭ ʢʦʨʥʝʡ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʜʠʩʢʨʠ-

ʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʥʫʣʝʚʦʡ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ ʨʘʚʝʥ ʥʫʣʶ 

ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʩʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʠ 

ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʜʚʘ ʠʟ ʥʠʭ ʩʦʚʧʘʜʘʶʪ. 

ʅʘʢʦʥʝʮ, ʜʠʩʢʨʠʤʠʥʘʥʪ ʢʫʙʠʯʝʩʢʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʧʦʣʦʞʠʪʝʣʴʥʳʤ. ʊʘʢ ʢʘʢ 

ʩʣʫʯʘʠ ʦʪʨʠʮʘʪʝʣʴʥʦʛʦ ʠ ʥʫʣʝʚʦʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪʘ ʨʘʩʩʤʦʪʨʝʥʳ ʧʦʣʥʦʩʪʴʶ, ʜʣʷ ʧʦʣʦʞʠʪʝʣʴʥʦʛʦ 

D ʦʩʪʘʣʘʩʴ ʣʠʰʴ ʧʦʩʣʝʜʥʷʷ ʚʦʟʤʦʞʥʦʩʪʴ. 

ɼʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ ʙʦʣʴʰʝ ʥʫʣʷ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʩʝ ʢʦʨ-

ʥʠ ʤʥʦʛʦʯʣʝʥʘ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʠ ʨʘʟʣʠʯʥʳʝ.  

 

ʀʩʢʣʶʯʝʥʠʝ ʧʝʨʝʤʝʥʥʦʡ ʠʟ ʜʚʫʭ ʫʨʘʚʥʝʥʠʡ ʩ ʜʚʫʤʷ ʧʝʨʝʤʝʥʥʳʤʠ. ʈʘʩʩʤʦʪʨʠʤ ʩʠʩʪʝʤʫ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʧʦʣʷ P, ʪ.
 
ʝ. ʩʠʩʪʝʤʫ 
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ʛʜʝ fi (x1, x2, ..., xn)  ï   ʤʥʦʛʦʯʣʝʥʳ, ʘ ʯʠʩʣʦ m  ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʢʦʥʝʯʥʦ. ɺʧʨʦʯʝʤ, ʪʝʦʨʝʤʘ ɻʠʣʴʙʝʨ-

ʪʘ ʦ ʙʘʟʠʩʝ (ʪ.
 
ʝ. ʥʝʪʝʨʦʚʦʩʪʴ ʢʦʣʴʮʘ P

 
[x1, x2, ..., xn]) ʦʟʥʘʯʘʝʪ, ʯʪʦ ʣʶʙʘʷ ʩʠʩʪʝʤʘ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ 

ʫʨʘʚʥʝʥʠʡ ʨʘʚʥʦʩʠʣʴʥʘ ʩʚʦʝʡ ʢʦʥʝʯʥʦʡ ʧʦʜʩʠʩʪʝʤʝ, ʧʦʵʪʦʤʫ m ʤʦʞʥʦ ʚʩʝʛʜʘ ʩʯʠʪʘʪʴ ʥʘʪʫʨʘʣʴ-

ʥʳʤ ʯʠʩʣʦʤ.  

ɺ ʢʫʨʩʝ ʣʠʥʝʡʥʦʡ ʘʣʛʝʙʨʳ ʫʞʝ ʨʘʩʩʤʘʪʨʠʚʘʣʩʷ ʯʘʩʪʥʳʡ ʩʣʫʯʘʡ ʪʘʢʠʭ ʩʠʩʪʝʤ, ʘ ʠʤʝʥʥʦ ʩʠʩʪʝʤʳ 

ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʪ.
 
ʝ. ʩʣʫʯʘʡ, ʢʦʛʜʘ 

deg fi (x1, x2, é, xn) = 1. 

ʆʩʥʦʚʥʳʤ ʤʝʪʦʜʦʤ ʨʝʰʝʥʠʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʷʚʣʷʝʪʩʷ ʤʝʪʦʜ 

ɻʘʫʩʩʘ, ʩʦʩʪʦʷʱʠʡ ʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʤ ʠʩʢʣʶʯʝʥʠʠ ʥʝʠʟʚʝʩʪʥʳʭ.  

ʄʝʪʦʜ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʛʦ ʠʩʢʣʶʯʝʥʠʷ ʥʝʠʟʚʝʩʪʥʳʭ, ʩ ʧʦʤʦʱʴʶ ʢʦʪʦʨʦʛʦ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʘʣ-

ʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʦʪ n ʥʝʠʟʚʝʩʪʥʳʭ ʩʚʦʜʠʪʩʷ ʢ ʨʝʰʝʥʠʶ ʩʠʩʪʝʤʳ ʦʪ n ï 1 ʦʜʥʦʛʦ ʥʝʠʟʚʝʩʪ-

ʥʦʛʦ, ʧʨʠʤʝʥʠʤ ʠ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʠʩʪʝʤʳ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ. 

ʏʪʦʙʳ ʵʪʦ ʫʚʠʜʝʪʴ, ʜʦʩʪʘʪʦʯʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʩʠʩʪʝʤʫ ʠʟ ʜʚʫʭ ʫʨʘʚʥʝʥʠʡ ʩ ʜʚʫʤʷ ʥʝʠʟ-

ʚʝʩʪʥʳʤʠ 

 (*)  

ʤʦʞʥʦ ʩʚʝʩʪʠ ʢ ʨʝʰʝʥʠʶ ʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʩ ʦʜʥʠʤ ʥʝʠʟʚʝʩʪʥʳʤ. 

ʊʘʢ ʢʘʢ P
 
[x, y] = (P

 
[x]) [y], ʢʘʞʜʳʡ ʤʥʦʛʦʯʣʝʥ s(x, y) ʦʪ ʧʝʨʝʤʝʥʥʳʭ x, y ʷʚʣʷʝʪʩʷ ʤʥʦʛʦʯʣʝ-

ʥʦʤ ʦʪ y, ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ï ʤʥʦʛʦʯʣʝʥʳ ʦʪ x: 

s(x, y) = S(y) = c0(x) y
 k
+ c1(x) y

 k ï 1
+ é+ ck (x). 

ɺ ʯʘʩʪʥʦʩʪʠ, ʤʥʦʛʦʯʣʝʥʳ ʠʟ ʥʘʰʝʡ ʩʠʩʪʝʤʳ ʠʤʝʶʪ ʪʘʢʦʡ ʞʝ ʚʠʜ: 

f
 
(x, y) = F(y) = a0(x) y

 n
+ a1(x) y

 n ï 1
+ é + an (x),  

g(x, y) = G(y) = b0(x) y
 m

+ b1(x) y
 m ï 1

+ é+ cm
 
(x). 

ʄʥʦʛʦʯʣʝʥ a0(x) ï ʥʝʥʫʣʝʚʦʡ, ʧʦʵʪʦʤʫ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ F(y) ʨʘʚʥʘ n. ɸʥʘʣʦʛʠʯʥʦ b0(x) ï   

ʥʝʥʫʣʝʚʦʡ ʠ ʩʪʝʧʝʥʴ G(y) ʨʘʚʥʘ m. 

ʊʘʢ ʢʘʢ P [x] ʷʚʣʷʝʪʩʷ ʣʠʰʴ ʢʦʣʴʮʦʤ, ʥʦ ʥʝ ʧʦʣʝʤ, ʢʦʣʴʮʦ (P [x])
 
[y]   ï   ʥʝʝʚʢʣʠʜʦʚʦ: ʪʝʦʨʝʤʘ 

ʦ ʜʝʣʝʥʠʠ ʩ ʦʩʪʘʪʢʦʤ ʪʘʤ ʥʝ ʚʳʧʦʣʥʷʝʪʩʷ. ʆʜʥʘʢʦ ʦʥʘ ʚʳʧʦʣʥʷʝʪʩʷ ʜʣʷ ʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʤʥʦʛʦ-

ʯʣʝʥʘ G(y), ʘ ʝʩʣʠ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ   ï   ʥʝ ʥʦʨʤʠʨʦʚʘʥ, ʪʦ   ï   ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ [b0(y)]
n ï m + 1

F(y) ʠ 

G(y): 

[b0(x)]
n ï m + 1

F(y) = G(y)Q(y) + R(y),  

ʛʜʝ Q(y), R(x) Í (P
 
[x]) [y] ʠ deg R(y) < deg G(y).  

ʄʥʦʛʦʯʣʝʥ R(y) ʚʳʨʘʞʘʝʪʩʷ ʯʝʨʝʟ ʤʥʦʛʦʯʣʝʥʳ ʩʠʩʪʝʤʳ (*):  

R(y) = [b0(x)]
n ï m + 1

F(y) ï G(y)Q(y),  

ʟʥʘʯʠʪ, R(y) ʷʚʣʷʝʪʩʷ ʩʣʝʜʩʪʚʠʝʤ ʩʠʩʪʝʤʳ (* ). ʅʝ ʚʩʝ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ R(y) = r(x, y) ʷʚʣʷʶʪʩʷ 

ʨʝʰʝʥʠʷʤʠ ʩʠʩʪʝʤʳ (* ): ʝʩʣʠ b0(x) ʦʙʨʘʱʘʝʪʩʷ ʚ ʥʫʣʴ, ʪʦ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ F(y)ʥʘ ʩʘʤʦʤ ʜʝʣʝ 

ʩʪʨʦʛʦ ʤʝʥʴʰʝ n. 

ɺ ʣʶʙʦʤ ʩʣʫʯʘʝ ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ (* ) ʩʚʦʜʠʪʩʷ ʢ ʨʝʰʝʥʠʶ ʜʚʫʭ ʩʠʩʪʝʤ: 

 (s1) 

( )
( )í

ì
ë

=

=

0,

,0,

yxg

yxf

( )
( )
()î

í

î
ì

ë

¸

=

=

;0

,0,

,0,

0 xb

yxg

yxr
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 (s2) 

ʉʫʤʤʘ ʩʪʝʧʝʥʝʡ ʚʩʝʭ ʫʨʘʚʥʝʥʠʡ ʩʠʩʪʝʤʳ (si) ʧʦ y ʩʪʨʦʛʦ ʤʝʥʴʰʝ ʪʘʢʦʡ ʞʝ ʩʫʤʤʳ ʩʠʩʪʝʤʳ (*). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʨʠʤʝʥʷʷ ʠʥʜʫʢʮʠʶ ʧʦ ʩʪʝʧʝʥʠ y, ʧʦʣʫʯʘʝʤ ʩʣʝʜʫʶʱʝʝ ʫʪʚʝʨʞʜʝʥʠʝ: ʦʜʥʦ 

ʠʟ ʥʝʠʟʚʝʩʪʥʳʭ ʚ ʩʠʩʪʝʤʝ, ʩʦʩʪʦʷʱʝʡ ʠʟ ʜʚʫʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝ-

ʥʠʡ ʩ ʜʚʫʤʷ ʥʝʠʟʚʝʩʪʥʳʤʠ, ʤʦʞʥʦ ʠʩʢʣʶʯʠʪʴ. 

ɸ ʪʝʧʝʨʴ ʠʥʜʫʢʮʠʝʡ ʧʦ ʯʠʩʣʫ m ʫʨʘʚʥʝʥʠʡ ʧʦʣʫʯʘʝʤ: ʦʜʥʦ ʠʟ ʥʝʠʟʚʝʩʪʥʳʭ ʚ ʩʠ-

ʩʪʝʤʝ, ʩʦʩʪʦʷʱʝʡ ʠʟ m  ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʩ ʜʚʫʤʷ ʥʝʠʟʚʝʩʪ-

ʥʳʤʠ, ʤʦʞʥʦ ʠʩʢʣʶʯʠʪʴ. 

ʈʘʩʩʤʦʪʨʠʤ ʜʚʘ ʤʥʦʛʦʯʣʝʥʘ ʩʪʝʧʝʥʠ n ʠ m: 

f
 
(x) = a0 x

 n
 + a1x

 n ï 1
 + é + an ï 1 x + an ,  

g(x) = b0 x
 m

 + b1x
 m ï 1

 + é + bm ï 1 x + bm . 

ɼʣʷ ʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ʙʫʜʝʤ ʩʯʠʪʘʪʴ, ʯʪʦ n ² m. ʄʥʦʛʦʯʣʝʥʳ f
 
(x) ʠ g(x) ʠʤʝʶʪ ʦʙʱʠʡ ʢʦʨʝʥʴ 

ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʠ ʥʝ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪ.
 
ʝ.  

deg (f
 
(x), g(x)) > 0. 

ʂʦʣʴʮʦ ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʧʦʣʷ ʷʚʣʷʝʪʩʷ ʛʘʫʩʩʦʚʳʤ, ʘ ʚ ʢʘʞʜʦʤ ʛʘʫʩʩʦʚʦʤ 

ʢʦʣʴʮʝ ʣʶʙʘʷ ʧʘʨʘ ʵʣʝʤʝʥʪʦʚ a, b ʦʙʣʘʜʘʝʪ ʥʘʠʙʦʣʴʰʠʤ ʦʙʱʠʤ ʜʝʣʠʪʝʣʝʤ (a, b)ʠ ʥʘʠʤʝʥʴʰʠʤ 

ʦʙʱʠʤ ʢʨʘʪʥʳʤ [a, b], ʧʨʠʯʝʤ 

(a, b)
 
[a, b] = ab. 

ʊʘʢ ʢʘʢ deg f(x) Ög(x) =n + m, ʘ deg (f(x), g(x))>0, ʠʟ ʨʘʚʝʥʩʪʚʘ  

(f(x), g(x)) Ö [f(x), g(x)] = f(x) Ög(x) 

ʩʣʝʜʫʝʪ: deg [f
 
(x), g(x)] < n + m.  

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʩʫʱʝʩʪʚʫʶʪ ʪʘʢʠʝ ʤʥʦʛʦʯʣʝʥʳ u(x) ʠ v(x) ʠʟ ʪʦʛʦ ʞʝ ʢʦʣʴʮʘ P [x], ʯʪʦ 

[f
 
(x), g(x)] = u(x) Ö g(x) =  v(x) Öf

 
(x),  

ʧʨʠʯʝʤ deg u(x) <n, deg v(x) <m. 

ʇʫʩʪʴ  

u(x) = c1 x
n ï 1

 + c2 x
n ï 2

 + é + cn ï 1 x + cn ,  

v(x) = d1 x
m ï 1

 + d2 x
m ï 2

 + é + dm ï 1 x + dm . 

ʈʘʚʝʥʩʪʚʦ  

u(x)
 
g(x) = v(x) Öf

 
(x) 

ʦʟʥʘʯʘʝʪ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ ʨʘʚʥʳʭ ʩʪʝʧʝʥʷʭ ʥʝʠʟʚʝʩʪʥʦʛʦ ʚ ʣʝʚʦʡ ʠ ʧʨʘʚʳʭ ʯʘʩʪʷʭ ʨʘʚʝʥʩʪʚʘ 

ʩʦʚʧʘʜʘʶʪ. 

k ˴ͦΉͺͺ͙ͼ͙͔ͤͭ xk ͍ v(x) f (x) ˴ͦΉͺͺ͙ͼ͙͔ͤͭ xk ͍ u(x) g(x) 

n + m ï 1 a0d1 b0c1 

n + m ï 2 a1d1 + a0d2 b1c1 + b0c2 

n + m ï 3 a2d1 + a1d2 + a0d3 b2c1 + b1c2 + b0c3 

...   

n an d1 + an ï 1 d1 + ... + an ï m + 1 dm ... bm cn ï m + ... + b0cn 

( )

() ()
()î

í

î
ì

ë

=

=++

=

-

.0

,0...

,0,

0

1
1

xb

xbyxb

yxf

m
m
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k ˴ͦΉͺͺ͙ͼ͙͔ͤͭ xk ͍ v(x) f (x) ˴ͦΉͺͺ͙ͼ͙͔ͤͭ xk ͍ u(x) g(x) 

 an ï 1 d1 + ... + an ï m + 2 dm bm cn ï m + 1 + ... + b1cn 

...   

1 an dm ï 1 + an ï 1 dm bm cn ï 1 + bm + 1 cn 

0 an dm bm cn 

ʈʘʚʝʥʩʪʚʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʧʨʠʚʦʜʠʪ ʢ ʩʠʩʪʝʤʝ ʦʜʥʦʨʦʜʥʳʭ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʩ ʥʝʠʟ-

ʚʝʩʪʥʳʤʠ, c1, c2, é, cn , d1, d2, é, dm . ʂʦʵʬʬʠʮʠʝʥʪʳ ʚ ʫʨʘʚʥʝʥʠʷʭ ʧʨʠ ʥʝʠʟʚʝʩʪʥʳʭ ʨʘʩʧʦʣʦʞʠʤ ʚ 

ʪʘʙʣʠʮʝ (ʥʝ ʚʳʧʠʩʳʚʘʷ ʥʫʣʠ) 

˹ ͔ ͙ ͘ ͍ ͔ ͫ ͭ ͤ · ͔ 

c1, c2 ʩ3 ... cn ï 1 cn d1 d2 ... dm ï 1 dm 

a0   ...   -b0  ...   

a1 a0  ...   ïb1 ïb0 ...   

... a1 a0 ...   ... ïb1 ...   

am ï 1 ... a1 ...   ïbm ï 1 ... ...   

am am ï 1 ... ...   ïbm ïbm-1 ...   

am + 1 am am ï 1 ...    ïbm ...   

... am + 1 am ...     ...   

an ... am + 1 ...     ...   

 an ... ...     ...   

  an ...     ... ïb0  

   ...     ... ïb1 ïb0 

   ...     ... ... ïb1 

   ...     ... ïbm ï 1 ... 

   ... an an ï 1   ... ïbm ïbm ï 1 

   ...  an   ...  ïbm 

ʉʠʩʪʝʤʘ ʦʜʥʦʨʦʜʥʳʭ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ ʠʤʝʝʪ ʥʝʥʫʣʝʚʦʝ ʨʝʰʝʥʠʝ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, 

ʢʦʛʜʘ ʝʝ ʦʧʨʝʜʝʣʠʪʝʣʴ ʨʘʚʝʥ ʥʫʣʶ. ʄʘʪʨʠʮʫ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʧʨʠ ʥʝʠʟʚʝʩʪʥʳʭ ʚ ʵʪʦʡ ʩʠʩʪʝʤʝ 

ʜʣʷ ʢʨʘʩʦʪʳ ʤʦʞʥʦ ʪʨʘʥʩʧʦʥʠʨʦʚʘʪʴ, ʘ ʟʘʪʝʤ ʫʤʥʦʞʠʪʴ ʥʘ ʯʠʩʣʦ ï1 ʧʦʩʣʝʜʥʠʝ n ʩʪʨʦʢ. ʆʧʨʝʜʝ-

ʣʠʪʝʣʴ ʙʫʜʝʪ ʠʤʝʪʴ ʢʦʵʬʬʠʮʠʝʥʪ (-1)
n
, ʢʦʪʦʨʳʡ ʥʝ ʠʟʤʝʥʠʪ ʝʛʦ ʨʘʚʝʥʩʪʚʦ (ʠʣʠ ʥʝʨʘʚʝʥʩʪʚʦ) ʥʫ-

ʣʶ. ʀʪʘʢ, ʤʥʦʛʦʯʣʝʥʳ 

a0 x
n
+ a1 x

n ï 1
 + ... + an ï 1 x + an , b0 x

m
 + b1 x

m ï 1
 + ... + bm ï1 x + bm ,  

ʛʜʝ ai , bi ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʠ a0ʠʣʠb0ʦʪʣʠʯʥʳ ʦʪ ʥʫʣʷ, ʠʤʝʶʪ ʦʙʱʠʡ ʢʦʨʝʥʴ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦ-

ʛʜʘ, ʢʦʛʜʘ ʦʧʨʝʜʝʣʠʪʝʣʴ (n + m)-ʛʦ ʧʦʨʷʜʢʘ 

 

ʨʘʚʝʥ ʥʫʣʶ. 
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ʇʦʣʫʯʝʥʥʳʡ ʦʧʨʝʜʝʣʠʪʝʣʴ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ R(f, g) ʠ ʥʘʟʳʚʘʶʪ ʨʝʟʫʣʴʪʘʥʪʦʤ
1
ʤʥʦʛʦʯʣʝ-

ʥʦʚ f ʠ g. 

ʉʘʤ ʦʧʨʝʜʝʣʠʪʝʣʴ ʪʘʢʦʛʦ ʚʠʜʘ ʥʘʟʳʚʘʶʪ ʦʧʨʝʜʝʣʠʪʝʣʝʤ ʉʠʣʴʚʝʩʪʨʘ
2
. 

ʅʘ ʨʠʩʫʥʢʝ ʩʭʝʤʘʪʠʯʝʩʢʠ ʠʟʦʙʨʘʞʝʥ ʨʝʟʫʣʴʪʘʥʪ ʤʥʦʛʦʯʣʝʥʦʚ f
 
(x) ʠ g(x). ʀʤʝʝʪʩʷ ʚ ʚʠʜʫ, ʯʪʦ 

deg f(x) = n, deg g(x) = m. 

 

ɼʣʷ ʥʘʛʣʷʜʥʦʩʪʠ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʦʚ ʨʘʩʢʨʘʰʝʥʳ ʚ ʨʘʟʥʳʝ ʮʚʝʪʘ. ʏʪʦʙʳ ʧʦʣʫʯʠʪʴ 

ʨʝʟʫʣʴʪʘʥʪ, ʥʘ ʛʣʘʚʥʫʶ ʜʠʘʛʦʥʘʣʴ ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʳ ʥʘʥʠʟʳʚʘʶʪʩʷ ʩʪʘʨʰʠʤʠ ʯʣʝʥʘʤʠ m ʩʪʨʦʢ 

ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝʥʘ f
 
(x). ʕʪʠ ʩʪʨʦʢʠ ʥʘ ʨʠʩʫʥʢʝ ʚʳʜʝʣʝʥʳ ʯʝʨʥʳʤ ʮʚʝʪʦʤ (ʝʩʣʠ ʩʤʦʪʨʝʪʴ 

ʥʘ ʥʠʭ ʠʟʜʘʣʠ, ʪʦ ʦʥʠ ʩʣʠʚʘʶʪʩʷ ʚ ʯʝʨʥʳʡ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤ). ɿʘʪʝʤ, ʩʥʦʚʘ ʮʝʧʣʷʷʩʴ ʟʘ ʛʣʘʚʥʫʶ 

ʜʠʘʛʦʥʘʣʴ, ʥʦ ʪʝʧʝʨʴ ʫʞʝ ʩʚʦʙʦʜʥʳʤʠ ʯʣʝʥʘʤʠ, ʨʘʩʧʦʣʘʛʘʶʪʩʷ n ʩʪʨʦʢ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʤʥʦʛʦʯʣʝ-

ʥʘ g(x)(ʥʘ ʨʠʩʫʥʢʝ ʦʥʠ ʚʳʜʝʣʝʥʳ ʩʝʨʳʤ ʮʚʝʪʦʤ ʠ ʩʣʠʚʘʶʪʩʷ ʚ ʩʝʨʳʡ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤ). ʅʘ ʦʩʪʘʣʴ-

ʥʳʭ (ʙʝʣʳʭ) ʤʝʩʪʘʭ ʤʘʪʨʠʮʳ ʩʪʦʷʪ ʥʫʣʠ. 

ɼʣʷ ʧʨʠʤʝʨʘ ʥʘʡʜʝʤ ʨʝʟʫʣʴʪʘʥʪ ʤʥʦʛʦʯʣʝʥʦʚ  

f
 
(x) = a0 x

3
 + a1 x

2
 + a2 x + a3ʠg(x) = b0 x

2
 + b1 x + b2: 

 

 

 

ʆʪʤʝʪʠʤ, ʯʪʦ ʧʨʝʜʣʦʞʝʥʠʷ çʤʥʦʛʦʯʣʝʥʳ f
 
(x) ʠ g(x) ʠʤʝʶʪ ʦʙʱʠʡ ʢʦʨʝʥʴè ʠ çʤʥʦʛʦʯʣʝʥʳ 

g(x) ʠ f
 
(x) ʠʤʝʶʪ ʦʙʱʠʡ ʢʦʨʝʥʴè ʦʟʥʘʯʘʶʪ ʦʜʥʦ ʠ ʪʦ ʞʝ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, f ʠ g ʜʦʣʞʥʳ ʚʭʦʜʠʪʴ 

ʩʠʤʤʝʪʨʠʯʥʳʤ ʦʙʨʘʟʦʤ ʠ ʚ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʨʝʟʫʣʴʪʘʥʪʘ. ɺ ʜʝʡʩʪʚʠʪʝʣʴʥʦʩʪʠ ʵʪʦ ʥʝ ʩʦʚʩʝʤ ʪʘʢ.  

ɽʩʣʠ (n + m) ³ (n + m)-ʤʘʪʨʠʮʫ ʩʥʘʯʘʣʘ ʟʘʧʦʣʥʠʪʴ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʤʥʦʛʦʯʣʝʥʘ g(x), ʘ ʟʘʪʝʤ 

ʣʠʰʴ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ f
 
(x), ʪʦ ʧʦʣʫʯʠʪʩʷ R (g, f

 
), ʢʦʪʦʨʳʡ ʦʪʣʠʯʘʝʪʩʷ ʦʪ R (

 
f, g)ʣʠʰʴ ʨʘʩʧʦʣʦʞʝ-

ʥʠʝʤ ʩʪʨʦʢ. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ R (g, f
 
) ʦʪʣʠʯʘʝʪʩʷ ʦʪ R (f, g) ʣʠʰʴ ʤʥʦʞʠʪʝʣʝʤ ʚʠʜʘ (ï1)

k
, ʛʜʝ k  ï   

ʯʠʩʣʦ ʧʝʨʝʤʝʥ ʩʪʨʦʢ ʚ R (
 
f, g), ʥʝʦʙʭʦʜʠʤʳʭ ʜʣʷ ʧʦʣʫʯʝʥʠʷ R (g, f

 
) (ʠʣʠ k  ï   ʯʠʩʣʦ ʪʘʢʦʡ ʞʝ 

ʯʝʪʥʦʩʪʠ). 

ɺʧʨʦʯʝʤ, ʯʠʩʣʦ k ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ ʪʦʯʥʦ. 

ɽʩʣʠ f
 
(x), g(x)  ï ʤʥʦʛʦʯʣʝʥʳ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʠ deg f

 
(x) = n, 

deg g(x) = m, ʪʦ 

R(
 
f, g) = (ï1)

nm
ÖR(g, f). 

ʕʪʦ ʟʘʤʝʯʘʥʠʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ R(
 
f, g) ʠ R(g, f

 
) ʨʘʚʥʳ ʥʫʣʶ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠ ʤʘʪʨʠʮʫ ʨʝʟʫʣʴʪʘʥ-

ʪʘ ʤʦʞʥʦ ʟʘʧʦʣʥʷʪʴ ʚ ʣʶʙʦʤ ʧʦʨʷʜʢʝ. 

                                                 
1 ʆʪ ʣʘʪʠʥʩʢʦʛʦ ʩʣʦʚʘ resultantis ï ʦʪʨʘʞʘʶʱʠʡʩʷ. 

2
 ɼʞʝʡʤʩ ɼʞʦʟʝʬ ʉʠʣʴʚʝʩʪʨ (1814ï1897) ï ʘʥʛʣʠʡʩʢʠʡ ʤʘʪʝʤʘʪʠʢ. 

( ) =

ö
ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
æ
æ
æ

ç

å

=

210

210

210

3210

3210

00

00

00

0

0

,

bbb

bbb

bbb

aaaa

aaaa

gfR

-= 2
2

2
10 bab -321

2
02 abab 011

2
2 abab ++ 2

3
3
0ab -231003 babab -21201 baabb

+- 321
2
0 aabb +220

2
1 baab -3

2
110 abab +3

3
10 aba -2

2
2
02 abb +0

2
2202 abab .3

2
2
0ba
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ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʤʥʦʛʦʯʣʝʥʳ f
 
(x) ʠ g(x) ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʙʳʣʠ ʥʝ 

ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʥʝʦʙʭʦʜʠʤʦ, ʯʪʦʙʳ ʨʝʟʫʣʴʪʘʥʪ R(
 
f, g) ʙʳʣ ʨʘʚʝʥ ʥʫʣʶ.  

ʈʘʚʝʥʩʪʚʦ ʥʫʣʶ ʨʝʟʫʣʴʪʘʥʪʘ ʙʝʟ ʦʛʦʚʦʨʦʢ ʦ ʩʪʘʨʰʠʭ ʢʦʵʬʬʠʮʠʝʥʪʘʭ ʤʥʦʛʦʯʣʝʥʦʚ ʷʚʣʷʝʪʩʷ 

ʣʠʰʴ ʥʝʦʙʭʦʜʠʤʳʤ, ʥʦ ʥʝ ʜʦʩʪʘʪʦʯʥʳʤ ʫʩʣʦʚʠʝʤ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ a0 = b0, ʪʦ ʨʝʟʫʣʴʪʘʥʪ ʨʘ-

ʚʝʥ ʥʫʣʶ, ʜʘʞʝ ʝʩʣʠ ʫ ʤʥʦʛʦʯʣʝʥʦʚ ʠ ʥʝʪ ʦʙʱʠʭ ʢʦʨʥʝʡ.  

ʈʝʟʫʣʴʪʘʥʪ ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʜʣʷ ʠʩʢʣʶʯʝʥʠʷ ʥʝʠʟʚʝʩʪʥʦʛʦ ʠʟ ʩʠʩʪʝʤʳ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ 

ʫʨʘʚʥʝʥʠʡ. 

ʆʙʱʠʡ ʩʣʫʯʘʡ (ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʯʠʩʣʘ ʫʨʘʚʥʝʥʠʡ ʠ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʯʠʩʣʘ ʥʝʠʟʚʝʩʪʥʳʭ) ʩʥʦʚʘ 

ʩʚʦʜʠʪʩʷ ʢ ʩʠʩʪʝʤʝ ʠʟ ʜʚʫʭ ʫʨʘʚʥʝʥʠʡ ʩ ʜʚʫʤʷ ʥʝʠʟʚʝʩʪʥʳʤʠ: 

 (s) 

ʂʘʞʜʳʡ ʤʥʦʛʦʯʣʝʥ s(x, y) ʦʪ ʧʝʨʝʤʝʥʥʳʭ x, y ʷʚʣʷʝʪʩʷ ʤʥʦʛʦʯʣʝʥʦʤ ʦʪ ʧʝʨʝʤʝʥʥʦʡ x, ʘ ʢʦ-

ʵʬʬʠʮʠʝʥʪʘʤʠ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʷʚʣʷʶʪʩʷ ʤʥʦʛʦʯʣʝʥʳ ʦʪ y: 

s(x, y) = S(x) = c0(y) Öy
k
 + c1(y) Ö y

k ï 1
 + ... + ck (y),  

ɺ ʯʘʩʪʥʦʩʪʠ, ʤʥʦʛʦʯʣʝʥʳ ʠʟ ʩʠʩʪʝʤʳ (s) ʠʤʝʶʪ ʪʘʢʦʡ ʞʝ ʚʠʜ: 

f
 
(x, y) = F(x) = a0(y) x

n
 + a1(y) x

n ï 1
 + ... + an (y),  

g(x, y) = G(x) = b0(y) x
m
 + b1(y) x

m ï 1
 + ... + cm (y). 

ʄʥʦʛʦʯʣʝʥ a0(y)   ï   ʥʝʥʫʣʝʚʦʡ, ʧʦʵʪʦʤʫ ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ F(x) ʨʘʚʥʘ n. ɸʥʘʣʦʛʠʯʥʦ 

b0(y)   ï   ʥʝʥʫʣʝʚʦʡ, ʠ ʩʪʝʧʝʥʴ G(x) ʨʘʚʥʘ m. 

ʉʠʩʪʝʤʘ (s) ʧʨʠʥʠʤʘʝʪ ʚʠʜ:  

 (S) 

ɽʩʣʠ (x0, y0)  ï   ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ (s), ʪʦ x0  ï   ʦʙʱʠʡ ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʦʚ F(x) ʠ 

G(x)ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʝʟʫʣʴʪʘʥʪ ʵʪʠʭ ʤʥʦʛʦʯʣʝʥʦʚ R(F, G) ʨʘʚʝʥ ʥʫʣʶ. ɺ ʵʪʦʤ ʨʝʟʫʣʴʪʘʥʪʝ ʯʣʝʥʘʤʠ 

ʤʘʪʨʠʮʳ ʷʚʣʷʶʪʩʷ ʤʥʦʛʦʯʣʝʥʳ ʦʪ ʥʝʠʟʚʝʩʪʥʦʛʦ y, ʠ ʨʝʟʫʣʴʪʘʥʪ R(F, G) ʠʤʝʝʪ ʚʠʜ: 

 

ɺ ʵʪʦʤ ʦʧʨʝʜʝʣʠʪʝʣʝ, ʢʘʢ ʦʙʳʯʥʦ ʜʣʷ ʨʝʟʫʣʴʪʘʥʪʘ, ʚ ʧʝʨʚʳʭ m ʩʪʨʦʢʘʭ ʨʘʩʧʦʣʘʛʘʶʪʩʷ ʢʦʬɻ-

ʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʘ F(x), ʘ ʚ ʥʠʞʥʠʭ n ʩʪʨʦʢʘʭ ʥʘʭʦʜʷʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʳ ʤʥʦʛʦʯʣʝʥʘ G(x). ʀ 

ʪʝ, ʠ ʜʨʫʛʠʝ ʟʘʧʦʣʥʷʶʪ ʩʚʦʠ ʩʪʨʦʢʠ ʥʝ ʧʦʣʥʦʩʪʴʶ, ʥʘ ʚʩʝʭ ʦʩʪʘʚʰʠʭʩʷ ʤʝʩʪʘʭ ʩʪʨʦʢ ʩʪʦʷʪ ʥʫʣʠ.  

ʅʦ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ y0 ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʫʨʘʚʥʝʥʠʷ 

R(F, G) = 0. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʨʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʠʟ ʜʚʫʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ 

ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʠ ʜʚʫʤʷ ʥʝʠʟʚʝʩʪʥʳʤʠ ʤʦʞʥʦ ʩʚʝʩʪʠ ʢ ʨʝʰʝʥʠʶ ʦʜʥʦʛʦ ʫʨʘʚʥʝʥʠʷ R(F, G) = 0 ʩ 

ʦʜʥʠʤ ʥʝʠʟʚʝʩʪʥʳʤ, ʘ ʟʘʪʝʤ ʢ ʨʝʰʝʥʠʶ ʩʠʩʪʝʤ ʠʟ ʜʚʫʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʩ ʦʜʥʠʤ ʥʝʠʟ-

ʚʝʩʪʥʳʤ. 

ɼʨʫʛʠʤʠ ʩʣʦʚʘʤʠ, ʩ ʧʦʤʦʱʴʶ ʨʝʟʫʣʴʪʘʥʪʘ ʦʜʥʦ ʠʟ ʥʝʠʟʚʝʩʪʥʳʭ ʚ ʩʠʩʪʝʤʝ, ʩʦʩʪʦʷʱʝʡ ʠʟ 

ʜʚʫʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ, ʤʦʞʥʦ ʠʩʢʣʶʯʠʪʴ.  

ʊʝʧʝʨʴ ʦʪʤʝʪʠʤ ʩʣʝʜʫʶʱʝʝ ʦʙʩʪʦʷʪʝʣʴʩʪʚʦ. 
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ɼʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʧʦʷʚʠʣʩʷ ʢʘʢ ʩʠʤʤʝʪʨʠʯʝʩʢʦʝ ʚʳʨʘʞʝʥʠʝ ʦʪ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ. 

ʇʨʦʠʩʭʦʞʜʝʥʠʝ ʨʝʟʫʣʴʪʘʥʪʘ ʠʥʦʝ, ʥʦ ʩʚʷʟʴ ʤʝʞʜʫ ʨʝʟʫʣʴʪʘʥʪʦʤ ʠ ʜʠʩʢʨʠʤʠʥʘʥʪʦʤ ʜʦʣʞʥʘ ʙʳʪʴ 

ʥʝʧʨʝʤʝʥʥʦ.  

ɼʝʣʦ ʚ ʪʦʤ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ f
 
(x) ʠʤʝʝʪ ʢʨʘʪʥʳʝ ʢʦʨʥʠ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥ ʥʝ ʚʟʘʠʤ-

ʥʦ ʧʨʦʩʪ ʩʦ ʩʚʦʝʡ ʧʨʦʠʟʚʦʜʥʦʡ, ʥʦ ʦʜʥʦʚʨʝʤʝʥʥʦ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʝʛʦ ʜʠʩʢʨʠʤʠʥʘʥʪ 

ʨʘʚʝʥ ʥʫʣʶ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ,  

D(f) = 0 Ú  

ɺʳʯʠʩʣʝʥʠʷ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʨʝʟʫʣʴʪʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʠ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ ʦʢʘ-

ʟʘʣʩʷ ʜʠʩʢʨʠʤʠʥʘʥʪʦʤ, ʫʤʥʦʞʝʥʥʳʤ, ʧʨʘʚʜʘ, ʥʘ ʩʪʘʨʰʠʡ ʯʣʝʥ ʤʥʦʛʦʯʣʝʥʘ f
 
(x) ʠ ʥʘ ï1. ʊʘʢ ʢʘʢ 

ʩʪʘʨʰʠʡ ʯʣʝʥ ʚʩʝʛʜʘ ʚ ʪʘʢʠʭ ʩʣʫʯʘʷʭ ʦʪʣʠʯʝʥ ʦʪ ʥʫʣʷ, ʨʘʚʝʥʩʪʚʦ (ʠʣʠ ʥʝʨʘʚʝʥʩʪʚʦ) ʥʫʣʶ ʜʠʩʢʨʠ-

ʤʠʥʘʥʪʘ ʠʣʠ ʨʝʟʫʣʴʪʘʥʪʘ ʤʥʦʛʦʯʣʝʥʘ ʠ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ ʙʫʜʝʪ ʧʨʦʠʩʭʦʜʠʪʴ ʦʜʥʦʚʨʝʤʝʥʥʦ. 

ɼʣʷ ʤʥʦʛʦʯʣʝʥʘ f
 
(x)=ax

2
 + bx + c ʵʪʘ ʩʚʷʟʴ ʪʦʞʝ ʠʤʝʝʪ ʤʝʩʪʦ: 

 = ïab
2
 + 4ac = ïaÖD(f). 

ɽʩʣʠ f
 
(x) = ax

4
 + bx

3 
+ cx + d, ʪʦ ʨʝʟʫʣʴʪʘʥʪ f

 
(x) ʤʥʦʛʦʯʣʝʥʘ ʠ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ ʠʤʝʝʪ 

ʚʠʜ: 

a
 
(ï 4d

3
b

3
ï 27d

4
a

2 
+ c

2
b

2
d

2
ï 4c

3
b

2
e + 144cb

2
ae

2
+ 144d

2
a

2
ec + 256e

3
a

3
ï 6d

2
aeb

2
ï  

ï 27b
4
e

2
ï 4c

3
ad

2
+ 16c

4
ae ï 128c

2
a

2
e

2
+ 18d

3
acb ï 80dac

2
be + 18dcb

3
e ï 192da

2
e

2
b). 

ɿʜʝʩʴ ʚʳʨʘʞʝʥʠʝ ʚ ʩʢʦʙʢʘʭ ï ʵʪʦ ʚ ʪʦʯʥʦʩʪʠ ʜʠʩʢʨʠʤʠʥʘʥʪ f
 
(x), ʪ.

 
ʝ. ʚ ʵʪʦʤ ʩʣʫʯʘʝ  

 = aÖD(f). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ ʚʪʦʨʦʡ, ʪʨʝʪʴʝʡ ʠ ʯʝʪʚʝʨʪʦʡ ʩʪʝʧʝʥʝʡ ʚʠʜʥʘ ʧʨʦʩʪʘʷ ʩʚʷʟʴ 

ʤʝʞʜʫ ʜʠʩʢʨʠʤʠʥʘʥʪʦʤ ʠ ʨʝʟʫʣʴʪʘʥʪʦʤ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ: 

D(f) = k  

ɺ ʵʪʦʤ ʨʘʚʝʥʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪ k ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ ʚʪʦʨʦʡ ʠ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʝʡ ʨʘʚʝʥ 1, ʘ ʜʣʷ 

ʯʝʪʚʝʨʪʦʡ ʩʪʝʧʝʥʠ k = 1. ʏʪʦʙʳ ʜʦʢʘʟʘʪʴ, ʯʪʦ ʪʘʢʦʝ ʨʘʚʝʥʩʪʚʦ ʚʳʧʦʣʥʷʝʪʩʷ ʜʣʷ ʣʶʙʦʛʦ ʤʥʦʛʦʯʣʝʥʘ 

ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ ʠ ʨʘʟʛʘʜʘʪʴ ʪʘʡʥʫ ʢʦʵʬʬʠʮʠʝʥʪʘ k, ʥʫʞʥʦ ʜʨʫʛʦʝ ʦʧʨʝʜʝ-

ʣʝʥʠʝ ʨʝʟʫʣʴʪʘʥʪʘ, ʙʦʣʝʝ ʙʣʠʟʢʦʝ ʢ ʦʧʨʝʜʝʣʝʥʠʶ ʜʠʩʢʨʠʤʠʥʘʥʪʘ. ɼʠʩʢʨʠʤʠʥʘʥʪ ʦʧʨʝʜʝʣʷʣʩʷ ʩ 

ʧʦʤʦʱʴʶ ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ. ɼʣʷ ʨʝʰʝʥʠʷ ʧʦʩʪʘʚʣʝʥʥʦʡ ʟʘʜʘʯʠ ʥʫʞʥʦ ʦʧʨʝʜʝʣʠʪʴ 

ʨʝʟʫʣʴʪʘʥʪ ʘʥʘʣʦʛʠʯʥʳʤ ʦʙʨʘʟʦʤ  ï ʯʝʨʝʟ ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ ʤʥʦʛʦʯʣʝʥʳ.  

ʆʪʤʝʪʠʤ ʩʚʷʟʴ ʤʝʞʜʫ ʧʦʥʷʪʠʷʤʠ ʨʝʟʫʣʴʪʘʥʪʘ ʠ ʜʠʩʢʨʠʤʠʥʘʥʪʘ. 

ɽʩʣʠ f
 
(x) = a0x

n  
+ ... + an ʤʥʦʛʦʯʣʝʥ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʮʝʣʦʩʪʥʦʛʦ ʢʦʣʴʮʘ (a0  ̧0), ʪʦ 

 

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʯʠʩʣʦʚʦʛʦ ʢʦʵʬʬʠʮʠʝʥʪʘ ʜʠʩʢʨʠʤʠʥʘʥʪ ʤʥʦʛʦʯʣʝʥʘ ʷʚʣʷʝʪʩʷ 

ʨʝʟʫʣʴʪʘʥʪʦʤ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʩʦ ʩʚʦʝʡ ʧʨʦʠʟʚʦʜʥʦʡ. 

 

Ä 6. ʇʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ 

  ʆʧʨʝʜʝʣʝʥʠʝ ʧʦʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ.  ɺ ʢʦʣʴʮʝ ʮʝʣʳʭ ʯʠʩʝʣ ʨʘʟʨʝʰʠʤʳ ʥʝ ʚʩʝ ʫʨʘʚʥʝ-

ʥʠʷ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ, ʪ. ʝ. ʫʨʘʚʥʝʥʠʷ ʚʠʜʘ ax+b=0, ʛʜʝ a 0̧. ʆʜʥʘʢʦ ʚ ʧʦʣʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ʚʩʝ 

ʪʘʢʠʝ ʫʨʘʚʥʝʥʠʷ ʫʞʝ ʨʘʟʨʝʰʠʤʳ.  

ʄʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʧʦʣʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ʧʦʣʫʯʠʣʦʩʴ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʢ ʢʦʣʴʮʫ ʮʝʣʳʭ 

ʯʠʩʝʣ ʚʩʝʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʦʚ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ.  

ʈʘʩʰʠʨʝʥʠʝ ʧʦʣʷ Q   ʜʦ ʧʦʣʷ R ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʨʝʰʘʷ ʟʘʜʘʯʠ, ʩʚʷʟʘʥʥʳʝ ʩ ʠʟʤʝʨʝʥʠ-

ʝʤ,  ʠ ʪʝʤ ʩʘʤʳʤ, ʧʨʠʩʦʝʜʠʥʷʷ ʢ ʨʘʮʠʦʥʘʣʴʥʳʤ ʯʠʩʣʘʤ ʢʦʨʥʠ ʤʥʦʛʠʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ, 

ʥʝ ʨʝʰʘʝʪ ʟʘʜʘʯʫ ʩ ʫʨʘʚʥʝʥʠʷʤʠ ʧʦʣʥʦʩʪʴʶ ï ʠ ʥʘʜ ʧʦʣʝʤ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʦʩʪʘʶʪʩʷ ʢʚʘʜ-

ʨʘʪʥʳʝ ʫʨʘʚʥʝʥʠʷ, ʥʝ ʠʤʝʶʱʠʝ ʨʝʰʝʥʠʡ ʚ ʧʦʣʝ R. 

( ) .0, =¡ffR

( )ffR ¡,

( )ffR ¡,

( ) ( ).,0 ffRa ¡Ö-

( )( )
( )

().1, 02

1

fDaffR
nn

ÖÖ-=¡
-
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ʇʨʦʩʪʝʡʰʠʤ ʧʨʠʤʝʨʦʤ ʪʘʢʦʛʦ ʫʨʘʚʥʝʥʠʷ ʙʫʜʝʪ x
2 
+ 1 = 0. 

ʅʘʠʤʝʥʴʰʝʝ ʧʦʣʝ, ʢʦʪʦʨʦʝ ʩʦʜʝʨʞʠʪ ʧʦʜʧʦʣʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʝʣ ʠ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ  

x
2 
+ 1 = 0  ʥʘʟʳʚʘʶʪ  ʧʦʣʝʤ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. ʆʜʥʦ ʠʟ ʨʝʰʝʥʠʡ ʫʨʘʚʥʝʥʠʷ   x

2 
+ 1 = 0  ʦʙʦʟʥʘʯʘʶʪ 

ʙʫʢʚʦʡ  i ʠ ʥʘʟʳʚʘʶʪ ʤʥʠʤʦʡ ʝʜʠʥʠʮʝʡ (ʚʪʦʨʦʝ ʨʝʰʝʥʠʝ -i). ʇʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʦʙʦʟʥʘʯʘʶʪ 

ʩʠʤʚʦʣʦʤ C. 

 

  ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʧʦʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. ɼʦʢʘʟʘʪʝʣʴʩʪʚʘ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʧʦʣʷ C ʤʦʞʥʦ 

ʧʨʦʚʝʩʪʠ ʢʦʥʩʪʨʫʢʪʠʚʥʦ, ʪ. ʝ. ʧʨʦʩʪʦ ʧʦʩʪʨʦʠʪʴ ʧʦʣʝ C, ʠʩʭʦʜʷ ʠʟ ʧʦʣʷ R ʠ ʵʣʝʤʝʥʪʘ i. 

ʇʦʜʦʙʥʦ ʪʦʤʫ, ʢʘʢ ʚ ʛʝʦʤʝʪʨʠʠ ʨʝʰʘʶʪʩʷ ʟʘʜʘʯʠ ʥʘ ʧʦʩʪʨʦʝʥʠʝ, ʤʦʞʥʦ ʩʥʘʯʘʣʘ ʧʨʦʚʝʩʪʠ 

ʘʥʘʣʠʟ, ʪ. ʝ. ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʧʦʣʝ C ʩʫʱʝʩʪʚʫʝʪ,  ʠ ʧʦʩʤʦʪʨʝʪʴ, ʯʪʦ ʠʟ ʵʪʦʛʦ ʩʣʝʜʫʝʪ. 

ɽʩʣʠ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʩʨʝʜʠ ʥʠʭ ʜʦʣʞʥʳ ʩʦʜʝʨʞʘʪʴʩʷ ʠ ʚʩʝ ʯʠʩʣʘ 

ʚʠʜʘ  a + bi, ʛʜʝ a, b ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ ʠ  i
2 
+ 1 = 0.  ʊʘʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʯʠʩʣʘ ʙʫʜʝʪ ʝʜʠʥ-

ʩʪʚʝʥʥʳʤ (ʚ ʧʨʦʪʠʚʥʦʤ ʩʣʫʯʘʝ i  ʦʢʘʞʝʪʩʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʤ ʯʠʩʣʦʤ, ʘ ʵʪʦ ʥʝ ʪʘʢ). ɽʜʠʥʩʪʚʝʥʥʦʩʪʴ, 

ʚ ʯʘʩʪʥʦʩʪʠ, ʦʟʥʘʯʘʝʪ, ʯʪʦ ʝʩʣʠ a + bi = 0, ʪʦ a = b = 0. 

ʀʟ ʘʢʩʠʦʤ ʧʦʣʷ ʩʣʝʜʫʝʪ, ʯʪʦ ʝʩʣʠ z1=a+bi,  z2=c+di ï ʜʚʘ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʣʘ, ʪʦ ʥʝʧʦʩʨʝʜ-

ʩʪʚʝʥʥʦ ʠʟ ʘʢʩʠʦʤ ʧʦʣʷ ʩʣʝʜʫʝʪ, ʯʪʦ  

 

z1 +  z2 = (a + bi) + (c + di) = (a + c) + (b + d)i, 

z1Öz2 = (a + bi) Ö (c + di) = (ac ï bd)  +  (ad + bc) . 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʥʦʞʝʩʪʚʦ M ʯʠʩʝʣ ʫʢʘʟʘʥʥʦʛʦ ʚʠʜʘ a + bi  ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦ-

ʞʝʥ6ʠʷ ʠ ʫʤʥʦʞʝʥʠʷ.  

ɿʘʤʢʥʫʪʦ ʦʥʦ ʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʚʳʯʠʪʘʥʠʷ: 

 

(a + bi) ï (c + di) = (a ï c)  +  (b ï d)i, 

ʠ ʦʪʥʦʩʠʪʝʣʴʥʦ ʜʝʣʝʥʠʷ ʥʘ ʥʝʥʫʣʝʚʦʡ ʵʣʝʤʝʥʪ, 

=
+

+
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=
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-
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i
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʥʦʞʝʩʪʚʦ M ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ, ʠ ʵʪʦ ʧʦʣʝ ʩʦʜʝʨʞʠʪ R ʠ i. 

ʇʦʣʝ C ï ʤʠʥʠʤʘʣʴʥʦʝ ʩ ʪʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, M = C.  

ʀʪʘʢ, ʝʩʣʠ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʩʫʱʝʩʪʚʫʝʪ, ʪʦ ʢʘʞʜʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʠʤʝʝʪ ʚʠʜ  

a + bi, ʛʜʝ a, b ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ ʠ  i
2 
+ 1 = 0. 

ɸʥʘʣʠʟ ʟʘʢʦʥʯʝʥ. 

ʊʝʧʝʨʴ, ʠʩʭʦʜʷ ʠʟ ʘʥʘʣʠʟʘ, ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʧʦʣʝ C, ʚʟʷʚ ʚ ʢʘʯʝʩʪʚʝ ʝʛʦ ʤʥʦʞʝʩʪʚʘ ʜʝʢʘʨʪʦʚ 

ʢʚʘʜʨʘʪ R ³ R, ʠ ʦʧʨʝʜʝʣʠʚ ʘʨʠʬʤʝʪʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ ʪʘʢ, ʢʘʢ ʧʦʜʩʢʘʟʳʚʘʝʪ ʘʥʘʣʠʟ ʟʘʜʘʯʠ.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʩʫʱʝʩʪʚʫʝʪ ʧʦʣʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʠ ʧʦʣʝ ʢʦʤ-

ʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. 

ʈʘʟʫʤʝʝʪʩʷ, ʧʦʩʣʝ ʧʦʩʪʨʦʝʥʠʷ (ʦʧʠʩʘʥʠʷ ʤʥʦʞʝʩʪʚʘ-ʥʦʩʠʪʝʣʷ  ʠ ʦʧʝʨʘʮʠʡ ʥʘ ʥʝʤ) ʩʣʝʜʫʝʪ 

ʧʨʦʚʝʩʪʠ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ ʪʦʛʦ, ʯʪʦ ʧʦʩʪʨʦʝʥʦ ʠʤʝʥʥʦ ʪʦ, ʯʪʦ ʠ ʭʦʪʝʣʠ.  

ʂʨʦʤʝ ʪʦʛʦ, ʢʘʢ ʠ ʚ ʛʝʦʤʝʪʨʠʠ, ʥʝ ʣʠʰʝʥ ʩʤʳʩʣʘ ʚʦʧʨʦʩ ʦ ʯʠʩʣʝ ʨʝʰʝʥʠʡ ʵʪʦʡ ʟʘʜʘʯʠ, ʪ. ʝ. ʦ 

ʚʦʧʨʦʩ, ʩʢʦʣʴʢʦ ʩʫʱʝʩʪʚʫʝʪ ʨʘʟʣʠʯʥʳʭ ʧʦʣʝʡ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ? ʂʦʥʝʯʥʦ, ʢʘʢ ʦʙʳʯʥʦ ʚ ʘʣʛʝʙʨʝ, 

ʠʟʦʤʦʨʬʥʳʝ ʧʦʣʷ ʥʝ ʩʯʠʪʘʶʪʩʷ ʨʘʟʣʠʯʥʳʤʠ. ʀ ʩʥʦʚʘ ʘʥʘʣʠʟ ʧʦʤʦʛʘʝʪ ʦʪʚʝʪʠʪʴ ʠ ʥʘ ʵʪʦʪ ʚʦʧʨʦʩ. 

ʉʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. 

 

ɸʣʛʝʙʨʘʠʯʝʩʢʘʷ ʬʦʨʤʘ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ z ʚ ʚʠʜʝ 

z = a + bi, ʛʜʝ a, b ï ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ ʠ  i
2 
+ 1 = 0, ʥʘʟʳʚʘʶʪ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʦʡ ʢʦʤ-

ʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ.  

ʂʘʞʜʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʫʶ ʘʣʛʝʙʨʘʠ-

ʯʝʩʢʫʶ ʬʦʨʤʫ.  

ʇʝʨʚʦʝ ʩʣʘʛʘʝʤʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʳ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʜʝʡʩʪʚʠ-

ʪʝʣʴʥʦʡ ʯʘʩʪʴʶ, ʘ ʜʝʡʩʪʚʠʪʝʣʴʥʳʡ ʤʥʦʞʠʪʝʣʴ ʚʪʦʨʦʛʦ ʩʣʘʛʘʝʤʦʛʦ ʥʘʟʳʚʘʶʪ 

ʤʥʠʤʦʡ ʯʘʩʪʴʶ ʯʠʩʣʘ. ɼʣʷ ʥʠʭ ʧʨʠʥʷʪʳ ʦʙʦʟʥʘʯʝʥʠʷ A = Re z, bi = Im z, ʪʦ 

ʝʩʪʴ z = Re z + Im z Ö 
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ʄʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R ʥʘʛʣʷʜʥʦ ʠʟʦʙʨʘʞʘʝʪʩʷ ʚ ʚʠʜʝ ʯʠʩʣʦʚʦʡ ʧʨʷʤʦʡ.  

ʄʥʦʞʝʩʪʚʦ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʥʘʭʦʜʠʪʩʷ ʚʦ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʦʤ ʩʦʦʪʚʝʪʩʚʠʠ ʩ  ʜʝʢʘʨʪʦ-

ʚʳʤ ʢʚʘʜʨʘʪʦʤ ʤʥʦʞʝʩʪʚʘ R.  

ɼʝʢʘʨʪʦʚ ʢʚʘʜʨʘʪ R ³ R ʤʥʦʞʝʩʪʚʘ R ʥʘʛʣʷʜʥʦ ʠʟʦʙʨʘʞʘʝʪʩʷ ʢʦʦʨʜʠʥʠʨʦʚʘʥʥʦʡ ʧʣʦʩʢʦ-

ʩʪʴʶ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʘʞʜʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʪʦʯʢʦʡ ʥʘ ʧʣʦʩʢʦʩʪʠ ʩ ʜʝʢʘʨ-

ʪʦʚʳʤʠ ʧʨʷʤʦʫʛʦʣʴʥʳʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ. ʅʘ ʦʩʠ ʘʙʩʮʠʩʩ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʥʘʭʦʜʷʪʩʷ ʜʝʡ-

ʩʪʚʠʪʝʣʴʥʳʝ ʯʘʩʪʠ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʧʦʵʪʦʤʫ ʝʝ ʥʘʟʳʚʘʶʪ ʠʥʦʛʜʘ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʦʩʴʶ, ʘ ʦʩʴ 

ʦʨʜʠʥʘʪ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ï ʤʥʠʤʦʡ ʦʩʴʶ. 

ʂʘʞʜʘʷ ʪʦʯʢʘ ʧʣʦʩʢʦʩʪʠ ʠʟʦʙʨʘʞʘʝʪ ʦʜʥʦ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʠ, ʥʘʦʙʦʨʦʪ, ï ʯʠʩʣʦ ʠʟʦʙʨʘʞʘ-

ʝʪʩʷ ʦʜʥʦʡ ʪʦʯʢʦʡ. ʄʦʞʥʦ ʩʦʝʜʠʥʠʪʴ ʥʘʯʘʣʦ ʢʦʦʨʜʠʥʘʪ ʩ ʵʪʦʡ ʪʦʯʢʦʡ ʠ, 

ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʘʞʜʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʙʫʜʝʪ ʠʟʦʙʨʘʞʝʥʦ ʨʘʜʠʫʩ-

ʚʝʢʪʦʨʦʤ. 

ɼʚʫʤʝʨʥʳʝ ʚʝʢʪʦʨʳ ʥʘʜ ʧʦʣʝʤ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʪʘʢ ʞʝ, ʢʘʢ 

ʠ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʘ, ʧʨʝʜʩʪʘʚʣʷʶʪʩʷ ʧʘʨʘʤʠ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʠ 

ʩʣʦʞʝʥʠʝ ʚʝʢʪʦʨʦʚ ʧʨʦʠʩʭʦʜʠʪ ʪʘʢʞʝ ï ʧʦʢʦʤʧʦʥʝʥʪʥʦ (ʧʝʨʚʘʷ ʢʦʦʨʜʠ-

ʥʘʪʘ ʩʢʣʘʜʳʚʘʝʪʩʷ ʩ ʧʝʨʚʦʡ, ʘ ʚʪʦʨʘʷ ï ʩʦ ʚʪʦʨʦʡ).  

ʉʣʦʞʝʥʠʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʧʨʦʠʩʭʦʜʠʪ ʪʦʞʝ ʧʦʢʦʤʧʦʥʝʥʪʥʦ (ʝʩʣʠ ʢʦʤʧʦʥʝʥʪʘʤʠ ʥʘʟʚʘʪʴ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʠ ʤʥʠʤʫʶ ʯʘʩʪʠ). ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʧʨʠ ʩʣʦʞʝʥʠʠ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʚʝʢʪʦʨʘ ʠʭ 

ʠʟʦʙʨʘʞʘʶʱʠʝ ʩʢʣʘʜʳʚʘʶʪʩʷ ʧʦ ʧʨʘʚʠʣʫ ʧʘʨʘʣʣʝʣʦʛʨʘʤʤʘ. 

ʀ ʚ ʚʝʢʪʦʨʘʭ ʩ ʦʧʝʨʘʮʠʷʤʠ ʩʣʦʞʝʥʠʷ, ʠ ʚ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʣʘʭ ʩ ʪʦʡ ʞʝ ʦʧʝʨʘʮʠʝʡ ʝʩʪʴ ʥʝʯʪʦ 

ʦʙʱʝʝ ï ʦʙʝ ʵʪʠ ʩʠʩʪʝʤʳ ʷʚʣʷʶʪʩʷ ʧʨʷʤʳʤʠ ʩʫʤʤʘʤʠ ʜʚʫʭ ʛʨʫʧʧ <R; +>. 

ʀʪʘʢ, ʘʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʷʚʣʷʝʪʩʷ ʧʨʷʤʦʡ ʩʫʤʤʦʡ ʘʜʜʠʪʠʚʥʳʭ ʛʨʫʧʧ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ: 

 

C = R Ä R. 

ʋ ʧʦʣʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʥʝʪ ʥʠ ʦʜʥʦʛʦ ʥʝʪʨʠʚʠʘʣʴʥʦʛʦ ʘʚʪʦʤʦʨʬʠʟʤʘ.  

ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʠʣʣʶʩʪʨʘʮʠʷ ʧʦʣʷ C ʧʦʜʩʢʘʟʳʚʘʝʪ, ʯʪʦ, ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, ʦʜʠʥ ʥʝʝʜʠʥʠʯ-

ʥʳʡ ʘʚʪʦʤʦʨʬʠʟʤ ʚ ʫʧʦʣʷ C ʝʩʪʴ.  

 

  ʉʦʧʨʷʞʝʥʥʳʝ ʯʠʩʣʘ. ɻʝʦʤʝʪʨʠʯʝʩʢʠʝ ʩʦʦʙʨʘʞʝʥʠʷ ʩʣʝʜʫʶʱʠʝ: ʦʩʝʚʘʷ ʩʠʤʤʝʪʨʠʷ ʚ ʜʝʡ-

ʩʪʚʠʪʝʣʴʥʦʡ ʦʩʠ ʷʚʣʷʝʪʩʷ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʤ ʦʪʦʙʨʘʞʝʥʠʝʤ ʢʦʤʧʣʝʢʩʥʦʡ  ʧʣʦʩʢʦʩʪʠ ʥʘ ʩʝʙʷ ʠ 

ʷʚʥʦ ʩʦʭʨʘʥʷʝʪ ʦʧʝʨʘʮʠʶ ʩʣʦʞʝʥʠʷ. ʆʩʪʘʝʪʩʷ ʧʨʦʚʝʨʠʪʴ ʪʦʣʴʢʦ ʩʦʭʨʘʥʝʥʠʝ ʫʤʥʦʞʝʥʠʷ. 

ʉʥʘʯʘʣʘ ʚʚʝʜʝʤ ʙʦʣʝʝ ʪʦʯʥʦʝ ʦʧʨʝʜʝʣʝʥʠʝ. 

ʇʫʩʪʴ z = x + yi  ʧʨʦʠʟʚʦʣʴʥʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ. ʏʠʩʣʦ x ï yi ʥʘʟʳʚʘʶʪ ʩʦʧʨʷʞʝʥʥʳʤ ʩ z, ʠ 

ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʦʤ z .  

ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ ʚʠʜʥʦ, ʯʪʦ ʦʪʦʙʨʘʞʝʥʠʝ zS zʷʚʣʷʝʪʩʷ ʚʟʘʠʤʥʦ ʦʜʥʦʟʥʘʯʥʳʤ; ʠ z =z ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ  ʪʦʛʜʘ, ʢʦʛʜʘ z ï ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ. ʂʨʦʤʝ ʪʦʛʦ, ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʚʳʯʠʩʣʝʥʠʝʤ ʧʨʦ-

ʚʝʨʷʝʪʩʷ, ʯʪʦ 

 

,2121 zzzz +=+   .2121 zzzz Ö=Ö  

 

ɺʩʝ ʵʪʦ ʚʤʝʩʪʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʦʪʦʙʨʘʞʝʥʠʝ, ʧʝʨʝʚʦʜʷʱʝʝ ʯʠʩʣʦ ʚ ʢʦʤʧʣʝʢʩʥʦ ʩʦ-

ʧʨʷʞʝʥʥʦʝ ʷʚʣʷʝʪʩʷ ʘʚʪʦʤʦʨʬʠʟʤʦʤ ʧʦʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, 

ʦʩʪʘʚʣʷʶʱʝʝ ʧʦʣʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʥʝʧʦʜʚʠʞʥʳʤ. 

ɽʩʣʠ ʯʠʩʣʘ z ʠ z  ï ʩʦʧʨʷʞʝʥʥʳʝ, ʪʦ z + z  ʠ  z Öz  ʧʨʠʥʘʜʣʝʞʘʪ R.  

ʇʦʵʪʦʤʫ ʝʩʣʠ z  ̧ z, ʪʦ ʵʪʠ ʯʠʩʣʘ ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ ʦʜʥʦʛʦ ʠ ʪʦʛʦ ʞʝ 

ʤʥʦʛʦʯʣʝʥʘ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ ʩ ʜʝʡʩʪʚʠʪʝʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

ɺʧʨʦʯʝʤ, ʧʨʦ ʤʥʦʛʦʯʣʝʥʳ ʩ ʜʝʡʩʪʚʠʪʝʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʣʁ -

ʙʦʡ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ  ʤʦʞʥʦ ʩʢʘʟʘʪʴ ʙʦʣʴʰʝ. 

ɽʩʣʠ ʯʠʩʣʦ z Ö̫ʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ f(z) ʩ ʜʝʡʩʪʚʠʪʝʣʴʥʳʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʪʦ ʠ z  ï ʪʦʞʝ ʢʦʨʝʥʴ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. 

ɻʝʦʤʝʪʨʠʯʝʩʢʠ ʵʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʝʩʣʠ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ 

ʠʟʦʙʨʘʟʠʪʴ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʩ ʜʝʡʩʪʚʠʪʝʣʴʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʪʦ 

ʧʦʣʫʯʝʥʥʦʝ ʤʥʦʞʝʩʪʚʦ ʚʩʝʛʜʘ ʩʠʤʤʝʪʨʠʯʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʜʝʡʩʪʚʠʪʝʣʴ-

ʥʦʡ ʦʩʠ. 
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ɺ ʧʦʣʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʘʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ ʠʟʦʤʦʨʬʥʘ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʝ ʧʦ-

ʣʦʞʠʪʝʣʴʥʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 

ʊʦʯʥʦʛʦ ʘʥʘʣʦʛʘ ʵʪʦʤʫ ʬʘʢʪʫ ʚ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʥʝʪ ʧʦ ʧʨʦʩʪʦʡ ʧʨʠʯʠʥʝ: ʧʦʣʝ ʢʦʤ-

ʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʥʝ ʫʧʦʨʷʜʦʯʠʚʘʝʤʦ (ʠ ʧʦʵʪʦʤʫ ʥʝʪ ʧʦʥʷʪʠʷ çʧʦʣʦʞʠʪʝʣʴʥʳʡè ʠ  çʦʪʨʠʮʘʪʝʣʴ-

ʥʳʡè). 

ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʝʩʣʠ ʙʳ ʢʦʥʫʩ ʧʦʣʦʞʠʪʝʣʴʥʦʩʪʠ C+ ʩʫʱʝʩʪʚʦʚʘʣ, ʪʦ ʣʶʙʦʝ ʠʟ ʧʨʝʜʧʦʣʦʞʝ-

ʥʠʡ iÍC+ ʠʣʠ -iÍC+ ʚʝʜʝʪ ʢ ʧʨʦʪʠʚʦʨʝʯʠʶ.  

 

  ʊʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʘʷ ʬʦʨʤʘ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. ɿʘʜʘʜʠʤ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ 

ʧʦʣʷʨʥʳʝ ʢʦʦʨʜʠʥʘʪʳ, ʧʦʣʦʞʠʚ ʥʘʯʘʣʦʤ ʢʦʦʨʜʠʥʘʪ ʪʦʯʢʫ O, ʘ ʧʦʣʷʨʥʦʡ ʦʩʴʶ ʚʳʙʝʨʝʤ  ʧʦʣʦʞʠ-

ʪʝʣʴʥʦʝ ʥʘʧʨʘʚʣʝʥʠʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʦʩʠ.  

ʇʦʣʷʨʥʳʡ ʨʘʜʠʫʩ ï ʨʘʩʩʪʦʷʥʠʝ r  ʦʪ ʪʦʯʢʠ z  ʜʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ ʥʘʟʳʚʘ-

ʶʪ ʤʦʜʫʣʝʤ ʯʠʩʣʘ z. ʆʙʦʟʥʘʯʘʝʪʩʷ ʤʦʜʫʣʴ ʪʘʢ ʞʝ, ʢʘʢ ʤʦʜʫʣʴ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ 

ʯʠʩʣʘ ¼z¼. 

 ɽʩʣʠ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ z = a+bi, ʪʦ ¼z¼= .ba 22+  

ʇʦʣʷʨʥʳʡ ʫʛʦʣ j ʪʦʯʢʠ z (ʫʛʦʣ, ʥʘ ʢʦʪʦʨʳʡ ʥʘʜʦ ʧʦʚʝʨʥʫʪʴ ʧʦʣʷʨʥʫʶ ʦʩʴ 

ʜʦ ʩʦʚʤʝʱʝʥʠʷ ʝʝ ʩ ʥʘʧʨʘʚʣʝʥʠʝʤ ʥʘ ʪʦʯʢʫ z) ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʘʨʛʫʤʝʥʪʦʤ 

ʯʠʩʣʘ z.  

ɸʨʛʫʤʝʥʪ ʦʙʦʟʥʘʯʘʝʪʩʷ ʩʠʤʚʦʣʦʤ Arg z.  

ɸʨʛʫʤʝʥʪ ʜʣʷ ʥʫʣʷ ʥʝ ʦʧʨʝʜʝʣʝʥ, ʥʦ ʥʫʣʝʚʦʝ ʯʠʩʣʦ, ʚʧʨʦʯʝʤ, ʧʦʣʥʦʩʪʴʶ 

ʟʘʜʘʝʪʩʷ ʩʚʦʠʤ ʤʦʜʫʣʝʤ.  

ɽʩʣʠ ʞʝ ʥʝʥʫʣʝʚʦʝ ʯʠʩʣʦ z=a+bi ʟʘʜʘʥʦ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ, ʪʦ ʤʦʜʫʣʴ  ¼z¼̧0, ʘ ʘʨʛʫ-

ʤʝʥʪ arg z ʤʦʞʥʦ ʚʳʯʠʩʣʠʪʴ, ʠ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʝʨʝʡʪʠ ʦʪ ʜʝʢʘʨʪʦʚʦʡ ʩʠʩʪʝʤʳ ʢʦʦʨʜʠʥʘʪ ʢ ʧʦʣʷʨ-

ʥʦʡ ʩʠʩʪʝʤʝ:  

( )
22

argsin
ba

b
z

+
= ,  ( )

22
argcos

ba

a
z

+
= . 

 

ʕʪʠ ʜʚʘ ʨʘʚʝʥʩʪʚʘ ʦʧʨʝʜʝʣʷʶʪ arg z  ʦʜʥʦʟʥʘʯʥʦ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʩʨʘʚʥʠʤʦʩʪʠ ʧʦ ʤʦʜʫʣʶ 2p. 

ʊʦʯʥʝʝ, ʝʩʣʠ j1 ʠ j2 ʜʚʘ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ  

í
ì
ë

=

=

,sin

,cos

d

c

j

j
 

ʪʦ j1¹j2(mod 2p), ʪ. ʝ. j1 ï j2 = 2pk, ʛʜʝ k ï ʮʝʣʦʝ ʯʠʩʣʦ.  

ʇʫʩʪʴ, ʥʘʦʙʦʨʦʪ, ʟʘʜʘʥʳ ʧʦʣʷʨʥʳʝ ʢʦʦʨʜʠʥʘʪʳ ʢʦʤʧʣʝʢʩʥʦʛʦ (ʥʝʥʫʣʝʚʦʛʦ) ʯʠʩʣʘ z,  

¼z¼=r,  arg z=j. 

ʊʦʛʜʘ ʘʣʛʝʙʨʘʠʯʝʩʢʫʶ ʬʦʨʤʫ a+bi ʯʠʩʣʘ z ʤʦʞʥʦ ʥʘʡʪʠ ʧʦ  ʬʦʨʤʫʣʘʤ: 

a=r  cos j,   b=rsin j. 

ʇʦʜʩʪʘʚʠʤ ʚʤʝʩʪʦ a,  b  ɻ ʪʠ ʟʥʘʯʝʥʠʷ, ʠ ʧʦʣʫʯʠʤ ʚʳʨʘʞʝʥʠʝ ʜʣʷ z: 

z= r(cos j + i sin j). 

ʊʘʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ ʥʘʟʳʚʘʶʪ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʦʡ.  

ʊʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʘʷ ʬʦʨʤʫʣʘ ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʯʠʩʣʦ ʠ ʚ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘ-

ʪʘʭ (ʜʦʩʪʘʪʦʯʥʦ ʨʘʩʢʨʳʪʴ ʩʢʦʙʢʠ), ʠ ʚ ʧʦʣʷʨʥʳʭ (ʚ ʥʝʡ ʫʯʘʩʪʚʫʶʪ ʠ ʤʦʜʫʣʴ, ʠ ʘʨʛʫʤʝʥʪ ʯʠʩʣʘ). 

ʀʩʧʦʣʴʟʫʷ ʝʜʠʥʩʪʚʝʥʥʦʩʪʴ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ ʠ ʨʘʚʝʥʩʪʚʦ  

cos
2
 j + sin

2
 j = 1, 

ʧʦʣʫʯʘʝʤ ʫʪʚʝʨʞʜʝʥʠʝ ʦ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʳ: ʝʩʣʠ r 1(cos j + i  sin 

j)  ʠ r 2(cos y + i  sin y) ʜʚʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʠʝ ʬʦʨʤʳ ʦʜʥʦʛʦ ʠ ʪʦʛʦ ʞʝ ʢʦʤ-

ʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ, ʪʦ r 1=r 2,  ʠ  j ¹ y(mod 2p). 

ɸʣʛʝʙʨʘʠʯʝʩʢʫʶ ʬʦʨʤʫ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʘ ʤʦʞʥʦ ʙʳʣʦ ʚʟʷʪʴ ʧʨʦʠʟʚʦʣʴʥʦ ï ʢʘʞʜʘʷ ʧʘʨʘ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ a, b ʦʜʥʦʟʥʘʯʥʦ ʟʘʜʘʝʪ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ. 

ʊʦ ʞʝ ʩʘʤʦʝ (ʧʨʠ ʝʩʪʝʩʪʚʝʥʥʳʭ ʦʛʨʘʥʠʯʝʥʠʷʭ) ʚʝʨʥʦ ʠ ʜʣʷ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʳ. 

ɼʣʷ ʢʘʞʜʦʛʦ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ r > 0, ʠ ʢʘʞʜʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ  a,  b  ʪʘʢʠʭ, ʯʪʦ  

a
2 
+ b

2
=1, ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ z, ʠʤʝʶʱʝʝ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʫʶ ʬʦʨʤʫ  

z= r(cos j + isin j), 

ʛʜʝ cos j=a,    sin j=b. 
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ʄʦʜʫʣʴ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ, ʢʘʢ ʠ ʤʦʜʫʣʴ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ, ï ʵʪʦ ʨʘʩʩʪʦʷʥʠʝ ʦʪ ʪʦʯʢʠ, 

ʠʟʦʙʨʘʞʘʶʱʝʡ ʯʠʩʣʦ, ʜʦ ʥʘʯʘʣʘ ʢʦʦʨʜʠʥʘʪ. 

ɽʩʣʠ y=0, ʪ. ʝ. ʯʠʩʣʦ z ï ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ, ʪʦ ʥʦʚʳʡ ʤʦʜʫʣʴ ʚ ʪʦʯʥʦʩʪʠ ʩʦʚʧʘʜʘʝʪ ʩʦ ʩʪʘʨʳʤ.  

ʇʝʨʝʥʦʩʷʪʩʷ ʚ ʢʦʤʧʣʝʢʩʥʫʶ ʦʙʣʘʩʪʴ ʠ  ʜʨʫʛʠʝ  ʩʚʦʡʩʪʚʘ ʤʦʜʫʣʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 

ʅʘʧʨʠʤʝʨ, ʤʦʜʫʣʴ ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʨʘʚʝʥ ʧʨʦʠʟʚʝʜʝʥʠʶ ʤʦʜʫʣʝʡ.  

ʕʪʦ ʩʚʦʡʩʪʚʦ ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʥʘ ʚʩʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ: ʤʦʜʫʣʴ ʧʨʦʠʟʚʝʜʝʥʠʷ ʢʦʤ-

ʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʨʘʚʝʥ ʧʨʦʠʟʚʝʜʝʥʠʶ ʤʦʜʫʣʝʡ ʩʦʤʥʦʞʠʪʝʣʝʡ. 

ʇʦʩʣʝʜʥʝʝ ʫʪʚʝʨʞʜʝʥʠʝ ʤʦʞʥʦ ʧʨʦʚʝʨʠʪʴ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʳʤ ʚʳʯʠʩʣʝʥʠʝʤ, ʘ ʤʦʞʥʦ ʚʦʩ-

ʧʦʣʴʟʦʚʘʪʴʩʷ ʪʦʞʜʝʩʪʚʦʤ ¼z¼= zzÖ . 

ʂʩʪʘʪʠ, ʟʥʘʷ, ʢʘʢ ʚʳʛʣʷʜʠʪ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʤʦʜʫʣʷ, ʠʟ ʨʘʚʝʥʩʪʚʘ ¼aÖb¼=¼a¼Ö¼b¼, ʛʜʝ a ʠ b ï 

ʧʨʦʠʟʚʦʣʴʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʯʠʩʪʦ ʘʨʠʬʤʝʪʠʯʝʩʢʠʡ ʬʘʢʪ: ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʜʚʫʭ ʩʫʤʤ ʜʚʫʭ ʢʚʘʜʨʘʪʦʚ ʮʝʣʳʭ ʯʠʩʝʣ ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʩʫʤʤʦʡ ʜʚʫʭ ʢʚʘʜʨʘʪʦʚ. 

 

  ʉʚʦʡʩʪʚʘ ʤʦʜʫʣʷ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. ʇʨʦʜʦʣʞʠʤ ʧʝʨʝʯʠʩʣʝʥʠʝ ʩʚʦʡʩʪʚ ʤʦʜʫʣʷ ʢʦʤ-

ʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʚʟʷʚ ʟʘ ʦʩʥʦʚʫ ʩʚʦʡʩʪʚʘ ʤʦʜʫʣʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 

ɼʣʷ ʧʨʦʠʟʚʦʣʴʥʳʭ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ a, b ʚʳʧʦʣʥʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʥʝʨʘʚʝʥʩʪʚʘ: 

ʘ) ¼a + b¼¢¼a¼+¼b¼; 

ʙ) ¼a - b¼¢¼a¼+¼b¼; 

ʚ) ¼a + b¼²¼a¼-¼b¼; 

ʛ) ¼a - b¼²¼a¼-¼b¼. 

 

ʂʨʦʤʝ ʩʚʦʡʩʪʚʘ ¼aÖb¼=¼a¼Ö¼b¼, ʜʣʷ ʣʶʙʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ a, b ʚʳʧʦʣʥʷʝʪʩʷ  ʝʱʝ 

ʧʨʘʚʠʣʦ ʟʥʘʢʦʚ: 

 

(-a)b = a (-b) = -a b  ʠ  (-a) (-b) = ab. 

ɿʥʘʢ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ ï ʵʪʦ ʤʥʦʞʠʪʝʣʴ, ʨʘʚʥʳʡ 1 ʠʣʠ -1. ɺ ʩʣʫʯʘʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ 

ʟʥʘʢ ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ, ʤʦʜʫʣʴ ʢʦʪʦʨʦʛʦ ʨʘʚʝʥ ʝʜʠʥʠʮʝ, ʘ ʧʨʘʚʠʣʦ ʟʥʘʢʦʚ ʧʨʠ-

ʥʠʤʘʝʪ ʚʠʜ: ʜʣʷ ʣʶʙʳʭ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ a, b: 

 

Arg (aÖb) = Arg a +Arg b. 

ɼʣʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʘʨʛʫʤʝʥʪ ʧʨʠʥʠʤʘʝʪ ʣʠʰʴ ʜʚʘ ʟʥʘʯʝʥʠʷ: 0 ʠʣʠ p. ɺ ʧʝʨʚʦʤ ʩʣʫʯʘʝ 

ʟʥʘʢ ʨʘʚʝʥ 1, ʘ ʚʦ ʚʪʦʨʦʤ  -1. 

ʀʪʘʢ, ʧʨʠ ʫʤʥʦʞʝʥʠʠ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʠʭ ʤʦʜʫʣʠ ʧʝʨʝʤʥʦʞʘʶʪ-

ʩʷ, ʘ ʘʨʛʫʤʝʥʪʳ ʩʢʣʘʜʚrʘʶʪʩʷ. 

ʆʙʨʘʟʥʦ ʛʦʚʦʨʷ, ʝʩʣʠ ʯʠʩʣʦ a ʧʨʝʜʩʪʘʚʣʝʥʦ ʨʘʜʠʫʩ-ʚʝʢʪʦʨʦʤ a, ʪʦ 

ʫʤʥʦʞʝʥʠʝ a ʥʘ ʯʠʩʣʦ b ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚʝʢʪʦʨ a ʧʦʚʦʨʘʯʠʚʘʝʪʩʷ ʥʘ ʫʛʦʣ 

arg b, ʘ ʤʦʜʫʣʴ  ʚʝʢʪʦʨʘ aÖ ʨʘʩʪʷʛʠʚʘʝʪʩʷ (ʠʣʠ ʩʞʠʤʘʝʪʩʷ) ʚ  ¼b¼ ʨʘʟ. 

ɽʩʣʠ ¼b¼=1, ʪʦ ʫʤʥʦʞʝʥʠʝ ʥʘ ʯʠʩʣʦ b ʩʚʦʜʠʪʩʷ ʣʠʰʴ ʢ ʧʦʚʦʨʦʪʫ 

ʚʝʢʪʦʨʘ aÖ ʥʘ ʥʝʢʦʪʦʨʳʡ ʫʛʦʣ. 

ʇʨʘʚʠʣʦ ʟʥʘʢʦʚ  ʜʣʷ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʤʫʣʴʪʠ-

ʧʣʠʢʘʪʠʚʥʘʷ ʛʨʫʧʧʘ ʥʝʥʫʣʝʚʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʷʚʣʷʝʪʩʷ ʧʨʷʤʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ  ʤʫʣʴʪʠ-

ʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʠ ʛʨʫʧʧʳ, ʩʦʩʪʦʷʱʝʡ ʠʟ ʜʝʡʩʪʚʠʪʝʣʴ-

ʥʳʭ ʯʠʩʝʣ,  ʤʦʜʫʣʴ ʢʦʪʦʨʳʭ ʨʘʚʝʥ ʝʜʠʥʠʮʝ. 

ʇʝʨʝʯʠʩʣʝʥʥʳʝ ʩʚʦʡʩʪʚʘ ʤʦʜʫʣʷ ʠ ʘʨʛʫʤʝʥʪʘ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ 

ʦʟʥʘʯʘʶʪ, ʯʪʦ ʵʪʦ ʩʚʦʡʩʪʚʦ ʙʫʢʚʘʣʴʥʦ ʧʝʨʝʥʦʩʠʪʩʷ ʥʘ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʫʶ 

ʛʨʫʧʧʫ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ (ʪʦʣʴʢʦ ʤʥʦʞʝʩʪʚʦ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʤʦʜʫʣʴ 

ʢʦʪʦʨʳʭ ʨʘʚʝʥ ʝʜʠʥʠʮʝ ï ʪʝʧʝʨʴ ʟʥʘʯʠʪʝʣʴʥʦ ʙʦʣʴʰʝʝ ʤʥʦʞʝʩʪʚʦ): 

 ʄʫʣʴʪʠʧʣʠʢʘʪʠʚʥʘʷ ʛʨʫʧʧʘ ʥʝʥʫʣʝʚʳʭ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ  ʷʚʣʷʝʪʩʷ 

ʧʨʷʤʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ  ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʜʝʡ-

ʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʠ ʛʨʫʧʧʳ, ʩʦʩʪʦʷʱʝʡ ʠʟ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ,  ʤʦʜʫʣʴ 

ʢʦʪʦʨʳʭ ʨʘʚʝʥ ʝʜʠʥʠʮʝ. 

ʅʘ ʨʠʩʫʥʢʝ ʯʝʨʥʳʤ ʮʚʝʪʦʤ ʚʳʜʝʣʝʥʳ ʧʨʷʤʳʝ ʤʥʦʞʠʪʝʣʠ ʤʫʣʴʪʠ-

ʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʥʝʥʫʣʝʚʳʭ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. ʇʝʨʝʩʝʯʝʥʠʝ ʦʢʨʫʞ-

ʥʦʩʪʠ ʝʜʠʥʠʯʥʦʛʦ ʨʘʜʠʫʩʘ ʩ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʦʩʴʶ ʠ ʢʘʢ ʨʘʟ ʠ ʜʘʝʪ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʧʨʷʤʦʡ ʤʥʦ-

ʞʠʪʝʣʴ ʛʨʫʧʧʳ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 
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ɼʝʣʝʥʠʝ (ʘ ʥʝʥʫʣʝʚʦʝ ʯʠʩʣʦ) ʷʚʣʷʝʪʩʷ ʦʧʝʨʘʮʠʝʡ, ʦʙʨʘʪʥʦʡ ʫʤʥʦʞʝʥʠʶ, ʧʦʵʪʦʤʫ ʜʣʷ ʣʶʙʳʭ 

ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ a, b (b̧0) 

 

=    ʠ   Arg öö
÷

õ
ææ
ç

å
= Arg a - Arg b. 

 

 ɽʩʣʠ ʯʠʩʣʦ b̧0, ʪʦ  

 

¼b
-1
¼=¼b¼

-1
,   arg b

-1
 = ï arg b. 

 

ʇʦʩʣʝʜʥʝʝ ʟʘʤʝʯʘʥʠʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʛʝʦʤʝʪʨʠʯʝʩʢʠ ʯʠʩʣʦ b
-1
 ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʯʠʩʣʘ b ʢʦʤʧʦʟʠ-

ʮʠʝʡ ʦʩʝʚʦʡ ʩʠʤʤʝʪʨʠʠ ʚ ʦʩʠ ʘʙʩʮʠʩʩ ʠ ʠʥʚʝʨʩʠʠ ʚ ʦʢʨʫʞʥʦʩʪʠ ʝʜʠʥʠʯʥʦʛʦ ʨʘʜʠʫʩʘ ʩ ʮʝʥʪʨʦʤ ʚ 

ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. ʅʘ ʨʠʩʫʥʢʝ ʠʟʦʙʨʘʞʝʥʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʧʦʩʪʨʦʝʥʠʝ. 

ʕʢʩʧʦʥʝʥʮʠʘʣʴʥʘʷ ʬʦʨʤʘ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. ʈʘʟʣʦʞʠʤ ʬʫʥʢʮʠʠ e
x
, cos x ʠ sin x ʚ ʨʷʜʳ 

ʊʝʡʣʦʨʘ: 

,...
!

...
!1

1 ++++=
n

xx
e

n
x  

( )
( )

,...
!12

1...
!3

sin
123

+
+

-++-=
+

n

xx
xx

n
n

 

( )
( )

....
!2

1...
!2

1cos
22

+-++-=
n

xx
x

n
n

 

 

ɽʩʣʠ ʪʝʧʝʨʴ ʨʷʜ ʜʣʷ sin x ʫʤʥʦʞʠʪʴ ʥʘ i, 

( )
( )

,...
!12

1...
!3

sin
123

+
+

-++-=
+

n

x
i

x
iixxi

n
n

 

 ʠ ʟʘʪʝʤ ʩʣʦʞʠʪʴ ʩ ʨʷʜʦʤ ʜʣʷ cos x, ʪʦ ʧʦʣʫʯʠʤ ʨʷʜ ʜʣʷ e
ix
:  

....
!

...
!2!1

1
2

+++-+=
n

x
i

xix
e

n
nix  

 

 ʊʘʢʠʤ ʦʙʨʘʟʦʤ (ʜʣʷ ʣʶʙʦʛʦ x):  

.sincos xixeix +=  

 

ʇʦʩʣʝʜʥʝʝ ʪʦʞʜʝʩʪʚʦ ʥʘʟʳʚʘʶʪ ʬʦʨʤʫʣʦʡ ʕʡʣʝʨʘ.  

ʀʟ ʬʦʨʤʫʣʳ ʕʡʣʝʨʘ ʩʣʝʜʫʝʪ, ʯʪʦ 

 

( ).sincos bibrrei +=j  

 

ɽʩʣʠ r>0. ʪʦ ʚʳʨʘʞʝʥʠʝ ʩʧʨʘʚʘ ï ʵʪʦ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʘʷ ʬʦʨʤʘ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. ɺʳʨʘ-

ʞʝʥʠʝ ʩʣʝʚʘ ʥʘʟʳʚʘʶʪ ʵʢʩʧʦʥʝʥʮʠʘʣʴʥʦʡ (ʧʦʢʘʟʘʪʝʣʴʥʦʡ) ʬʦʨʤʦʡ  ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ. 

ʕʪʦʡ ʞʝ ʬʦʨʤʝ ʤʦʞʥʦ ʧʨʠʜʘʪʴ ʜʨʫʛʦʡ ʚʠʜ. ɼʣʷ ʣʶʙʦʛʦ ʜʝʡʩʪʚʠʪʝʣʴʥʦʛʦ ʯʠʩʣʘ a ʯʠʩʣʦ e
a 
ï 

ʧʦʣʦʞʠʪʝʣʴʥʦ, ʧʦʵʪʦʤʫ ʣʶʙʦʝ ʥʝʥʫʣʝʚʦʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ: 

 

( ).sincos bibee abia +=+
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ʋʤʥʦʞʝʥʠʝ ʠ ʜʝʣʝʥʠʝ ʚ ʵʢʩʧʦʥʝʥʮʠʘʣʴʥʦʡ ʬʦʨʤʝ ʧʦʜʪʚʝʨʞʜʘʶʪ ʩʚʦʡʩʪʚʘ ʤʦʜʫʣʷ ʠ ʘʨʛʫ-

ʤʝʥʪʘ, ʧʦʣʫʯʝʥʥʳʝ ʨʘʥʝʝ ʩ ʧʦʤʦʱʴʶ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʳ:  

 

aier1 Ö
bier2 =

( );21

ba+ierr   
( ).

2

1

2

1 ba

b

a
-= i

i

i

e
r

r

er

er
 

 

ʆʪʤʝʪʠʤ, ʯʪʦ ʜʣʷ x = p ʧʨʠʥʠʤʘʝʪ ʚʠʜ  

.1-=pie  

ʇʝʨʝʥʝʩʝʤ ï1 ʚ ʣʝʚʫʶ ʯʘʩʪʴ ʨʘʚʝʥʩʪʚʘ, ʠ ʚ ʨʝʟʫʣʴʪʘʪʝ ʧʦʣʫʯʠʤ ʟʘʛʘʜʦʯʥʫʶ  ʩʚʷʟʴ ʤʝʞʜʫ 

ʚʩʝʤʠ ʚʘʞʥʝʡʰʠʤʠ ʢʦʥʩʪʘʥʪʘʤʠ ʤʘʪʝʤʘʪʠʢʠ (e, p, i, 1, 0): 

.01=+pie  

ʌʦʨʤʫʣʘ ʄʫʘʚʨʘ. ʀʩʧʦʣʴʟʫʷ ʠʥʜʫʢʮʠʶ ʧʦ n, ʜʣʷ ʨʘʚʥʳʭ ʤʥʦʞʠʪʝʣʝʡ ʧʦʣʫʯʘʝʤ ʩʣʝʜʫʶʱʝʝ 

ʨʘʚʝʥʩʪʚʦ (ʜʣʷ ʢʘʞʜʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ n):  

[r(cos j + i sin j)]
n
 = r

n
(cos nj + i sin nj). 

 

ɺ ʯʝʩʪʴ ʘʚʪʦʨʘ ʵʪʫ ʬʦʨʤʫʣʫ ʥʘʟʳʚʘʶʪ ʬʦʨʤʫʣʦʡ ʄʫʘʚʨʘ
1
. 

ɺʦʟʚʝʩʪʠ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ʚ ʥʘʪʫʨʘʣʴʥʫʶ ʩʪʝʧʝʥʴ n ʤʦʞʥʦ ʠ ʩ ʧʦʤʦʱʴʶ ʙʠʥʦʤʘ ʅʴʶʪʦ-

ʥʘ. ʀʩʧʦʣʴʟʫʷ ʜʣʷ ʚʦʟʚʝʜʝʥʠʷ ʩʪʝʧʝʥʴ ʯʠʩʣʘ  

z = cos j + i sin j 

ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ ʠ ʙʠʥʦʤ ʅʴʶʪʦʥʘ, ʩ ʧʦʤʦʱʴʶ ʝʜʠʥʩʪʚʝʥʥʦʩʪʠ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʳ ʢʦʤʧʣʝʢʩ-

ʥʦʛʦ ʯʠʩʣʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʚʩʝ ʰʢʦʣʴʥʳʝ ʬʦʨʤʫʣʳ, ʚʳʨʘʞʘʶʱʠʝ cos 2j,  sin 2j, cos 3j, sin 3j 

ʯʝʨʝʟ cos j ʠ sin j.  

ɺʧʨʦʯʝʤ, ʩ ʧʦʤʦʱʴʶ ʙʠʥʦʤʘ ʅʴʶʪʦʥʘ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʩʨʘʟʫ ʦʙʱʝʝ ʚʳʨʘʞʝʥʠʝ (ʜʣʷ ʣʶʙʦʛʦ 

ʥʘʪʫʨʘʣʴʥʦʛʦ n): 

 

...sincos
4

sincos
2

coscos 4422 -öö
÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
-= -- xx

n
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n
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...sincos
5

sincos
3

sincossin 55331 -öö
÷

õ
ææ
ç

å
+öö

÷

õ
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ç

å
-= --- xx

n
xx

n
xxnnx nnn

 

  ʀʟʚʣʝʯʝʥʠʝ ʢʦʨʥʝʡ ʚ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. ʉʚʦʝʤʫ ʧʨʦʠʩʭʦʞʜʝʥʠʶ ʧʦʣʝ ʢʦʤʧʣʝʢʩ-

ʥʳʭ ʯʠʩʝʣ ʦʙʷʟʘʥʦ ʥʝʚʦʟʤʦʞʥʦʩʪʠ ʠʟʚʣʝʯʝʥʠʷ ʢʦʨʥʷ ʢʚʘʜʨʘʪʥʦʛʦ ʠʟ ʦʪʨʠʮʘʪʝʣʴʥʦʛʦ ʯʠʩʣʘ ʚ ʧʦʣʝ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. ʉʘʤʦ ʧʦʣʝ C ʧʦ ʪʘʢʦʡ ʧʨʠʯʠʥʝ ʨʘʩʰʠʨʷʪʴ ʥʝ ʧʨʠʜʝʪʩʷ ï ʚ ʧʦʣʝ ʢʦʤʧʣʝʢʩ-

ʥʳʭ ʯʠʩʝʣ ʠʟʚʣʝʢʘʝʪʩʷ ʢʦʨʝʥʴ ʣʶʙʦʡ ʩʪʝʧʝʥʠ ʠʟ ʣʶʙʦʛʦ ʯʠʩʣʘ
2
.  

ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ ʠ ʝʜʠʥʩʪʚʝʥʥʦʩʪʴ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʳ ʢʦʤʧʣʝʢʩʥʦʛʦ 

ʯʠʩʣʘ (ʙʦʣʝʝ ʪʦʯʥʦ ʝʜʠʥʩʪʚʝʥʥʦʩʪʴ ʘʨʛʫʤʝʥʪʘ ʧʦ ʤʦʜʫʣʶ 2p), ʧʦʣʫʯʘʝʤ ʬʦʨʤʫʣʫ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ 

ʢʦʨʥʷ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʣʶʙʦʛʦ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ a (ʵʪʫ ʬʦʨʤʫʣʫ ʪʘʢʞʝ ʥʘʟʳʚʘʶʪ ʬʦʨʤʫʣʦʡ ʄʫ-

ʘʚʨʘ
3
).   

ɽʩʣʠ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )jj sincos ir +=  ʦʪʣʠʯʥʦ ʦʪ ʥʫʣʷ, ʪʦ ʫʨʘʚʥʝʥʠʝ =nz  ʠʤʝʝʪ ʚ 

ʪʦʯʥʦʩʪʠ n ʨʘʟʣʠʯʥʳʭ ʨʝʰʝʥʠʡ   z0, z1, ... , zn - 1,  ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʥʘʡʪʠ ʧʦ ʬʦʨʤʫʣʝ 

 

                                                 
1 ɸʙʨʘʭʘʤ ʜʝ ʄʫʘʚʨ (1667ï1754) ï ʘʥʛʣʠʡʩʢʠʡ ʤʘʪʝʤʘʪʠʢ ʬʨʘʥʮʫʟʩʢʦʛʦ ʧʨʦʠʩʭʦʞʜʝʥʠʷ.  
2 ʀ ʙʦʣʝʝ ʪʦʛʦ, ʢʘʞʜʳʡ ʤʥʦʛʦʯʣʝʥ ʩ ʢʦʤʧʣʝʢʩʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʤʝʝʪ ʢʦʨʝʥʴ ʚ ʧʦʣʝ C. ʕʪʦʪ ʬʘʢʪ ʧʨʠʥʷʪʦ 

ʥʘʟʳʚʘʪʴ ʦʩʥʦʚʥʦʡ ʪʝʦʨʝʤʦʡ ʘʣʛʝʙʨʳ.   
3 ʕʪʠ  ʬʦʨʤʫʣʳ ʙʳʣʠ ʧʦʣʫʯʝʥʳ ɸ. ʜʝ ʄʫʘʚʨʦʤ ʚ 1707 ʛʦʜʫ, ʩʦʚʨʝʤʝʥʥʘʷ ʟʘʧʠʩʴ ʧʨʝʜʣʦʞʝʥʘ ʃ. ʕʡʣʝʨʦʤ ʚ 1748 ʛʦʜʫ. 



 58 

,
2

sin
2

 cos ö
÷

õ
æ
ç

å +
+

+
=

n

k
i

n

k
rz n

k

pjpj
 

 

ʛʜʝ k=0, 1, ... , n-1. 

ɿʘʤʝʪʠʤ, ʯʪʦ ʚʩʝ ʵʪʠ zk ʠʤʝʶʪ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʤʦʜʫʣʴ, ʠ ʧʦʵʪʦʤʫ ʥʘʭʦʜʷʪʩʷ ʥʘ ʦʢʨʫʞʥʦʩʪʠ, 

ʨʘʜʠʫʩʘ n r  ʠ  ʩ ʮʝʥʪʨʦʤ  ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. ɹʦʣʝʝ ʪʦʛʦ, ʢʘʞʜʳʡ ʥʦʚʳʡ ʢʦʨʝʥʴ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ 

ʠʟ ʧʨʝʜʳʜʫʱʝʛʦ ʫʤʥʦʞʝʥʠʝʤ ʥʘ ʯʠʩʣʦ ö
÷

õ
æ
ç

å p
+
p

n
i

n

2
sin

2
 cos , ʪ. ʝ. ʧʦʚʦʨʦʪʦʤ ʥʘ ʫʛʦʣ 

n

ˊ2
.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ  ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ a ʦʪʣʠʯʥʦ ʦʪ ʥʫʣʷ, ʪʦ ʚʩʝ ʢʦʨʥʠ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ a 

ʨʘʩʧʦʣʦʞʝʥʳ ʚ ʚʝʨʰʠʥʘʭ ʧʨʘʚʠʣʴʥʦʛʦ n-ʫʛʦʣʴʥʠʢʘ, ʚʧʠʩʘʥʥʦʛʦ ʚ ʦʢʨʫʞʥʦʩʪʴ ʨʘʜʠʫʩʘ n Ŭʠ ʩ 

ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. 

ʇʨʠ ʨʝʰʝʥʠʠ ʫʨʘʚʥʝʥʠʷ 
2 =z , ʛʜʝ a ï ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ, ʧʦʣʫʯʘʝʪʩʷ 

ʜʚʘ ʟʥʘʯʝʥʠʷ. ʆʜʥʦ ʠʟ ʥʠʭ  ʘʨʠʬʤʝʪʠʯʝʩʢʠʡ ʢʦʨʝʥʴ ʠʟ ʯʠʩʣʘ a,. ʚʪʦʨʦʝ   ʧʦʣʫʯʘʝʪʩʷ ʫʤʥʦʞʝ-

ʥʠʝʤ  ʥʘ ï1. ɽʩʣʠ ʙʳ ʚʟʷʣʠ ʩʥʘʯʘʣʘ  ʢʦʨʝʥʴ ï Ŭ, ʪʦ ʩʥʦʚʘ ʫʤʥʦʞʝʥʠʝʤ ʥʘ 1 ʠ ï1 ʧʦʣʫʯʘʝʤ ʚʩʝ 

ʢʦʨʥʠ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ. ʏʠʩʣʘ 1 ʠ ï1 ï ʵʪʦ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ  z
2 
= 1, ʪ. ʝ. ʢʦʨʥʠ ʚʪʦʨʦʡ ʩʪʝʧʝʥʠ ʠʟ 

ʝʜʠʥʠʮʳ.  

ɺ ʧʦʣʝ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʵʪʘ ʠʜʝʷ (ʧʦʣʫʯʠʪʴ ʚʩʝ ʢʦʨʥʠ ʠʟ ʦʜʥʦʛʦ ʫʤʥʦʞʝʥʠʝʤ ʥʘ ʢʦʨʥʠ ʠʟ 

ʝʜʠʥʠʮʳ) ʧʦʣʫʯʘʝʪ ʝʩʪʝʩʪʚʝʥʥʦʝ ʦʙʦʙʱʝʥʠʝ ʩ ʧʦʤʦʱʴʶ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ.. 

 

1. ʂʦʨʥʠ ʠʟ ʝʜʠʥʠʮʳ. ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ  z
n 
= 1 ʥʘʟʳʚʘʶʪ ʢʦʨʥʝʤ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ. 

ʆʙʳʯʥʦ ʢʦʨʥʠ ʠʟ ʝʜʠʥʠʮʳ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣ ek.  ɺʩʝ ʩʚʦʡʩʪʚʘ ʧʨʦʠʟʚʦʣʴʥʳʭ ʢʦʨʥʝʡ ʠʟ ʥʝʥʫʣʝ-

ʚʦʛʦ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ, ʨʘʟʫʤʝʝʪʩʷ,  ʧʝʨʝʥʦʩʷʪʩʷ ʠ ʥʘ  ʢʦʨʥʠ ʠʟ ʝʜʠʥʠʮʳ.  

ʉ ʫʯʝʪʦʤ, ʯʪʦ ʚʩʝ ek ʠʤʝʶʪ ʤʦʜʫʣʴ 1, ʧʦʣʫʯʘʝʤ, ʯʪʦ ʢʦʨʥʠ  n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʠʤʝʶʪ 

ʚʠʜ:  

 

n

k
i

n

k
k
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sin

2
 cos += , 

 

ʛʜʝ k=0, 1, 2, ..., n-1. 

ɼʣʷ ʢʘʞʜʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ n ʩʫʱʝʩʪʚʫʝʪ n ʨʘʟʣʠʯʥʳʭ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ.  

 
 ʂʦʨʥʠ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʨʘʩʧʦʣʦʞʝʥʳ ʚ ʚʝʨʰʠʥʘʭ ʧʨʘʚʠʣʴʥʦʛʦ n-ʫʛʦʣʴʥʠʢʘ, ʚʧʠ-

ʩʘʥʥʦʛʦ ʚ ʦʢʨʫʞʥʦʩʪʴ ʝʜʠʥʠʯʥʦʛʦ ʨʘʜʠʫʩʘ ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. 

ʇʫʩʪʴ M ï ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ. ɽʜʠʥʠʮʘ ʧʨʠʥʘʜʣʝʞʠʪ M, ʢʨʦʤʝ 

ʪʦʛʦ, M ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʫʤʥʦʞʝʥʠʷ ʠ ʚʟʷʪʠʷ ʦʙʨʘʪʥʦʛʦ. ʂʦʨʦʯʝ ʛʦʚʦʨʷ, ʤʥʦʞʝʩʪʚʦ ʢʦʨʥʝʡ 

n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʦʙʨʘʟʫʝʪ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʫʶ ʛʨʫʧʧʫ. 

ʆʙʳʯʥʦ ʩʣʦʚʦ çʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʫʶè ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʣʠʰʴ ʧʦʜʨʘʟʫʤʝʚʘʶʪ ʠ ʛʦʚʦʨʷʪ ʧʨʦʩʪʦ ʦ 

ʛʨʫʧʧʝ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ.  

ɺ ʦʪʣʠʯʠʝ ʦʪ ʦʙʱʝʡ ʩʠʪʫʘʮʠʠ, ʤʥʦʛʦʫʛʦʣʴʥʠʢ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʣʝʛʢʦ ʠʟʦʙ-

ʨʘʟʠʪʴ ï ʦʜʥʘ ʠʟ ʚʝʨʰʠʥ ʵʪʦʛʦ n-ʫʛʦʣʴʥʠʢʘ ʠʟʚʝʩʪʥʘ (ʘ ʝʩʣʠ n ï ʯʝʪʥʦʝ, ʪʦ ʠ ï ʜʚʝ).  
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ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʠʟ ʬʦʨʤʫʣ ʜʣʷ ʢʦʨʥʝʡ ʚʠʜʥʦ, ʯʪʦ  

ek = 
k

1 ,  

ʘ ʵʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʚʩʝ ʢʦʨʥʠ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʠʟ ʢʦʨʥʷ  

n
i

n

2
sin

2
 cos1 +=  

ʩ ʧʦʤʦʱʴʶ ʚʦʟʚʝʜʝʥʠʷ ʝʛʦ ʚ ʩʪʝʧʝʥʴ.  

ɻʨʫʧʧʘ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʧʦʨʦʞʜʘʝʪʩʷ ʦʜʥʠʤ ʵʣʝʤʝʥʪʦʤ; ʵʪʘ 

ʛʨʫʧʧʘ ï ʮʠʢʣʠʯʝʩʢʘʷ. 

ʕʣʝʤʝʥʪ, ʧʦʨʦʞʜʘʶʱʠʡ ʛʨʫʧʧʫ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ, ʥʘʟʳʚʘʶʪ ʧʝʨʚʦʦʙʨʘʟʥʳʤ 

ʢʦʨʥʝʤ.  

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ e ʥʘʟʳʚʘʶʪ ʧʝʨʚʦʦʙʨʘʟʥʳʤ ʢʦʨʥʝʤ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠ-

ʮʳ, ʝʩʣʠ ʣʶʙʦʡ ʢʦʨʝʥʴ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʯʠʩʣʘ e ʚʦʟʚʝʜʝʥʠʝʤ ʚ ʥʝʢʦʪʦʨʫʶ 

ʩʪʝʧʝʥʴ ʩ ʮʝʣʳʤ ʧʦʢʘʟʘʪʝʣʝʤ.  

ʂʨʦʤʝ e1, ʚ ʛʨʫʧʧʝ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʤʦʛʫʪ ʦʢʘʟʘʪʴʩʷ ʠ ʜʨʫʛʠʝ ʢʦʨʥʠ, ʦʙʣʘʜʘ-

ʶʱʠʝ ʪʝʤ ʞʝ ʩʚʦʡʩʪʚʦʤ. ɽʩʣʠ ʜʚʘ ʮʝʣʳʭ ʯʠʩʣʘ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪʦ ʩʫʱʝʩʪʚʫʶʪ ʮʝʣʳʝ u, v ʪʘʢʠʝ, 

ʯʪʦ au + bv = 1. ʀʩʧʦʣʴʟʫʷ ʵʪʦ ʩʚʦʡʩʪʚʦ, ʧʦʣʫʯʘʝʤ: ʯʠʩʣʦ 

n

k
i

n

k
k

2
sin

2
 cos +=  

ʷʚʣʷʝʪʩʷ ʧʝʨʚʦʦʙʨʘʟʥʳʤ ʢʦʨʥʝʤ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʅʆɼ(n, k)=1. 

ʆʪʤʝʪʠʤ ʜʦʧʦʣʥʠʪʝʣʴʥʦ, ʯʪʦ  ʝʩʣʠ  

 

( )kn

n
m

,ʅʆɼ
= , 

 

ʪʦ ʯʠʩʣʦ  

n

k
i

n

k
k
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sin
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 cos +=  

 

 ʷʚʣʷʝʪʩʷ ʧʝʨʚʦʦʙʨʘʟʥʳʤ ʢʦʨʥʝʤ m-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ. 

ɽʩʣʠ b ï ʢʘʢʦʝ-ʥʠʙʫʜʴ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ,=nz  ʘ  e0, e1, ... , en - 1 ï ʢʦʨʥʠ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ 

ʝʜʠʥʠʮʳ, ʪʦ {be0, be1, ... , ben - 1}  ï ʵʪʦ ʚʩʝ ʤʥʦʞʝʩʪʚʦ ʨʝʰʝʥʠʡ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

 ɽʩʣʠ b ï ʢʘʢʦʝ-ʥʠʙʫʜʴ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ Ŭ,=nz  ʘ e ï ʧʝʨʚʦʦʙʨʘʟʥʳʡ ʢʦʨʝʥʴ n-ʦʡ ʩʪʝʧʝʥʠ 

ʠʟ ʝʜʠʥʠʮʳ, ʪʦ {b, be, be
2
... , be

n - 1
}  ï ʵʪʦ ʚʩʝ ʤʥʦʞʝʩʪʚʦ ʨʝʰʝʥʠʡ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ. 

ʉʜʝʣʘʝʤ ʝʱʝ ʥʝʩʢʦʣʴʢʦ ʜʦʧʦʣʥʠʪʝʣʴʥʳʭ ʟʘʤʝʯʘʥʠʡ.  

ʀʩʧʦʣʴʟʫʷ ʰʢʦʣʴʥʫʶ ʬʦʨʤʫʣʫ ʜʣʷ ʩʫʤʤʳ ʯʣʝʥʦʚ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʧʨʦʛʨʝʩʩʠʠ, ʧʦʣʫʯʘʝʤ, ʯʪʦ 

ʩʫʤʤʘ ʚʩʝʭ ʢʦʨʥʝʡ n-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʨʘʚʥʘ ʥʫʣʶ. 

ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʢʦʨʥʠ ʠʟ ʝʜʠʥʠʮʳ ʨʘʟʣʠʯʥʳʭ ʩʪʝʧʝʥʝʡ. ʀʩʧʦʣʴʟʫʷ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʪʨʠ-

ʛʦʥʦʤʝʪʨʠʯʝʩʢʫʶ ʬʦʨʤʫ ʢʦʨʥʷ ʠʟ ʝʜʠʥʠʮʳ ʠ ʩʚʦʡʩʪʚʦ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʭ ʯʠʩʝʣ, ʧʦʣʫʯʘʝʤ, ʯʪʦ ʝʩʣʠ 

m ʠ n ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʧʝʨʚʦʦʙʨʘʟʥʳʭ ʢʦʨʥʝʡ m-ʦʡ ʠ n-ʦʡ ʩʪʝʧʝʥʝʡ ʠʟ ʝʜʠʥʠʮʳ 

ʷʚʣʷʝʪʩʷ ʧʝʨʚʦʦʙʨʘʟʥʳʤ ʢʦʨʥʝʤ mn-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ. 

ʆʙʦʟʥʘʯʠʤ ʩʠʤʚʦʣʦʤ Gk ʛʨʫʧʧʫ ʢʦʨʥʝʡ k-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ.  ʇʦʩʣʝʜʥʝʝ ʟʘʤʝʯʘʥʠʝ ʦ 

ʧʝʨʚʦʦʙʨʘʟʥʳʭ ʢʦʨʥʷʭ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʝʩʣʠ m ʠ n ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪʦ ʛʨʫʧʧʘ Gmn ʢʦʨʥʝʡ mn-ʦʡ ʩʪʝ-

ʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʷʚʣʷʝʪʩʷ ʧʨʷʤʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʛʨʫʧʧ  Gm  ʠ Gn.  

ʕʪʦ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʨʘʟʣʦʞʠʤʦʩʪʠ ʛʨʫʧʧʳ ʢʦʨʥʝʡ ʠʟ ʝʜʠʥʠʮʳ ʚ ʧʨʷʤʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ 

ʷʚʣʷʝʪʩʷ ʠ ʥʝʦʙʭʦʜʠʤʳʤ. ʉʬʦʨʤʫʣʠʨʫʝʤ ʝʛʦ ʩʥʘʯʘʣʘ ʥʘ ʘʨʠʬʤʝʪʠʯʝʩʢʦʤ ʷʟʳʢʝ, ʘ ʟʘʪʝʤ ʪʦ ʞʝ ʩʘ-

ʤʦʝ ʚ ʛʨʫʧʧʦʚʳʭ ʪʝʨʤʠʥʘʭ:  

 1) ʝʩʣʠ m ʠ n ʥʝ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʧʝʨʚʦʦʙʨʘʟʥʳʭ ʢʦʨʥʝʡ m-ʦʡ ʠ n-ʦʡ ʩʪʝʧʝ-

ʥʝʡ ʠʟ ʝʜʠʥʠʮʳ ʥʝ ʷʚʣʷʝʪʩʷ ʧʝʨʚʦʦʙʨʘʟʥʳʤ ʢʦʨʥʝʤ mn-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ; 

2) ʝʩʣʠ m ʠ n ʥʝ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪʦ ʛʨʫʧʧʘ Gmn ʢʦʨʥʝʡ mn-ʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʥʝ ʷʚʣʷʝʪ-

ʩʷ ʧʨʷʤʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʛʨʫʧʧ  Gm  ʠ Gn. 
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ʏʠʩʣʦʚʳʝ ʧʦʣʷ. ʏʠʩʣʦʚʳʤ ʧʦʣʝʤ ʥʘʟʳʚʘʶʪ ʣʶʙʦʝ ʧʦʜʧʦʣʝ ʧʦʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ.  

ʇʦʣʝ Q ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʧʦʣʝ R ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʧʦʣʝ C ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ï 

ʪʨʠ ʧʨʠʤʝʨʘ ʯʠʩʣʦʚʳʭ ʧʦʣʝʡ. 

ʅʝʧʫʩʪʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʤʥʦʞʝʩʪʚʘ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʦʙʨʘʟʫʝʪ ʯʠʩʣʦʚʦʝ ʧʦʣʝ ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʦ ʩʦʩʪʦʠʪ ʙʦʣʝʝ ʯʝʤ ʠʟ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ ʠ ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ, 

ʚʳʯʠʪʘʥʠʷ, ʫʤʥʦʞʝʥʠʷ ʠ ʜʝʣʝʥʠʷ ʥʘ ʥʝ ʥʫʣʴ. 

ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ʥʘʠʙʦʣʴʰʝʝ ʯʠʩʣʦʚʦʝ ʧʦʣʝ ï ʵʪʦ ʧʦʣʝ C ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. 

ʂʘʞʜʦʝ ʧʦʣʝ ʜʦʣʞʥʦ ʩʦʜʝʨʞʘʪʴ ʝʜʠʥʠʮʫ, ʘ ʚʤʝʩʪʝ ʩ ʝʜʠʥʠʮʝʡ ï ʠ ʚʩʝ ʢʨʘʪʥʳʝ ʠ ʝʜʠʥʠʮʳ ʠ 

ʝʝ ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʡ, ʘ ʪʘʢʞʝ ï ʚʩʝ  ʦʪʥʦʰʝʥʠʷ ʵʪʠʭ ʢʨʘʪʥʳʭ.  

ʀʥʘʯʝ ʛʦʚʦʨʷ, ʥʘʠʤʝʥʴʰʝʝ ʯʠʩʣʦʚʦʝ ʧʦʣʝ ï ʵʪʦ ʧʦʣʝ  Q  ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʘʞʜʦʝ ʯʠʩʣʦʚʦʝ ʧʦʣʝ P ʷʚʣʷʝʪʩʷ ʧʨʦʤʝʞʫʪʦʯʥʳʤ ʤʝʞʜʫ ʧʦʣʝʤ Q ʨʘʮʠʦ-

ʥʘʣʴʥʳʭ ʯʠʩʝʣ ʠ ʧʦʣʝʤ C ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, 

Q Ë P Ë C. 

 

ɿʘʤʝʪʠʤ, ʯʪʦ ʜʣʷ ʨʝʰʝʥʠʷ ʫʨʘʚʥʝʥʠʷ  x
2 
+ 1 = 0 ʚʦʚʩʝ ʥʝ ʪʨʝʙʫʝʪʩʷ ʙʦʣʴʰʦʝ (ʥʝʩʯʝʪʥʦʝ) ʧʦʣʝ 

ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ.  

ʇʨʠʩʦʝʜʠʥʠʤ ʤʥʠʤʫʶ ʝʜʠʥʠʮʫ i ʢ ʧʦʣʶ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʪ. ʝ. ʨʘʩʩʤʦʪʨʠʤ ʥʘʠʤʝʥʴʰʝʝ 

ʯʠʩʣʦʚʦʝ ʧʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ ʯʠʩʣʦ i. ʊʝ ʞʝ ʩʦʦʙʨʘʞʝʥʠʷ, ʯʪʦ ʙʳʣʠ ʧʨʦʚʝʜʝʥʳ ʧʨʠ ʧʦʩʪʨʦʝʥʠʠ ʧʦʣʷ 

ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʥʘʠʤʝʥʴʰʝʝ ʯʠʩʣʦʚʦʝ ʧʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ ʵʣʝʤʝʥʪ  i, ʩʦʩʪʦʠʪ 

ʠʟ ʚʩʝʭ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʚʠʜʘ a + bi, ʛʜʝ a, b ï ʨʘʮʠʦʥʘʣʴʥʳʝ ʯʠʩʣʘ. 

ɺʧʨʦʯʝʤ, ʝʱʝ ʜʦ ʧʦʷʚʣʝʥʠʷ ʤʥʠʤʦʡ ʝʜʠʥʠʮʳ ʤʦʞʥʦ ʙʳʣʦ ʦʪʤʝʪʠʪʴ ʯʠʩʣʘ, ʥʝ ʧʨʠʥʘʜʣʝʞʘ-

ʱʠʝ ʧʦʣʶ Q. ʂʣʘʩʩʠʯʝʩʢʠʤ ʧʨʠʤʝʨʦʤ ʷʚʣʷʝʪʩʷ ʥʝʨʘʟʨʝʰʠʤʦʩʪʴ ʚ ʧʦʣʝ Q ʫʨʘʚʥʝʥʠʷ x
2 
ï 2 = 0.  

ɽʩʣʠ ʙʳ ʵʪʦ ʙʳʣ ʝʜʠʥʩʪʚʝʥʥʳʡ ʥʝʜʦʩʪʘʪʦʢ ʧʦʣʷ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʪʦ ʚʦʚʩʝ ʥʝ ʪʨʝʙʦʚʘ-

ʣʦʩʴ ʜʣʷ ʝʛʦ ʫʩʪʨʘʥʝʥʠʷ ʪʘʢʦʝ ʙʦʣʴʰʦʝ (ʥʝʩʯʝʪʥʦʝ) ʧʦʣʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ.   

ʊʦʯʥʦ ʪʘʢʘʷ ʞʝ ʧʨʦʚʝʨʢʘ, ʢʘʢ ʜʣʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʥʘʠʤʝʥʴʰʝʝ ʯʠʩʣʦʚʦʝ 

ʧʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ ʯʠʩʣʦ 2, ʩʦʩʪʦʠʪ ʠʟ ʚʩʝʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ a+b 2, ʛʜʝ a, b ï ʨʘʮʠ-

ʦʥʘʣʴʥʳʝ ʯʠʩʣʘ. 

ʂʘʢ ʠ ʜʣʷ ʣʶʙʦʡ ʘʣʛʝʙʨʳ, ʜʣʷ ʧʦʣʝʡ ʤʦʞʥʦ ʛʦʚʦʨʠʪʴ ʦ ʧʦʜʘʣʛʝʙʨʝ, ʧʦʨʦʞʜʝʥʥʦʡ ʥʝʢʦʪʦʨʳʤ 

ʤʥʦʞʝʩʪʚʦʤ.  

ʇʝʨʝʩʝʯʝʥʠʝ ʣʶʙʦʛʦ ʯʠʩʣʘ ʯʠʩʣʦʚʳʭ ʧʦʣʝʡ ʩʥʦʚʘ ʷʚʣʷʝʪʩʷ ʯʠʩʣʦʚʳʤ ʧʦʣʝʤ. 

ʇʦʵʪʦʤʫ ʝʩʣʠ M ï ʧʨʦʠʟʚʦʣʴʥʦʝ ʥʝʧʫʩʪʦʝ ʤʥʦʞʝʩʪʚʦ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʪʦ  ʩʫʱʝʩʪʚʫʝʪ 

ʥʘʠʤʝʥʴʰʝʝ ʧʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ ʤʥʦʞʝʩʪʚʦ M. 

ʊʘʢ ʢʘʢ ʣʶʙʦʝ ʯʠʩʣʦʚʦʝ ʧʦʣʝ ʩʦʜʝʨʞʠʪ ʧʦʣʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʤʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ M 

ʧʨʠʩʦʝʜʠʥʷʝʪʩʷ ʢ ʧʦʣʶ Q. ʇʠʰʫʪ ʚ ʪʘʢʦʤ ʩʣʫʯʘʝ ʦ ʧʦʣʝ Q(M). 

 

Ä 7. ʂʦʥʪʨʦʣʴʥʳʝ ʟʘʜʘʥʠʷ ʧʦ ʪʝʤʝ çɸʣʛʝʙʨʘè  

 

ɺ ʵʪʦʤ ʧʘʨʘʛʨʘʬʝ ʧʨʠʚʝʜʝʥʳ ʢʦʥʪʨʦʣʴʥʳʝ ʟʘʜʘʯʠ ʜʣʷ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʛʦ ʨʝʰʝʥʠʷ ʧʦ ʧʝʨʚʦʡ 

ʪʝʤʝ. ʇʦʩʣʝ ʢʘʞʜʦʛʦ ʪʠʧʘ ʟʘʜʘʯ ʚ ʢʘʯʝʩʪʚʝ ʤʝʪʦʜʠʯʝʩʢʠʭ ʨʝʢʦʤʝʥʜʘʮʠʡ ʧʨʠʚʦʜʷʪʩʷ ʦʙʨʘʟʮʳ ʨʝ-

ʰʝʥʠʷ. 

 

ɿʘʜʘʯʘ1. ɼʘʥʦ ʤʥʦʞʝʩʪʚʦ  

 

U = {1; 2; 3; 4; 5; 6; 7; 8; 9; 10} 

 

ʠ ʤʥʦʞʝʩʪʚʘ ɸ, ɺ ʠ ʉ. ʅʘʡʜʠʪʝ  ʤʥʦʞʝʩʪʚʘ: 

 

W1 = ɸ Ç ɺ; 

W2 = ɸ Æ ɺ; 

W3 = ɸ Ä B; 

W4 = ɸ Ç (B Æ C); 

W5 = A \ ʉ; 

W6 = ɸ Æ ( ʉ̀ Ç ɺ). 
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˹͔ͦͣͪ ͍ ͙͊ͪ͊ͤͭ͊ ˸͔͍ͤͦ͗ͫͭ͊ A, B, C 

1 ɸ = {2; 3; 4}, ɺ = {7; 9; 10}, ʉ = {1; 2; 5; 6; 7; 8} 

2 ɸ = {1; 2; 4; 5}, ɺ = {3; 4; 7; 9}, ʉ = {2; 3; 5; 7; 8} 

3 ɸ = {2; 3; 4; 5}, ɺ = {1; 4; 5; 6; 8}, ʉ = {4; 6; 7; 9; 10} 

4 ɸ = {4; 5; 6; 7},  ɺ = {1; 2; 4; 5; 6}, ʉ = {4;5;7;8;9} 

5 ɸ = {3; 4; 5; 7}, ɺ = {1; 2; 5; 6}, ʉ = {4; 5; 6; 8; 10} 

6 ɸ = {2; 4; 6; 7}, B = {4; 5; 6; 7; 8}, ʉ = {1; 2; 7; 8; 10} 

7 ɸ = {1; 4; 5; 7},  ɺ = {2; 3; 4; 5; 6}, ʉ = {6; 7; 8; 10} 

8 ɸ = {1; 2; 4; 5}, ɺ = {4; 5; 8; 9}, ʉ = {6; 7; 9; 10} 

9 ɸ = {3; 7; 8; 9}, ɺ = {1; 3; 8; 9}, ʉ = {1; 3; 4; 6; 9} 

10 ɸ = {1; 4; 8; 9},  ɺ = {2; 4; 7; 10}, ʉ = {3; 4; 6; 8; 10} 

ʆʙʨʘʟʝʮ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ 

ɿʘʜʘʯʘ.ɼʘʥʦ ʤʥʦʞʝʩʪʚʦ  

 

U = {1; 2; 3; 4; 5; 6; 7; 8; 9; 10} 

 

ʠ ʤʥʦʞʝʩʪʚʘ ɸ = {1; 2; 4; 6, 8, 10},   ɺ = {1; 2; 3; 4, 5},  ʉ = { 3, 4; 7; 9; 10}. ʅʘʡʜʠʪʝ  ʤʥʦʞʝʩʪʚʘ: 

 

W1 = ɸ Ç ɺ; 

W2 = ɸ Æ ɺ; 

W3 = A \ ʉ; 

W4 = ɸ Ä B; 

W5 = ɸ Ç (B Æ C); 

W6 = ɸ Æ ( ʉ̀ Ç ɺ). 

 

ʈʝʰʝʥʠʝ.  ʄʥʦʞʝʩʪʚʦ W1 = ɸ Ç ɺ ï ʦʙʲʝʜʠʥʝʥʠʝ ʤʥʦʞʝʩʪʚ A ʠ B; W1 ʩʦʩʪʦʠʪ ʠʟ ʵʣʝʤʝʥ-

ʪʦʚ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʤʥʦʞʝʩʪʚʫ A ʠʣʠ ʤʥʦʞʝʩʪʚʫ B (ʠʣʠ ʦʙʦʠʤ ʦʜʥʦʚʨʝʤʝʥʥʦ): 

 

W1 = ɸ Ç ɺ = {x îx ÍA ʠʣʠ  x Í B}  = {1; 2; 3; 5, 4; 6, 8, 10} . 

 

ʄʥʦʞʝʩʪʚʦ W2 = ɸ Æ ɺ ï ʧʝʨʝʩʝʯʝʥʠʝ ʤʥʦʞʝʩʪʚ A ʠ B; W2 ʩʦʩʪʦʠʪ ʠʟ ʵʣʝʤʝʥʪʦʚ, ʧʨʠʥʘʜʣʝ-

ʞʘʱʠʭ ʤʥʦʞʝʩʪʚʫ A ʠ ʤʥʦʞʝʩʪʚʫ B ʦʜʥʦʚʨʝʤʝʥʥʦ: 

 

W2  =  ɸ Æ ɺ = { x îx ÍA ʠ  x Í B}  = {1; 2; 4} . 

 

ʄʥʦʞʝʩʪʚʦ W3 = ɸ \ ɺ ïʨʘʟʥʦʩʪʴ  ʤʥʦʞʝʩʪʚ A ʠ B; W3  ʩʦʩʪʦʠʪ ʠʟ ʵʣʝʤʝʥʪʦʚ ʤʥʦʞʝʩʪʚʘ A,  ʥʝ 

ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʤʥʦʞʝʩʪʚʫ B: 

 

W3 =ɸ \ ɺ = { x îx ÍA ʠ  x Î B}  = { 6, 8, 10} . 
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ʄʥʦʞʝʩʪʚʦ W4 = ɸ Ä ɺ ï ʩʠʤʤʝʪʨʠʯʝʩʢʘʷ ʨʘʟʥʦʩʪʴ  ʤʥʦʞʝʩʪʚ A ʠ B; W4 ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ 

ʚʠʜʝ: 

 

W4 = ɸ Ä B = (ɸ Ç ɺ) \ (ɸ Æ ɺ). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 

 

W4 = ɸ Ä B = {1; 2; 3; 5, 4; 6, 8, 10}  \ {1; 2; 4}  = { 3; 5, 6, 8, 10} . 

 

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʤʥʦʞʝʩʪʚʘ W5  = ɸ Ç (B Æ C) ʩʥʘʯʘʣʘ ʥʘʡʜʝʤ B Æ C: 

 

B Æ C = { x îx Í B ʠ  x Í C}  = { 3; 4} . 

ʊʝʧʝʨʴ ʥʘʭʦʜʠʤ ʤʥʦʞʝʩʪʚʦ W5: 

 

W5 = = ɸ Ç (B Æ C) = {1; 2; 4; 6, 8, 10}Ç { 3; 4}  = {1; 2; 3, 4; 6, 8, 10} . 

 

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ W6 = ɸ Æ (CÇ ɺ) ʩʥʘʯʘʣʘ ʥʘʡʜʝʤ ʜʦʧʦʣʥʝʥʠʝ C  ʤʥʦʞʝʩʪʚʘ C. ɼʦʧʦʣʥʝʥʠʝ 

ʤʥʦʞʝʩʪʚʘ ʩʦʩʪʦʠʪ ʠʟ ʪʝʭ ʵʣʝʤʝʥʪʦʚ ʫʥʠʚʝʨʩʘʣʴʥʦʛʦ ʤʥʦʞʝʩʪʚʘ U, ʢʦʪʦʨʳʝ ʥʝ ʧʦʧʘʣʠ ʚ C: 

C = { x îx ÍU ʠ x Î C}  = {1; 2; 5; 6; 8}. 

ʊʝʧʝʨʴ ʥʘʭʦʜʠʤ CÇ ɺ: 

 

CÇ ɺ = {1; 2; 5; 6; 8} Ç { 1; 2; 3; 4, 5}  = {1; 2; 3, 4, 5, 6; 8}. 

ʅʘʢʦʥʝʮ, ʦʧʨʝʜʝʣʷʝʤ W6 : 

 

ɸ Æ (CÇ ɺ) = {1; 2; 4; 6, 8, 10}  Æ { 1; 2; 3, 4, 5, 6; 8} = {1; 2; 4; 6, 8} . 

   

ʆʪʚʝʪ.  

W1 = {1; 2; 3; 5, 4; 6, 8, 10} ; 

W2 = {1; 2; 4} ; 

W3 = 6, 8, 10} ; 

W4 { 3; 5, 6, 8, 10} ; 

W5 = {1; 2; 3, 4; 6, 8, 10} ; 

W6 = {1; 2; 4; 6, 8} . 

ɿʘʜʘʯʘ 2. ɺʳʷʩʥʠʪʝ, ʙʫʜʝʪ ʣʠ ʦʧʝʨʘʮʠʷ  * ʥʘ ʤʥʦʞʝʩʪʚʝ M ʘʩʩʦʮʠʘʪʠʚʥʦʡ, ʢʦʤʤʫʪʘʪʠʚʥʦʡ, 

ʠʤʝʝʪ ʣʠ ʦʥʘ ʣʝʚʳʝ (ʧʨʘʚʳʝ) ʝʜʠʥʠʮʳ ʠ ʥʫʣʠ.  

 

ʅʦʤʝʨ ʚʘʨʠʘʥʪʘ ʆʧʝʨʘʮʠʷ * ʄʥʦʞʝʩʪʚʦ M 

1 a  *b = a - b ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

2 a * b = a
b
 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

3 a  * b = ʅʆɼ(a, b) ʤʥʦʞʝʩʪʚʦ ʮʝʣʳʭ ʯʠʩʝʣ Z 

4 a * b = ʅʆʂ(a, b) ʤʥʦʞʝʩʪʚʦ ʮʝʣʳʭ ʯʠʩʝʣ Z 

5 22 baba +=*  

ʤʥʦʞʝʩʪʚʦ ʧʦʣʦʞʠʪʝʣʴʥʳʭ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R+ 

6 a * b = a + b - bb ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

7 a * b = 2ab ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

8 a  * b = a
2
 + b

2 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

9 (a, b * (a1, b1) = (aa1, ab1 + b) ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

10 a(x) * b(x) = a(b(x)) 

ʤʥʦʞʝʩʪʚʦ ʬʫʥʢʮʠʡ, ʦʧʨʝʜʝʣʝʥʥʳʭ 

ʥʘ ʤʥʦʞʝʩʪʚʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R 

ʩʦ ʟʥʘʯʝʥʠʷʤʠ ʚ ʤʥʦʞʝʩʪʚʝ R 
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ʆʙʨʘʟʝʮ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ. 

ɿʘʜʘʯʘ.  ɺʳʷʩʥʠʪʝ, ʙʫʜʝʪ ʣʠ ʦʧʝʨʘʮʠʷ  

a*b = a + b + ab 

ʥʘ ʤʥʦʞʝʩʪʚʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R ʘʩʩʦʮʠʘʪʠʚʥʦʡ, ʢʦʤʤʫʪʘʪʠʚʥʦʡ, ʠʤʝʝʪ ʣʠ ʦʥʘ  ʣʝʚʳʝ (ʧʨʘ-

ʚʳʝ) ʝʜʠʥʠʮʳ ʠ ʥʫʣʠ.  

ʈʝʰʝʥʠʝ.  ʇʨʦʚʝʨʠʤ, ʚʳʧʦʣʥʷʝʪʩʷ ʣʠ ʜʣʷ ʜʘʥʥʦʡ ʦʧʝʨʘʮʠʠ ʪʦʞʜʝʩʪʚʦ ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʠ 

(ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ a, b, c):  

 

(a * b) * ʩ = a * (b * ʩ). 

 

ɼʣʷ ʧʨʦʚʝʨʷʝʤʦʡ ʦʧʝʨʘʮʠʠ ʣʝʚʘʷ ʯʘʩʪʴ ʧʨʦʚʝʨʷʝʤʦʛʦ ʪʦʞʜʝʩʪʚʘ ʧʨʠʥʠʤʘʝʪ ʚʠʜ:  

 

(a * b) * ʩ = (a + b + ab) * ʩ = (a + b + ab) + c + (a + b + ab)c = 

= a + b + ab + c + ac + bc + abc 

ʇʨʘʚʘʷ ʯʘʩʪʴ ʧʨʦʚʝʨʷʝʤʦʛʦ ʨʘʚʝʥʩʪʚʘ  

a * (b * ʩ) =a * (b + c + bc) = a + (b + c + bc) + a(b + c + bc) = 

= a + b + c + bc + ab + ac + abc. 

 

ʃʝʚʘʷ ʠ ʧʨʘʚʘʷ ʯʘʩʪʴ ʧʨʦʚʝʨʷʝʤʦʛʦ ʪʦʞʜʝʩʪʚʘ ʩʦʚʧʘʣʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʧʝʨʘʮʠʷ ʘʩʩʦʮʠʘ-

ʪʠʚʥʘ. 

ʇʨʦʚʝʨʠʤ, ʚʳʧʦʣʥʷʝʪʩʷ ʣʠ ʜʣʷ ʦʧʝʨʘʮʠʠ ʪʦʞʜʝʩʪʚʦ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ  

 

a * b = b * a. 

ɼʣʷ ʧʨʦʚʝʨʢʠ ʚʳʯʠʩʣʠʤ ʣʝʚʫʶ ʠ ʧʨʘʚʫʶ ʯʘʩʪʠ ʧʨʦʚʝʨʷʝʤʦʛʦ ʪʦʞʜʝʩʪʚʘ:  

a * b = a + b + ab,    

b * a = b + a + ba. 

ʊʦʞʜʝʩʪʚʦ ʚʳʧʦʣʥʷʝʪʩʷ ï ʦʧʝʨʘʮʠʷ ʢʦʤʤʫʪʘʪʠʚʥʘ. 

ɺʳʷʩʥʠʤ, ʠʤʝʝʪ ʣʠ ʦʧʝʨʘʮʠʷ ʝʜʠʥʠʮʫ (ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ). ʊʘʢ ʢʘʢ ʦʧʝʨʘʮʠʷ ʢʦʤʤʫʪʘ-

ʪʠʚʥʘ, ʣʝʚʘʷ ʝʜʠʥʠʮʘ (ʝʩʣʠ ʦʥʘ ʩʫʱʝʩʪʚʫʝʪ) ʙʫʜʝʪ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠ ʧʨʘʚʦʡ. ʆʙʦʟʥʘʯʠʤ ʠʩʢʦʤʫʶ 

(ʣʝʚʫʶ) ʝʜʠʥʠʮʫ ʙʫʢʚʦʡ x. ʀʤʝʝʤ (ʜʣʷ ʣʶʙʦʛʦ a): x*a= a, ʪ. ʝ. 

 

x * a = x + a + xa = a. 

ʋ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʝʩʪʴ ʨʝʰʝʥʠʝ x = 0. ɺʘʞʥʦ, ʯʪʦ ʨʝʰʝʥʠʝ ʵʪʦ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʵʣʝʤʝʥʪʘ a, ʪ. ʝ. 

ʝʜʠʥʠʮʘ  (ʯʠʩʣʦ 0) ï ʦʙʱʘʷ ʜʣʷ ʚʩʝʭ ʵʣʝʤʝʥʪʦʚ ʠʟ ʤʥʦʞʝʩʪʚʘ R.  

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʧʝʨʘʮʠʷ ʠʤʝʝʪ ʝʜʠʥʠʮʫ. ɽʝ ʨʦʣʴ ʠʛʨʘʝʪ ʯʠʩʣʦ 0. 

ʅʘʢʦʥʝʮ ʧʨʦʚʝʨʠʤ, ʝʩʪʴ ʣʠ ʵʪʦʡ ʦʧʝʨʘʮʠʠ ʧʦʛʣʦʱʘʶʱʠʡ ʵʣʝʤʝʥʪ (ʥʫʣʴ). ʊʘʢ ʢʘʢ ʦʧʝʨʘʮʠʷ 

ʢʦʤʤʫʪʘʪʠʚʥʘ, ʣʝʚʳʡ ʥʫʣʴ (ʝʩʣʠ ʦʥ ʩʫʱʝʩʪʚʫʝʪ) ʙʫʜʝʪ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠ ʧʨʘʚʳʤ. ʆʙʦʟʥʘʯʠʤ ʧʨʘ-

ʚʳʡ ʥʫʣʴ ʙʫʢʚʦʡ y, ʪʦʛʜʘ (ʜʣʷ ʣʶʙʦʛʦ a)  

 

a * y = a + y + ay =y. 

 

ʕʪʦʤʫ ʫʨʘʚʥʝʥʠʶ, ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʟʥʘʯʝʥʠʷ  a, ʫʜʦʚʣʝʪʚʦʨʷʝʪ y = -1. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʦʧʝʨʘ-

ʮʠʷ ʠʤʝʝʪ ʥʫʣʝʚʦʡ ʵʣʝʤʝʥʪ ï ʵʪʦ ʯʠʩʣʦ   -1. 

ʆʪʚʝʪ. ʆʧʝʨʘʮʠʷ   a*b = a + b + ab  ʥʘ ʤʥʦʞʝʩʪʚʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ R  ʘʩʩʦʮʠʘʪʠʚʥʘ, 

ʢʦʤʤʫʪʘʪʠʚʥʘ, ʠʤʝʝʪ ʝʜʠʥʠʮʫ (ʯʠʩʣʦ 0) ʠ ʥʫʣʴ (ʯʠʩʣʦ --1).  
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ɿʘʜʘʯʘ 3. ʅʘʡʜʠʪʝ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ, ʧʨʘʚʦʩʪʦʨʦʥʥʝʝ ʨʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H ʠ 

ʨʝʰʝʪʢʫ ʧʦʜʛʨʫʧʧ ʛʨʫʧʧʳ G. 

 

ʅʦʤʝʨ ʚʘʨʠ-

ʘʥʪʘ 

ɻʨʫʧʧʘ G ʇʦʜʛʨʫʧʧʘ H 

 

1 

 

<a, b; a
2
, b

4
, bab

ï1
a

 
> 

 

ʛʨ(a) 

 

2 

 

<a, b; a
3
, b

3
, a
ï1

b
2
ab

 
> 

 

ʛʨ(b) 

 

3 

 

<a, b; a
2
, b

6
, ab

5
ab

 
> 

 

ʛʨ(ab) 

 

4 

 

<a, b; a
3
, b

9
, ba

2
b
ï1

a
 
>   

 

ʛʨ(a) 

 

5 

 

<a, b; a
2
, b

5
, bab

ï1
a> 

 

ʛʨ(ab) 

 

6 

 

<a, b; a
3
, b

4
, ba

2
b
ï1

a> 

 

ʛʨ(b) 

 

7 

 

<a, b; a
3
, b

5
, ba

2
b
ï1

a> 

 

ʛʨ(a) 

 

8 

 

<a, b; a
3
, b

2
, abab> 

 

ʛʨ(b ) 

 

9 

 

<a, b; a
2
, b

7
, ab

ï1
ab

 
> 

 

ʛʨ(ab) 

 

10 

 

<a, b; a
5
, b

2
, ba

ï1
ba> 

 

ʛʨ(b) 

ʆʙʨʘʟʮʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯ.  

ɿʘʜʘʯʘ 1. ʅʘʡʜʠʪʝ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ, ʨʝʰʝʪʢʫ ʧʦʜʛʨʫʧʧ, ʨʝʰʝʪʢʫ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ 

ʛʨʫʧʧʳ  

 

G = <a, b; a
3
, b

7
, a

-1
b

-1
ab

 
> 

 

ʠ ʧʨʘʚʦʩʪʦʨʦʥʥʝʝ ʨʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H=ʛʨ(b). 

ʈʝʰʝʥʠʝ.  ʇʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ b ʚ ʛʨʫʧʧʝ G ʨʘʚʝʥ ʩʝʤʠ, ʧʦʵʪʦʤʫ ʧʦʜʛʨʫʧʧʘ H ʩʦʩʪʦʠʪ ʠʟ 

ʩʝʤʠ ʵʣʝʤʝʥʪʦʚ: 

ʛʨ(b) = {1, b, b
2
, b

3
, b

4
, b

5
, b

6
}.  

ʇʦʜʛʨʫʧʧʘ A, ʧʦʨʦʞʜʝʥʥʘʷ ʵʣʝʤʝʥʪʦʤ  a, ʩʦʩʪʦʠʪ ʠʟ ʪʨʝʭ ʵʣʝʤʝʥʪʦʚ: 

A = ʛʨ(a) = {1, a, a
2
}.  

ʅʘʡʜʝʤ ʧʨʘʚʦʩʪʦʨʦʥʥʝʝ ʨʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H. ʆʜʥʠʤ ʠʟ ʢʣʘʩʩʦʚ ʷʚʣʷʝʪʩʷ 

ʩʘʤʘ ʧʦʜʛʨʫʧʧʘ H, ʝʱʝ ʜʚʘ ʢʣʘʩʩʘ ʧʦʣʫʯʘʶʪʩʷ ʫʤʥʦʞʝʥʠʝʤ ʵʣʝʤʝʥʪʦʚ ʧʦʜʛʨʫʧʧʳ H ʩʥʘʯʘʣʘ ʥʘ 

ʵʣʝʤʝʥʪ a, ʘ ʧʦʪʦʤ ʥʘ ʵʣʝʤʝʥʪ a
2
: 

 

G = {1, b, b
2
, b

3
, b

4
, b

5
, b

6
} + { a, ba, b

2
a, b

3
a, b

4
a, b

5
a, b

6
a} + { a

2
, ba

2
, b

2
a

2
, b

3
a

2
, b

4
a

2
, b

5
a

2
, b

6
a

2
} + é 

 

ʉʦʦʪʥʦʰʝʥʠʝ a
ï1

b
ï1

ab
 
= 1 ʨʘʚʥʦʩʠʣʴʥʦ ʨʘʚʝʥʩʪʚʫ ab = ba.  

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʛʨʫʧʧʘ G ʘʙʝʣʝʚʘ, ʠ ʧʦʵʪʦʤʫ ʝʩʣʠ ʫʤʥʦʞʠʪʴ ʵʣʝʤʝʥʪʳ ʠʟ H ʥʘ a  ʠ a
2
 ʩʧʨʘʚʘ, 

ʪʦ ʧʦʣʫʯʠʤ ʪʝ ʞʝ ʩʘʤʳʝ ʵʣʝʤʝʥʪʳ ʠʟ ʛʨʫʧʧʳ G. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʨʫʛʠʭ ʵʣʝʤʝʥʪʦʚ, ʢʨʦʤʝ ʫʞʝ ʧʝ-

ʨʝʯʠʩʣʝʥʥʳʭ, ʚ ʛʨʫʧʧʝ G ʥʝ ʩʦʜʝʨʞʠʪʩʷ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠ ʥʘ ʤʝʩʪʝ ʤʥʦʛʦʪʦʯʠʷ ʚ ʧʝʨʝʯʠʩʣʝʥʠʠ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧʳ G ʙʦʣʴʰʝ 

ʥʠʯʝʛʦ ʥʝʪ:  

G = H + Ha + H a
2
. 
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ɺ ʢʘʞʜʦʤ ʢʣʘʩʩʝ ʩʦʜʝʨʞʠʪʩʷ ʩʝʤʴ ʵʣʝʤʝʥʪʦʚ, ʧʦʵʪʦʤʫ ʚ ʛʨʫʧʧʝ G ʩʦʜʝʨʞʠʪʩʷ 7Ö3 = 21 ʵʣʝ-

ʤʝʥʪ.  

ɽʩʣʠ ʵʣʝʤʝʥʪ ab ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʚʦʟʚʦʜʠʪʴ ʚ ʩʪʝʧʝʥʴ, ʪʦ ʥʘʠʤʝʥʴʰʠʤ ʥʘʪʫʨʘʣʴʥʳʤ ʯʠʩʣʦʤ 

n, ʧʨʠ ʢʦʪʦʨʦʤ ʩʪʝʧʝʥʴ ab ʙʫʜʝʪ ʨʘʚʥʘ 1, ʙʫʜʝʪ ʯʠʩʣʦ 21. ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʧʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ ab ʨʘ-

ʚʝʥ 21, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʛʨʫʧʧʘ G ï ʮʠʢʣʠʯʝʩʢʘʷ, 

 

G = ʛʨ(ab). 

 

ɺ ʮʠʢʣʠʯʝʩʢʦʡ ʛʨʫʧʧʝ ʧʦʨʷʜʢʘ n ʩʦʜʝʨʞʠʪʩʷ ʚ ʪʦʯʥʦʩʪʠ ʩʪʦʣʴʢʦ ʧʦʜʛʨʫʧʧ, ʩʢʦʣʴʢʦ ʜʝʣʠʪʝ-

ʣʝʡ ʫ ʯʠʩʣʘ n. ʋ ʯʠʩʣʘ 21 ʯʝʪʳʨʝ ʜʝʣʠʪʝʣʷ: 1, 3, 7, 21. ʇʦʵʪʦʤʫ ʨʝʰʝʪʢʘ ʧʦʜʛʨʫʧʧ ʛʨʫʧʧʳ G ʩʦ-

ʜʝʨʞʠʪ ʯʝʪʳʨʝ ʧʦʜʛʨʫʧʧʳ: E, A, H, G.  

ʊʘʢ ʢʘʢ ʛʨʫʧʧʘ G ʘʙʝʣʝʚʘ, ʢʘʞʜʘʷ ʝʝ ʧʦʜʛʨʫʧʧʘ ï ʥʦʨʤʘʣʴʥʘ ʚ G, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʨʝʰʝʪʢʘ 

ʧʦʜʛʨʫʧʧ ʷʚʣʷʝʪʩʷ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠ ʨʝʰʝʪʢʦʡ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ. 

ʆʪʚʝʪ. ɻʨʫʧʧʘ G = <a, b; a
3
, b

7
, a

-1
b

-1
ab

 
> ʩʦʜʝʨʞʠʪ 21 ʵʣʝʤʝʥʪ ʠ ʯʝʪʳʨʝ ʧʦʜʛʨʫʧʧʳ: G, 

ʛʨ(b), ʛʨ(a), E; ʚʩʝ ʦʥʠ ʥʦʨʤʘʣʴʥʳ ʚ  G; ʨʝʰʝʪʢʘ ʧʦʜʛʨʫʧʧ ʠʤʝʝʪ ʚʠʜ: 

 
ʈʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H: 

 

G = H + Ha + H a
2
. 

ɿʘʜʘʯʘ 2 .  ʅʘʡʜʠʪʝ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ, ʨʝʰʝʪʢʫ ʧʦʜʛʨʫʧʧ, ʨʝʰʝʪʢʫ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ 

ʛʨʫʧʧʳ  

G = <a, b; a
2
, b

4
, bab

-1
a

 
> 

ʠ ʧʨʘʚʦʩʪʦʨʦʥʥʝʝ ʨʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H = ʛʨ(ab). 

ʈʝʰʝʥʠʝ.  ʇʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ b ʚ ʛʨʫʧʧʝ G ʨʘʚʝʥ ʯʝʪʳʨʝʤ, ʧʦʵʪʦʤʫ ʧʦʜʛʨʫʧʧʘ  B = ʛʨ(b) 

ʩʦʩʪʦʠʪ ʠʟ ʯʝʪʳʨʝʭ ʵʣʝʤʝʥʪʦʚ: 

 

ʛʨ(b) = {1, b, b
2
, b

3
 }.  

ʇʦʜʛʨʫʧʧʘ A, ʧʦʨʦʞʜʝʥʥʘʷ ʵʣʝʤʝʥʪʦʤ  a, ʩʦʩʪʦʠʪ ʠʟ ʜʚʫʭ ʵʣʝʤʝʥʪʦʚ: 

A = ʛʨ(a) = {1, a}.  

ʉʦʦʪʥʦʰʝʥʠʝ bab
ï1

a
 
= 1 ʨʘʚʥʦʩʠʣʴʥʦ ʨʘʚʝʥʩʪʚʫ ba=.a

-1
b. ʀʟ ʨʘʚʝʥʩʪʚʘ  a

2
 =1 ʩʣʝʜʫʝʪ, ʯʪʦ           

a
ï1  

= a. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ba = .ab.  

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʛʨʫʧʧʘ G ʘʙʝʣʝʚʘ, ʠ ʷʚʣʷʝʪʩʷ ʧʨʷʤʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʩʚʦʠʭ ʧʦʜʛʨʫʧʧ A ʠ B.  

ʇʨʦʠʟʚʦʣʴʥʳʡ ʵʣʝʤʝʥʪ ʵʪʦʡ ʛʨʫʧʧʳ ʠʤʝʝʪ ʚʠʜ a
i
b

j
, ʛʜʝ iÍ {0, 1}, jÍ{0, 1, 2, 3}, ʠ ʪʘʢʦʝ ʧʨʝʜ-

ʩʪʘʚʣʝʥʠʝ ʵʣʝʤʝʥʪʘ ʝʜʠʥʩʪʚʝʥʥʦ. ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʛʨʫʧʧʘ G ʩʦʩʪʦʠʪ ʠʟ 4Ö2 = 8 ʵʣʝʤʝʥʪʦʚ. 

 ʏʝʪʚʝʨʪʘʷ ʩʪʝʧʝʥʴ ʣʶʙʦʛʦ ʪʘʢʦʛʦ ʵʣʝʤʝʥʪʘ ʨʘʚʥʘ ʝʜʠʥʠʮʝ, ʧʦʵʪʦʤʫ  ʧʦʨʷʜʦʢ ʣʶʙʦʛʦ ʵʣʝ-

ʤʝʥʪʘ ï ʵʪʦ ʜʝʣʠʪʝʣʴ ʯʠʩʣʘ 4. ɺ ʯʘʩʪʥʦʩʪʠ, ʚ ʛʨʫʧʧʝ G ʥʝʪ ʵʣʝʤʝʥʪʘ ʧʦʨʷʜʢʘ 8, ʠ ʧʦʵʪʦʤʫ  ʛʨʫʧʧʘ 

G ï ʥʝ ʮʠʢʣʠʯʝʩʢʘʷ.  

ʏʠʩʣʦ 2 ï ʧʨʦʩʪʦʝ, ʧʦʵʪʦʤʫ ʚʩʝ ʧʦʜʛʨʫʧʧʳ ʧʦʨʷʜʢʘ ʜʚʘ ï ʵʪʦ ʮʠʢʣʠʯʝʩʢʠʝ ʧʦʜʛʨʫʧʧʳ, ʧʦ-

ʨʦʞʜʝʥʥʳʝ ʵʣʝʤʝʥʪʘʤʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ: 

H1 = ʛʨ(a),  H2 = ʛʨ(b
2
), H3 = ʛʨ(ab

2
). 

 

ʇʝʨʝʩʝʯʝʥʠʷ ʣʶʙʦʡ ʧʘʨʳ ʵʪʠʭ ʧʦʜʛʨʫʧʧ ʨʘʚʥʦ ʝʜʠʥʠʯʥʦʡ ʧʦʜʛʨʫʧʧʝ E.  

ʎʠʢʣʠʯʝʩʢʠʝ ʧʦʜʛʨʫʧʧʳ ʯʝʪʚʝʨʪʦʛʦ ʧʦʨʷʜʢʘ ʧʦʨʦʞʜʘʶʪʩʷ ʵʣʝʤʝʥʪʘʤʠ ʯʝʪʚʝʨʪʦʛʦ ʧʦʨʷʜʢʘ: 

H4 = ʛʨ(b) = {1, b, b
2
, b

3
 },  

H5 = ʛʨ(ab) = {1, ab,  b
2
, ab

3
}.  
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ʅʝʮʠʢʣʠʯʝʩʢʘʷ ʧʦʜʛʨʫʧʧʘ ʯʝʪʚʝʨʪʦʛʦ ʧʦʨʷʜʢʘ ʚ ʥʘʰʝʡ ʛʨʫʧʧʝ ʦʜʥʘ ï  ʦʥʘ ʧʦʨʦʞʜʘʝʪʩʷ ʵʣʝ-

ʤʝʥʪʘʤʠ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ: 

 

H6 = ʛʨ(a, b
2
) = {1, a, b

2
, ab

2
}.  

 

ɼʣʷ ʧʦʩʪʨʦʝʥʠʷ ʛʨʘʬʘ ʨʝʰʝʪʢʠ ʧʦʜʛʨʫʧʧ ʦʪʤʝʪʠʤ, ʯʪʦ  

 

H4 ÆH5 = H4 ÆH6 = H5 ÆH6 = H2,  

 

H1Ë H6,   H3Ë H6. 

 

ʀʪʘʢ, ʨʝʰʝʪʢʘ ʧʦʜʛʨʫʧʧ ʛʨʫʧʧʳ G ʩʦʜʝʨʞʠʪ ʰʝʩʪʴ ʥʝʪʨʠʚʠʘʣʴʥʳʭ ʧʦʜʛʨʫʧʧ  H1, H2, H3, H4, 

H5, H6  ʠ ʜʚʝ ʪʨʠʚʠʘʣʴʥʳʭ: G ʠ E.  

ʊʘʢ ʢʘʢ ʛʨʫʧʧʘ G ʘʙʝʣʝʚʘ, ʢʘʞʜʘʷ ʝʝ ʧʦʜʛʨʫʧʧʘ ï ʥʦʨʤʘʣʴʥʘ ʚ G, ʠ, ʧʦʵʪʦʤʫ, ʨʝʰʝʪʢʘ ʧʦʜ-

ʛʨʫʧʧ ʷʚʣʷʝʪʩʷ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠ ʨʝʰʝʪʢʦʡ ʥʦʨʤʘʣʴʥʳʭ ʜʝʣʠʪʝʣʝʡ. 

ʊʝʧʝʨʴ ʥʘʡʜʝʤ ʨʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H = ʛʨ(ab).  

ɺ ʥʘʰʠʭ ʦʙʦʟʥʘʯʝʥʠʷʭ H = H5. 

ʕʪʘ ʧʦʜʛʨʫʧʧʘ ʩʦʩʪʦʠʪ ʠʟ ʯʝʪʳʨʝʭ ʵʣʝʤʝʥʪʦʚ, ʚʩʝʛʦ ʚ ʛʨʫʧʧʝ ʚʦʩʝʤʴ ʵʣʝʤʝʥʪʦʚ, ʧʦʵʪʦʤʫ ʧʦ 

ʪʝʦʨʝʤʝ ʃʘʛʨʘʥʞʘ ʙʫʜʝʪ ʚ ʪʦʯʥʦʩʪʠ ʜʚʘ ʢʣʘʩʩʘ ʧʦ ʧʦʜʛʨʫʧʧʝ H.  

ʆʜʠʥ ʢʣʘʩʩ ï ʵʪʦ ʩʘʤʘ H, ʘ ʧʨʝʜʩʪʘʚʠʪʝʣʝʤ ʚʪʦʨʦʛʦ ʩʤʝʞʥʦʛʦ  ʢʣʘʩʩʘ ʤʦʞʥʦ ʚʟʷʪʴ ʣʶʙʦʡ 

ʵʣʝʤʝʥʪ, ʥʝ ʧʨʠʥʘʜʣʝʞʘʱʠʡ H, ʥʘʧʨʠʤʝʨ: 

 

G = H + Ha. 

 

ʆʪʚʝʪ. ɻʨʫʧʧʘ G = <a, b; a
2
, b

4
, ba

-1
b

-1
a

 
> ʩʦʜʝʨʞʠʪ ʚʦʩʝʤʴ ʵʣʝʤʝʥʪʦʚ ʠ ʚʦʩʝʤʴ  ʧʦʜʛʨʫʧʧ; 

ʚʩʝ ʧʦʜʛʨʫʧʧʳ ʥʦʨʤʘʣʴʥʳ ʚ  G ; ʨʝʰʝʪʢʘ ʧʦʜʛʨʫʧʧ ʠʤʝʝʪ ʚʠʜ: 

 
ʈʘʟʣʦʞʝʥʠʝ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H: 

 

G = H + Ha. 

ɿʘʜʘʯʘ 4 .  ɺʳʷʩʥʠʪʝ, ʦʙʨʘʟʫʝʪ ʣʠ ʢʦʣʴʮʦ ʯʠʩʣʦʚʦʝ ʤʥʦʞʝʩʪʚʦ M ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʙʳʯʥʳʭ 

ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ. 

 

˹͔ͦͣͪ ͍ ͙͊ͪ͊ͤͭ͊ ˸͔͍ͤͦ͗ͫͭͦ M 

1 ʤʥʦʞʝʩʪʚʦ ʮʝʣʳʭ ʯʠʩʝʣ, ʢʨʘʪʥʳʭ ʬʠʢʩʠʨʦʚʘʥʥʦʤʫ ʯʠʩʣʫ m 

2 
ʤʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠʤʦʡ ʟʘʧʠʩʠ 

ʢʦʪʦʨʳʭ ʟʥʘʤʝʥʘʪʝʣʠ ʜʝʣʷʪ ʬʠʢʩʠʨʦʚʘʥʥʦʝ ʯʠʩʣʦ n 

3 
ʤʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠʤʦʡ ʟʘʧʠʩʠ 

ʢʦʪʦʨʳʭ ʟʥʘʤʝʥʘʪʝʣʠ ʥʝ ʜʝʣʷʪʩʷ ʥʘ ʬʠʢʩʠʨʦʚʘʥʥʦʝ ʧʨʦʩʪʦʝ ʯʠʩʣʦ p 

4 

ʢʦʣʴʮʦ ʤʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠʤʦʡ ʟʘʧʠʩʠ 

ʢʦʪʦʨʳʭ ʟʥʘʤʝʥʘʪʝʣʠ ʩʦʜʝʨʞʘʪ ʣʠʰʴ ʧʨʦʩʪʳʝ ʯʠʩʣʘ 

ʠʟ ʥʝʢʦʪʦʨʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʧʨʦʩʪʳʭ ʯʠʩʝʣ M 

5 
ʤʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠʤʦʡ ʟʘʧʠʩʠ ʢʦʪʦʨʳʭ 

ʟʥʘʤʝʥʘʪʝʣʠ ʷʚʣʷʶʪʩʷ ʩʪʝʧʝʥʷʤʠ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʧʨʦʩʪʦʛʦ ʯʠʩʣʘ p 

6 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ 2ba+ , ʛʜʝ a, b ÍQ 
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˹͔ͦͣͪ ͍ ͙͊ͪ͊ͤͭ͊ ˸͔͍ͤͦ͗ͫͭͦ M 

7 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ ,23ba+   ʛʜʝ a, b ÍQ 

8 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ ,42 33 cba ++  ʛʜʝ a, b, c ÍQ 

9 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ ,33ba+  ʛʜʝ a, b ÍQ 

10 ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ  ,32 33 cba ++  ʛʜʝ a, b, c ÍQ 

ʆʙʨʘʟʮʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯ.  

ɿʘʜʘʯʘ 1. ɺʳʷʩʥʠʪʝ, ʦʙʨʘʟʫʝʪ  ʣʠ ʢʦʣʴʮʦ ʤʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠ-

ʤʦʡ ʟʘʧʠʩʠ ʢʦʪʦʨʳʭ ʟʥʘʤʝʥʘʪʝʣʠ ʜʝʣʷʪʩʷ ʪʦʣʴʢʦ ʥʘ 2 ʠ 5, ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʙʳʯʥʳʭ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝ-

ʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ.  

ʈʝʰʝʥʠʝ.  ʇʫʩʪʴ H ï ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠʤʦʡ ʟʘʧʠʩʠ ʢʦʪʦʨʳʭ 

ʟʥʘʤʝʥʘʪʝʣʠ ʜʝʣʷʪʩʷ ʪʦʣʴʢʦ ʥʘ 2 ʠ 5 (ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦʤ ʢʦʥʝʯʥʳʭ ʜʝʩʷʪʠʯ-

ʥʳʭ ʜʨʦʙʝʡ), 

ý
ü
û

í
ì
ë

ÍÍ= 0,
10

ZZ ka
a

H
k

. 

ʇʨʠ ʩʣʦʞʝʥʠʠ ʜʨʦʙʝʡ ʦʙʱʠʡ ʟʥʘʤʝʥʘʪʝʣʴ ʩʫʤʤʳ ʙʫʜʝʪ ʩʥʦʚʘ ʜʝʣʠʪʴʩʷ ʪʦʣʴʢʦ ʥʘ 2 ʠ 5 (ʪ.ʝ. 

ʩʫʤʤʘ ʢʦʥʝʯʥʳʭ ʜʝʩʷʪʠʯʥʳʭ ʜʨʦʙʝʡ ʩʥʦʚʘ ʷʚʣʷʝʪʩʷ ʢʦʥʝʯʥʦʡ ʜʝʩʷʪʠʯʥʦʡ ʜʨʦʙʴʶ): 

 

mk

km

mk

baba
+

+
=+

10

1010

1010
. 

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ H ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ: 

 

xÍH, yÍH Ý x + y ÍH. 

 

ʇʨʠ ʚʳʯʠʪʘʥʠʠ ʜʚʫʭ ʵʣʝʤʝʥʪʦʚ ʠʟ H ʩʥʦʚʘ ʧʦʣʫʯʘʝʪʩʷ ʵʣʝʤʝʥʪ ʠʟ H:  

 

mk

km

mk

baba
+

-
=-

10

1010

1010
, 

 

ʨʘʟʥʦʩʪʴ ʜʚʫʭ ʢʦʥʝʯʥʳʭ ʜʝʩʷʪʠʯʥʳʭ ʜʨʦʙʝʡ ï ʵʪʦ ʢʦʥʝʯʥʘʷ ʜʝʩʷʪʠʯʥʘʷ ʜʨʦʙʴ, ʪʘʢʠʤ ʦʙʨʘʟʦʤ, 

ʤʥʦʞʝʩʪʚʦ H ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʚʳʯʠʪʘʥʠʷ: 

 

xÍH, yÍH Ý  x ï yÍH. 

 

ʇʨʠ ʫʤʥʦʞʝʥʠʠ ʜʨʦʙʝʡ ʟʥʘʤʝʥʘʪʝʣʠ ʧʝʨʝʤʥʦʞʘʶʪʩʷ,  

 

,
101010 mkmk

baba
+

Ö
=Ö  

 

ʧʦʵʪʦʤʫ ʧʨʦʠʟʚʝʜʝʥʠʝ ʢʦʥʝʯʥʳʭ ʜʝʩʷʪʠʯʥʳʭ ʜʨʦʙʝʡ ʷʚʣʷʝʪʩʷ ʢʦʥʝʯʥʦʡ ʜʝʩʷʪʠʯʥʦʡ ʜʨʦʙʴʶ: 

 

xÍH,  yÍH Ý x Ö y ÍH. 

 

ʆʪʚʝʪ. ʄʥʦʞʝʩʪʚʦ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʚ ʥʝʩʦʢʨʘʪʠʤʦʡ ʟʘʧʠʩʠ ʢʦʪʦʨʳʭ ʟʥʘʤʝʥʘʪʝʣʠ ʜʝ-

ʣʷʪʩʷ ʪʦʣʴʢʦ ʥʘ 2 ʠ 5, ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʙʳʯʥʳʭ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ. 

 

 

 

ɿʘʜʘʯʘ 2. ɺʳʷʩʥʠʪʝ, ʦʙʨʘʟʫʝʪ  ʣʠ ʢʦʣʴʮʦ ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ 

,53ba+  ʛʜʝ a, bÍQ, ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʙʳʯʥʳʭ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ.  
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ʈʝʰʝʥʠʝ.  ʇʫʩʪʴ M ï ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ ,53ba+  ʛʜʝ a, b ÍQ.  

ʇʫʩʪʴ x, y ʧʨʠʥʘʜʣʝʞʘʪ M, ʪ. ʝ. ,53
11 bax +=  .53

22 bay +=  ʊʦʛʜʘ  

 

( )++=+ 3
11 5bayx ( )=+ 3

22 5ba ( )( ) .53
2121 bbaa +++  

 

ʊʘʢ ʢʘʢ ʩʫʤʤʘ ʜʚʫʭ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ʩʥʦʚʘ ʷʚʣʷʝʪʩʷ ʨʘʮʠʦʥʘʣʴʥʳʤ ʯʠʩʣʦʤ,  x + y ʧʨʠ-

ʥʘʜʣʝʞʠʪ ʤʥʦʞʝʩʪʚʫ M. 

ʈʘʟʥʦʩʪʴ ʜʚʫʭ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ï ʵʪʦ ʨʘʮʠʦʥʘʣʴʥʦʝ ʯʠʩʣʦ, ʧʦʵʪʦʤʫ ʯʠʩʣʦ  

 

( )-+=- 3

11 5bayx ( )=+ 3
22 5ba ( )( )32121 5bbaa -+-  

 

ʪʘʢʞʝ ʧʨʠʥʘʜʣʝʞʠʪ M.  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʥʦʞʝʩʪʚʦ M ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʠ ʚʳʯʠʪʘʥʠʷ.  

ʆʩʪʘʝʪʩʷ ʧʨʦʚʝʨʠʪʴ, ʟʘʤʢʥʫʪʦ ʣʠ ʤʥʦʞʝʩʪʚʦ M ʦʪʥʦʩʠʪʝʣʴʥʦ ʫʤʥʦʞʝʥʠʷ. ʇʝʨʝʤʥʦʞʠʤ ʵʣʝ-

ʤʝʥʪʳ x ʠ y: 

 

( )Ö+=Ö 3

11 5bayx ( )=+ 3

22 5ba ( ) .255 3
21

3
122121 bbbabaaa +++  

 

ʇʦʣʫʯʠʣʦʩʴ ʚʳʨʘʞʝʥʠʝ ʥʝ ʩʦʚʩʝʤ ʪʘʢʦʛʦ ʚʠʜʘ, ʢʦʪʦʨʳʡ ʠʤʝʶʪ ʵʣʝʤʝʥʪʳ ʠʟ M, ʥʦ, ʚʧʦʣʥʝ  

ʚʦʟʤʦʞʥʦ, ʯʪʦ ʠ ʵʪʦ ʯʠʩʣʦ ʥʘʤ ʫʜʘʩʪʩʷ  ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʜʦʣʞʥʦʤ ʚʠʜʝ.  

ɼʣʷ ʚʦʟʤʦʞʥʦʩʪʠ ʪʘʢʦʛʦ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʥʝʦʙʭʦʜʠʤʦ (ʠ ʜʦʩʪʘʪʦʯʥʦ), ʯʪʦʙʳ ʯʠʩʣʦ  3 25  ʧʨʠ-

ʥʘʜʣʝʞʘʣʦ M. ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʵʪʦ ʜʝʡʩʪʚʠʪʝʣʴʥʦ ʪʘʢ, ʪ. ʝ.  

 

,525 33 ba+=                                                                           (*)  

 

ʛʜʝ a, b ï ʨʘʮʠʦʥʘʣʴʥʳʝ ʯʠʩʣʘ. ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʩʪʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ [ ]3 5Q . ʏʠʩʣʦ 

3 5  ï ʵʪʦ ʢʦʨʝʥʴ ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʥʘʜ Q ʤʥʦʛʦʯʣʝʥʘ 53-x  (ʝʩʣʠ ʙʳ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ ʙʳʣ ʧʨʠʚʦ-

ʜʠʤ, ʪʦ ʯʠʩʣʦ 
3 5  ʙʳʣʦ ʙʳ ʨʘʮʠʦʥʘʣʴʥʳʤ). ʇʦ ʪʝʦʨʝʤʝ ʂʨʦʥʝʢʝʨʘ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ ʢʦʣʴʮʘ 

[ ]3 5Q  ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʚ ʚʠʜʝ:  

 

,255 3

2

3

10 aaa ++  

 

ʛʜʝ a0, a1,  a2 ï ʨʘʮʠʦʥʘʣʴʥʳʝ ʯʠʩʣʘ. 

ʆʜʥʘʢʦ ʨʘʚʝʥʩʪʚʦ (*) ʦʟʥʘʯʘʝʪ, ʯʪʦ ʵʣʝʤʝʥʪ 33 525 ba+=    ʠʤʝʝʪ ʜʚʘ ʨʘʟʣʠʯʥʳʭ ʧʨʝʜ-

ʩʪʘʚʣʝʥʠʷ: 

 

,25150025 333 Ö+Ö+=  

333 250525 ++= ba . 

ʇʦʣʫʯʝʥʥʦʝ ʧʨʦʪʠʚʦʨʝʯʠʝ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʯʠʩʣʦ 
3 25ʥʝ ʧʨʠʥʘʜʣʝʞʠʪ M, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

ʤʥʦʞʝʩʪʚʦ M ʥʝ ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʫʤʥʦʞʝʥʠʷ.  

ʆʪʚʝʪ. ʄʥʦʞʝʩʪʚʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʚʠʜʘ: ,53ba+  ʛʜʝ a, bÍQ, ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʦʙʳʯʥʳʭ ʦʧʝʨʘʮʠʡ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʝ ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ.  

 

ɿʘʜʘʯʘ 5 .  ɺʳʧʦʣʥʠʪʝ ʜʝʡʩʪʚʠʷ ʥʘʜ ʢʦʤʧʣʝʢʩʥʳʤʠ ʯʠʩʣʘʤʠ ʠ ʠʟʦʙʨʘʟʠʪʝ ʫʢʘʟʘʥʥʳʝ ʤʥʦ-

ʞʝʩʪʚʘ  ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ.  
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1 1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ
23

1

1

3
41

3

19

5

+
+öö
÷

õ
ææ
ç

å

-

+

ii

i
. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣ-

ʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

 

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 

()

1

2

2
21 ,22,232

z

z
wiziz =-=-= . 

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
( )
( )4

15

88

31

i

i

-

+
, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ. 

ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ  ʬʦʨʤʝ. 

 

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 5 31 i+  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ. 

 

 

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ: 

îí

î
ì
ë

<

²+

2

1

z

iz

 
 

 

2 1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
14

2

51

1
21

3

20 +
-ö

÷

õ
æ
ç

å

- ii
. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

 

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ:  

2

2

121 ,434,55 zzwiziz =-=+= . 

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ z, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ 

ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ: ( )( )1015
3221 ii -+  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ  4 5- ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ. 

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ: 

îí

î
ì
ë

<+

²+

1

11

iz

z
 

 

 

3 1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ
14

2

21 15

2

15

3

+
-ö

ö

÷

õ

æ
æ

ç

å

- i

i

i

i
. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2,  z3 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ 

ʬʦʨʤʝ. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝ-

ʩʢʦʡ ʬʦʨʤʝ:  
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,31,1 21 iziz -=+=   z3 = ,3 i+  321 zzzw= . 

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )1720

131 ii -- , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫ-

ʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 5 22 i-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ.  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ:  
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iz
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4 1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
12
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1
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3
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æ
ç
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+ i

i

i
. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 

( )22

1
21 ,322,1

z

z
iziz =+=-= w . 

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )105

223 ii +- , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ 

ʄʫʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 7 22 i+-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ. 

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ:  

( )î
í

î
ì

ë

¢-¢-

<

4
1arg

4

2

pp
z

z

 

 

5 1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
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. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 

,31,1 21 iziz +=+=   z3 = ,3 i+  321 zzzw= . 

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )67
311 ii +- , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘ-

ʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ.  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 7 7-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ.  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ: 
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6 1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
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. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ  w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 

,331 iz += ,2321 iz -=
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.
2

2

1

z

z
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3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
( )

( )10

7

31

22

i

i

-

+
, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ. 

ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 6 3 i-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ.  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ: 
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i
. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 
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z
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3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )208
322 ii +- , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ 

ʄʫʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 5 1 i-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ:  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ:  
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. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 
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121 ,1,232 zzwiziz =-=+  

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )105
311 ii ++ , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫ-
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ʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 6 3i-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ:  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ: 
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. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ: 

()32121 ,3,55 zzwiziz =-=+=  

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )6
10

13 ii ++ , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘ-

ʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 5 44 i+-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ.  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘ-

ʚʝʥʩʪʚʘʤ: 
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1. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
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. ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ 

ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

2. ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 

ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ:  

,221 iz -= ,312 iz +=  

()221 zzw= . 

3. ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ ( )( )1520

13 ii +- , ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫ-

ʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  

4. ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 8 i-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ 

ʧʣʦʩʢʦʩʪʠ.  

5. ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘʚʝʥ-
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ʆʙʨʘʟʝʮ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ 

ɿʘʜʘʯʘ. ɺʳʧʦʣʥʠʪʝ ʜʝʡʩʪʚʠʷ ʥʘʜ ʢʦʤʧʣʝʢʩʥʳʤʠ ʯʠʩʣʘʤʠ ʠ ʠʟʦʙʨʘʟʠʪʝ ʫʢʘʟʘʥʥʳʝ ʤʥʦʞʝ-

ʩʪʚʘ  ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

1) ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ.
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 ʆʪʚʝʪ ʟʘʧʠʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʬʦʨʤʝ:  

ʈʝʰʝʥʠʝ. ʊʘʢ ʢʘʢ, i 4
 = 1, ʠʤʝʝʤ: 
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)
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5
 = 1. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ,  

 

ʇʝʨʝʭʦʜʠʤ ʢʦ ʚʪʦʨʦʤʫ ʩʣʘʛʘʝʤʦʤʫ. ʉʥʘʯʘʣʘ ʚʳʯʠʩʣʠʤ ʙʦʣʴʰʫʶ ʩʪʝʧʝʥʴ, ʩʪʦʷʱʫʶ ʚ ʟʥʘʤʝ-

ʥʘʪʝʣʝ: 
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 ʇʦʜʩʪʘʚʠʤ ʥʘʡʜʝʥʥʦʝ ʟʥʘʯʝʥʠʝ ʩʪʝʧʝʥʠ i  ʚ ʟʥʘʤʝʥʘʪʝʣʴ ʚʪʦʨʦʡ ʜʨʦʙʠ ʠ ʩ ʧʦʤʦʱʴʶ ʫʤʥʦ-

ʞʝʥʠʷ ʯʠʩʣʠʪʝʣʷ ʠ ʟʥʘʤʝʥʘʪʝʣʷ ʜʨʦʙʠ  ʥʘ ʩʦʧʨʷʞʝʥʠʝ ʟʥʘʤʝʥʘʪʝʣʷ ʧʨʦʠʟʚʝʜʝʤ ʜʝʣʝʥʠʝ: : 
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ʦʩʪʘʣʦʩʴ ʪʦʣʴʢʦ ʩʣʦʞʠʪʴ ʧʦʣʫʯʝʥʥʳʝ ʜʚʘ ʯʠʩʣʘ: 
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2) ɼʘʥʥʳʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ z1, z2 ʟʘʧʠʰʠʪʝ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. ɺʳʯʠʩʣʠʪʝ ʢʦʤ-

ʧʣʝʢʩʥʦʝ ʯʠʩʣʦ  w ʠ ʟʘʧʠʰʠʪʝ ʨʝʟʫʣʴʪʘʪ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ:  
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ʈʝʰʝʥʠʝ. ʊʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʘʷ ʬʦʨʤʘ ʢʦʤʧʣʝʢʩʥʦʛʦ ʯʠʩʣʘ z  ʠʤʝʝʪ ʚʠʜ: 
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ʊʘʢʠʤ ʫʛʣʦʤ ʷʚʣʷʝʪʩʷ .
4

p
j=  ɺʩʝ ʢʦʤʧʦʥʝʥʪʳ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʳ ʯʠʩʣʘ z1 ʥʘʡʜʝ-
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ʊʘʢʠʤ ʫʛʣʦʤ ʷʚʣʷʝʪʩʷ .
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ʊʝʧʝʨʴ ʚʳʯʠʩʣʠʤ ʯʠʩʣʦ w, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ ʠ ʪʦʪ ʬʘʢʪ, ʯʪʦ ʢʦʤʧʣʝʢʩʥʦ ʩʦʧʨʷ-

ʞʝʥʥʳʝ ʯʠʩʣʘ ʦʪʣʠʯʘʶʪʩʷ ʣʠʰʴ ʟʥʘʢʦʤ ʩʚʦʝʛʦ ʘʨʛʫʤʝʥʪʘ: 
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3) ɺʳʯʠʩʣʠʪʝ ʢʦʤʧʣʝʢʩʥʦʝ ʯʠʩʣʦ 
( )

( )20

15

31

33

i

i

-

+
, ʠʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ. ʈʝʟʫʣʴʪʘʪ ʟʘʧʠ-

ʰʠʪʝ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʬʦʨʤʝ: 

ʈʝʰʝʥʠʝ. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ ʠʩʧʦʣʴʟʦʚʘʪʴ ʬʦʨʤʫʣʫ ʄʫʘʚʨʘ, ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ ʥʝʦʙʭʦʜʠʤʦ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. ʇʫʩʪʴ 
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ʊʦʛʜʘ  

 

 
 

ʘ  a ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ  

 

 

ʕʪʦ ʟʥʘʯʠʪ, ʯʪʦ  

 

ʊʝʧʝʨʴ ʧʫʩʪʴ 

 

( ).sincos1 2 bb iri +=-  

 

ʊʦʛʜʘ  

 

( ) ,211
22

2 =-+=r  

 

ʘ b ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ  
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ʊʝʧʝʨʴ ʧʦ ʬʦʨʤʫʣʝ ʄʫʘʚʨʘ ʚʳʯʠʩʣʠʤ ʩʪʝʧʝʥʴ ʚ ʯʠʩʣʠʪʝʣʝ ʜʘʥʥʦʡ ʜʨʦʙʠ: 
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.
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ʇʝʨʝʭʦʜʠʤ ʢ ʚʳʯʠʩʣʝʥʠʶ ʟʥʘʤʝʥʘʪʝʣʷ: 
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( ) ( )( )=-+- pp 5sin5cos210 i ( ) ( )( )=-+- pppp 56sin56cos210 i ( ).sincos210 pp i+  

ʊʝʧʝʨʴ ʚʳʯʠʩʣʠʤ ʩʘʤʫ ʜʨʦʙʴ: 

 

 

 

 

ɿʘʤʝʯʘʥʠʝ. ʆʪʚʝʪ ʧʦʣʫʯʝʥ; ʦʜʥʘʢʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʯʠʩʣʘ, ʧʦʷʚʠʚʰʠʝʩʷ ʚ ʦʢʦʥʯʘʪʝʣʴʥʦʤ 

ʨʝʟʫʣʴʪʘʪʝ, ʩʨʘʚʥʠʪʝʣʴʥʦ ʥʝʙʦʣʴʰʠʝ, ʠ ʨʝʟʫʣʴʪʘʪ ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ ʚ ʙʦʣʝʝ ʷʚʥʦʤ ʚʠʜʝ: 

 

4) ɺʳʯʠʩʣʠʪʝ ʚʩʝ ʟʥʘʯʝʥʠʷ ʢʦʨʥʷ 6 64i-  ʠ ʠʟʦʙʨʘʟʠʪʝ ʠʭ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

ʈʝʰʝʥʠʝ. ʅʘʡʜʝʤ ʩʥʘʯʘʣʘ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʫʶ ʬʦʨʤʫ ʯʠʩʣʘ, ʩʪʦʷʱʝʛʦ ʧʦʜ ʟʥʘʢʦʤ ʢʦʨʥʷ:   

ï64i = 64(cosp + i sin p). 

 

ʋʨʘʚʥʝʥʠʝ iz 64-6 =  ʠʤʝʝʪ ʚ ʪʦʯʥʦʩʪʠ 6 ʨʘʟʣʠʯʥʳʭ ʨʝʰʝʥʠʡ   z0, z1, ... , z6,  ʢʦʪʦʨʳʝ ʤʦʞʥʦ 

ʥʘʡʪʠ ʧʦ ʬʦʨʤʫʣʝ 
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ʛʜʝ k = 0, 1, ... , 6. 
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ɺʩʝ ʵʪʠ zk ʠʤʝʶʪ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʤʦʜʫʣʴ, ʨʘʚʥʳʡ 2, ʘ ʢʘʞʜʳʡ ʥʦʚʳʡ ʢʦʨʝʥʴ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ 

ʠʟ ʧʨʝʜʳʜʫʱʝʛʦ ʫʤʥʦʞʝʥʠʝʤ ʥʘ ʯʠʩʣʦ ö
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ɺʩʝ ʢʦʨʥʠ ʰʝʩʪʦʡ ʩʪʝʧʝʥʠ ʠʟ ï64i ʨʘʩʧʦʣʦʞʝʥʳ ʚ ʚʝʨʰʠʥʘʭ ʧʨʘʚʠʣʴʥʦʛʦ ʰʝʩʪʠʫʛʦʣʴʥʠʢʘ, 

ʚʧʠʩʘʥʥʦʛʦ ʚ ʦʢʨʫʞʥʦʩʪʴ ʨʘʜʠʫʩʘ  2 ʠ ʩ ʮʝʥʪʨʦʤ ʚ ʥʘʯʘʣʝ ʢʦʦʨʜʠʥʘʪ. ʅʘ ʨʠʩʫʥʢʝ ʪʦʯʢʠ, ʩʦʦʪʚʝʪ-

ʩʪʚʫʶʱʠʝ ʢʦʨʥʷʤ, ʨʘʩʢʨʘʰʝʥʳ ʯʝʨʥʳʤ.  

 

5) ʅʘʯʝʨʪʠʪʝ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʦʙʣʘʩʪʴ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʫʶ ʥʝʨʘʚʝʥʩʪʚʘʤ:  
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ʈʝʰʝʥʠʝ. ʄʦʜʫʣʴ ʨʘʟʥʦʩʪʠ 21 zz -  ʨʘʚʝʥ ʨʘʩʩʪʦʷʥʠʶ ʤʝʞʜʫ ʪʦʯʢʘʤʠ z1 ʠ z2. ʕʪʦ ʦʟʥʘʯʘ-

ʝʪ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ ʪʦʯʝʢ z ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʨʘʚʝʥʩʪʚʫ rzz =- 0 , ʷʚʣʷ-

ʝʪʩʷ ʦʢʨʫʞʥʦʩʪʠ ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ z0 ʠ ʨʘʜʠʫʩʘ, ʨʘʚʥʳʤ r. ʅʝʨʘʚʝʥʩʪʚʦ rzz ¢- 0  ʟʘʜʘʝʪ ʢʨʫʛ ʩ 
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ʪʘʢʠʤ ʞʝ ʮʝʥʪʨʦʤ ʠ ʨʘʜʠʫʩʦʤ, ʘ ʥʝʨʘʚʝʥʩʪʚʦ rzz ²- 0  ʦʧʨʝʜʝʣʷʝʪ ʥʘ ʧʣʦʩʢʦʩʪʠ ʦʢʨʫʞʥʦʩʪʴ ʠ 

ʚʥʝʰʥʶʶ ʯʘʩʪʴ ʢʨʫʛʘ ï çʧʣʦʩʢʦʩʪʴ ʩ ʜʳʨʢʦʡè. 

ɺ ʥʘʰʝʤ ʩʣʫʯʘʝ ( ) 21 ¢-- iz  ʦʧʨʝʜʝʣʷʝʪ ʢʨʫʛ ʩ ʮʝʥʪʨʦʤ ʚ ʪʦʯʢʝ 1 ï i  ʨʘʜʠʫʩʘ, ʨʘʚʥʦʛʦ 2. 

ʀʟʦʙʨʘʟʠʤ ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

 
 

ʌʫʥʢʮʠʷ Im z ï ʵʪʦ ʤʥʠʤʘʷ  ʯʘʩʪʴ ʯʠʩʣʘ z. ɿʥʘʯʝʥʠʝ Im z = ï1 ʠʤʝʶʪ ʚʩʝ ʢʦʤʧʣʝʢʩʥʳʝ ʯʠʩʣʘ 

z ʚʠʜʘ z = a ï i, ʛʜʝ a ï ʣʶʙʦʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ. ʅʘ ʢʦʦʨʜʠʥʠʨʦʚʘʥʥʦʡ ʧʣʦʩʢʦʩʪʠ ʵʪʦ ʧʨʷʤʘʷ, 

ʟʘʜʘʥʥʘʷ ʫʨʘʚʥʝʥʠʝʤ y = ï1. ʅʝʨʘʚʝʥʩʪʚʦ Im z ² ï1  ʦʧʨʝʜʝʣʷʝʪ ʧʦʣʫʧʣʦʩʢʦʩʪʴ, ʣʝʞʘʱʫʶ ʚʳʰʝ 

ʵʪʦʡ ʧʨʷʤʦʡ, ʧʨʠʯʝʤ ʩʘʤʘ ʧʨʷʤʘʷ ʚʢʣʶʯʘʝʪʩʷ ʚ ʵʪʫ ʧʦʣʫʧʣʦʩʢʦʩʪʴ. ʀʟʦʙʨʘʟʠʤ ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʥʘ 

ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ. 

 
ʌʫʥʢʮʠʷ Re z ï ʵʪʦ ʜʝʡʩʪʚʠʪʝʣʴʥʘʷ ʯʘʩʪʴ ʯʠʩʣʘ z. ɿʥʘʯʝʥʠʝ Re z = 2 ʠʤʝʶʪ ʚʩʝ ʢʦʤʧʣʝʢʩʥʳʝ 

ʯʠʩʣʘ z ʚʠʜʘ z = 2 + bi, ʛʜʝ b ï ʣʶʙʦʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ. ʅʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ ʵʪʦ ʧʨʷ-

ʤʘʷ. ʟʘʜʘʥʥʘʷ ʫʨʘʚʥʝʥʠʝʤ x = 2. ʅʝʨʘʚʝʥʩʪʚʦ Re z < 2  ʦʧʨʝʜʝʣʷʝʪ ʧʦʣʫʧʣʦʩʢʦʩʪʴ, ʣʝʞʘʱʫʶ ʩʣʝʚʘ 

ʦʪ ʵʪʦʡ ʧʨʷʤʦʡ, ʧʨʠʯʝʤ ʩʘʤʘ ʧʨʷʤʘʷ ʚ ʵʪʫ ʧʦʣʫʧʣʦʩʢʦʩʪʴ ʥʝ ʚʢʣʶʯʘʝʪʩʷ. ʀʟʦʙʨʘʟʠʤ ʵʪʦ ʤʥʦʞʝ-

ʩʪʚʦ ʥʘ ʢʦʤʧʣʝʢʩʥʦʡ ʧʣʦʩʢʦʩʪʠ. 
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ʊʝʧʝʨʴ ʦʩʪʘʝʪʩʷ ʪʦʣʴʢʦ ʩʦʙʨʘʪʴ ʚʩʝ ʪʨʠ ʧʦʣʫʯʝʥʥʳʝ ʤʥʦʞʝʩʪʚʘ ʥʘ ʦʜʥʦʤ ʯʝʨʪʝʞʝ; ʧʝʨʝʩʝʯʝ-

ʥʠʝ ʵʪʠʭ ʤʥʦʞʝʩʪʚ ʠ ʷʚʣʷʝʪʩʷ ʦʪʚʝʪʦʤ ʜʣʷ ʫʧʨʘʞʥʝʥʠʷ. 

 
 

ɿʘʜʘʯʘ 6.  ɼʣʷ ʤʥʦʛʦʯʣʝʥʘ  f(x)  ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ ʥʘʡʜʠʪʝ f(a) ʠ f
/
(a), ʦʧʨʝʜʝʣʠʪʝ 

ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʝʡ x1,  x2 ʠ  ʨʘʟʣʦʞʠʪʝ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ ʧʦ ʩʪʝʧʝʥʷʤ x ï b. 

 

˹͔ͦͣͪ  ͍ ͙͊ͪ͊ͤͭ͊ ˸͎ͤͦͦ;͔ͤ͡  f(x) a x1 x2 b 

1 x
6
 -  6x

4
 -  4x

3
  +  9x

2
  +  12x  +  4 ï2 ï1 2 ï3 

2 x
5
 ï 10x

3
 ï 20x

2
 ï 15x ï 4 3 ï1 4 ï1 

3 x
6
 ï 15x

4
 + 8x

3
 + 51x

2
 ï 72x + 27 ï1 1 ï3 2 

4 x
5
 - 5x

4
 - 5x

3
 + 45x

2
 - 108 2 ï2 3 3 

5 x
5
 + x

4
 - 2x

3
 - 2x

2
 + x + 1 ï3 ï1 1 1 

6 x
5
 + 7x

4
 + 19x

3
 + 25x

2
 + 16x + 4 -1 ï1 ï2 ï3 

7 x
5
- 3x

4
 -21x

3
 + 43x

2
 + 96x - 180 2 2 ï3 2 

8 x
5
 - x

4
 - 2x

3
 + 2x

2
 + x - 1 3 ï1 1 ï4 

9 x
5
 - 10x

3
 - 20x

2
 - 15x ï 4 1 ï1 4 1 

10 x
5
 - x

4
 - 5x

3
 + x

2
 + 8x + 4 ï3 2 ï1 ï2 

ʆʙʨʘʟʝʮ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ.  

ɿʘʜʘʯʘ. ɼʣʷ ʤʥʦʛʦʯʣʝʥʘ   

f(x) = x
5 
+ 4x

4 
+ x

3
- 10x

2 
- 4x + 8 

 

ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ ʥʘʡʜʠʪʝ ()2f  ʠ  ()2f¡  ʠ ʦʧʨʝʜʝʣʠʪʝ ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʝʡ x1= 1,  x2= -2; 

ʨʘʟʣʦʞʠʪʝ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ ʧʦ ʩʪʝʧʝʥʷʤ   x ï 2. 

ʈʝʰʝʥʠʝ.  ʈʘʟʜʝʣʠʤ ʤʥʦʛʦʯʣʝʥ f(x) ʥʘ x - 2: 

 

 1 4 1 -10 -4 8 

2 1 2Ö1 + 4 = 6 2Ö6 + 1 = 13 2Ö13 - 10 = 16 2Ö16 ï 4 = 28 2Ö28 + 8 = 64 

 

ɺ ʧʦʩʣʝʜʥʝʡ ʢʣʝʪʢʝ ʚʪʦʨʦʡ ʩʪʨʦʢʠ ʥʘʭʦʜʠʪʩʷ ʟʥʘʯʝʥʠʝ f(2).  

ɿʥʘʯʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʨʠ x = 2 ʥʘʡʜʝʥʦ:  f(2) = 64. 

ʆʩʪʘʣʴʥʳʝ ʵʣʝʤʝʥʪʳ ʚʪʦʨʦʡ ʩʪʨʦʢʠ ï ʵʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʯʘʩʪʥʦʛʦ q(x) ʦʪ ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝ-

ʥʘ f(x) ʥʘ  x ï 2:  

f(x)=(x - 2)(x
4 
+ 6x

3 
+ 13x

2 
+ 16x + 28). 

 

ʊʝʧʝʨʴ ʨʘʟʜʝʣʠʤ ʤʥʦʛʦʯʣʝʥ q(x) ʥʘ x-2, ʠʩʧʦʣʴʟʫʷ ʩʭʝʤʫ ɻʦʨʥʝʨʘ. 
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 1 6 13 16 28 
2 1 2Ö1 + 6 = 8 2Ö8 + 13 = 29 2Ö29+16 = 74 2Ö74 + 28 = 176 

 

ɺ ʧʦʩʣʝʜʥʝʡ ʢʣʝʪʢʝ ʚʪʦʨʦʡ ʩʪʨʦʢʠ ʥʘʭʦʜʠʪʩʷ ʟʥʘʯʝʥʠʝ ()2f¡ .  

ɿʥʘʯʝʥʠʝ ʧʝʨʚʦʡ ʧʨʦʠʟʚʦʜʥʦʡ  ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʨʠ x=2 ʥʘʡʜʝʥʦ:   ()1762 =¡f . 

ʆʧʨʝʜʝʣʠʤ ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʷ x1= 1. ɼʣʷ ʵʪʦʛʦ ʙʫʜʝʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʚʳʧʦʣʥʷʪʴ ʜʝʣʝʥʠʝ 

ʤʥʦʛʦʯʣʝʥʘ ʠ ʧʦʣʫʯʘʶʱʠʭʩʷ ʯʘʩʪʥʳʭ ʥʘ x ï 1 ʜʦ ʪʝʭ ʧʦʨ, ʧʦʢʘ ʜʝʣʝʥʠʝ ʙʫʜʝʪ ʧʨʦʠʩʭʦʜʠʪʴ ʩ 

ʦʩʪʘʪʢʦʤ, ʨʘʚʥʳʤ ʥʫʣʶ. 

 1 4 1 ς10 ς4 8 

1 1 1Ö1 + 4 = 5 1Ö5 + 1 = 6 1Ö6 ï 10= -4 1Ö(ï4) ï 4 = -8 1Ö(-8) + 8  = 0 

1 1 1Ö1 + 5 = 6 1Ö6 + 6 = 12 1Ö12 ï 4= 8 1Ö(8) ï 8 = 0  

1 1 1Ö1 + 6 = 7 1Ö7 + 12 = 19 1Ö19 + 8= 27̧ 0   

 

ɼʝʣʝʥʠʝ ʥʘʮʝʣʦ ʩʦʩʪʦʷʣʦʩʴ ʜʚʘ ʨʘʟʘ.  

ʂʦʨʝʥʴ x1 = 1 ʠʤʝʝʪ ʢʨʘʪʥʦʩʪʴ ʜʚʘ.  

ʆʩʪʘʣʴʥʳʝ ʵʣʝʤʝʥʪʳ  ʩʪʨʦʢʠ, ʩʦʜʝʨʞʘʱʝʡ ʚʪʦʨʦʡ ʥʫʣʴ, ï ʵʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚʪʦʨʦʛʦ ʯʘʩʪʥʦ-

ʛʦ: 

 

f(x)=(x - 1)
2
(x

3 
+ 6x

2 
+ 12x + 8). 

 

ʆʧʨʝʜʝʣʠʤ ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʷ x2 = ï2.  

ɼʣʷ ʵʪʦʛʦ ʥʝʪ ʥʝʦʙʭʦʜʠʤʦʩʪʠ ʚʦʟʚʨʘʱʘʪʴʩʷ ʢ ʠʩʭʦʜʥʦʤʫ ʤʥʦʛʦʯʣʝʥʫ f(x).  

ʄʥʦʛʦʯʣʝʥ (x ï 1)
2
 ʥʝ ʜʝʣʠʪʩʷ ʥʘ x + 2, ʧʦʵʪʦʤʫ ʢʦʨʝʥʴ x2 = ï2 ʩ ʪʦʡ ʞʝ ʢʨʘʪʥʦʩʪʴʶ ʷʚʣʷʝʪʩʷ 

ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ  x
3 
+ 6x

2 
+ 12x + 8. 

ɹʫʜʝʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʚʳʧʦʣʥʷʪʴ ʜʝʣʝʥʠʝ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʠ ʧʦʣʫʯʘʶʱʠʭʩʷ ʯʘʩʪʥʳʭ 

ʥʘ (x + 2) ʜʦ ʪʝʭ ʧʦʨ, ʧʦʢʘ ʜʝʣʝʥʠʝ ʙʫʜʝʪ ʧʨʦʠʩʭʦʜʠʪʴ ʩ ʦʩʪʘʪʢʦʤ, ʨʘʚʥʳʤ ʥʫʣʶ. 

 

 1 6 12 8 

ï2 1 (-2)Ö1+6 = 4 (-2)Ö4+12 = 4 (-2)Ö 4+8 = 0 

ï2 1 (-2)Ö1+4 = 2 (-2)Ö2Ö+4 = 0  

ï2 1 (-2)Ö 1+2 = 0   

 

ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘ (x + 2) ʙʝʟ ʦʩʪʘʪʢʘ ʩʦʩʪʦʷʣʦʩʴ ʪʨʠ ʨʘʟʘ. ʇʦʩʣʝʜʥʝʝ ʯʘʩʪʥʦʝ ʨʘʚʥʦ 

ʝʜʠʥʠʮʝ. ʂʦʨʝʥʴ x2 = ï2  ʠʤʝʝʪ ʢʨʘʪʥʦʩʪʴ ʪʨʠ.  

ʄʥʦʛʦʯʣʝʥ f(x) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ:  

f(x)=(x - 1)
2
(x + 2)

3
. 

 

ʅʘʡʜʝʤ ʨʘʟʣʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʦ ʩʪʝʧʝʥʷʤ x - 2.  

ɼʣʷ ʵʪʦʛʦ ʙʫʜʝʤ ʜʝʣʠʪʴ ʤʥʦʛʦʯʣʝʥ ʠ ʧʦʩʣʝʜʫʶʱʠʝ ʯʘʩʪʥʳʝ ʥʘ x - 2.  

ʇʦʣʫʯʝʥʥʳʝ ʦʩʪʘʪʢʠ ʷʚʣʷʶʪʩʷ ʠʩʢʦʤʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 

 

 1 4 1 -10 -4 8 

2 1 2Ö1 + 4 = 6 2Ö6 + 1 = 13 2Ö13 - 10 = 16 2Ö16 - 4 = 28 2Ö28 + 8 = 64 

2 1 2Ö1 + 6 = 8 2Ö8 + 13 = 29 2Ö29 + 16 = 74 2Ö74 + 28= 176  

2 1 2Ö1 + 8 = 10 2Ö10 + 29 = 49 2Ö49 + 74 = 172   

2 1 2Ö1 + 10 = 12 2Ö12 + 49 = 73    

2 1 2Ö1 + 12 = 14     

2 1      
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ɺʳʜʝʣʝʥʥʳʝ ʧʦʩʣʝʜʥʠʝ ʵʣʝʤʝʥʪʳ ʩʪʨʦʢ ʪʘʙʣʠʮʳ ʷʚʣʷʶʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʩʢʦʤʦʛʦ ʨʘʟ-

ʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʦ ʩʪʝʧʝʥʷʤ (x ï 2). 

ʆʪʚʝʪ. f(2) = 64, ()1762 =¡f ; ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʷ x1=1 ʨʘʚʥʘ ʜʚʫʤ,  ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʷ x2= -2 

ʨʘʚʥʘ ʪʨʝʤ; 

 

f(x) = (x-2)
5
 + 14(x-2)

4
 + 73(x-2)

3
 + 172(x-2)

2
 + 176(x-2) +64. 

ɿʘʜʘʯʘ 7. ʅʘʡʜʠʪʝ ʚʩʝ ʨʘʮʠʦʥʘʣʴʥʳʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ f(x).  

 

˹͔ͦͣͪ ͍ ͙͊ͪ͊ͤͭ͊ ˸͎ͤͦͦ;͔ͤ͡  f(x) 

1  

2  

3  

4  

5  

6  

7  

8  

9  

10  

ʆʙʨʘʟʮʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯ 

ɿʘʜʘʯʘ 1 .  ʅʘʡʜʠʪʝ ʚʩʝ ʨʘʮʠʦʥʘʣʴʥʳʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ  

f
 
(x) = 6x

4
 + 19x

3 
ï 7x

2 
ï 26x + 12. 

ɽʩʣʠ ʫ ʤʥʦʛʦʯʣʝʥʘ f(x) ʝʩʪʴ ʨʘʮʠʦʥʘʣʴʥʳʡ ʢʦʨʝʥʴ, ʪʦ ʦʥ ʩʦʜʝʨʞʠʪʩʷ ʚ ʤʥʦʞʝʩʪʚʝ ʥʝʩʦʢʨʘ-

ʪʠʤʤʳʭ ʜʨʦʙʝʡ  

M = 
ý
ü
û

í
ì
ë

q

p
, 

ʛʜʝ p ʜʝʣʠʪ 12, ʘ q ʜʝʣʠʪ  6. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʤʥʦʞʝʩʪʚʦ ʢʘʥʜʠʜʘʪʦʚ ʚ ʢʦʨʥʠ ʠʤʝʝʪ ʚʠʜ: 
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.
6

1
,

3

2
,

3

1
,

2

1
,12,6,4,3,2,1

ý
ü
û

í
ì
ë

°°°°°°°°°°=M  

ʀʩʧʳʪʘʝʤ ʩʥʘʯʘʣʘ ʯʠʩʣʘ 1 ʠ ï1. ʏʠʩʣʘ 1 ʠ ï1 ʥʝ ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ f
 
(x): 

f
 
(1) = 4,  f

 
(ï1) = 18. 

ʊʝʧʝʨʴ ʧʨʦʚʝʨʠʤ ʥʘ ʩʚʦʡʩʪʚʦ çʙʳʪʴ ʢʦʨʥʝʤè ʯʠʩʣʘ a ʠʟ ʤʥʦʞʝʩʪʚʘ M, ʥʦ ʜʣʷ ʵʪʦʛʦ ʩʥʘʯʘʣʘ ʠʩ-

ʧʳʪʘʝʤ ʢʘʥʜʠʜʘʪʦʚ ʥʘ ʮʝʣʦʩʪʥʦʩʪʴ ʯʠʩʝʣ  ʠ 
( )

.
1

qp

f

+

-
 

ʈʝʟʫʣʴʪʘʪʳ ʠʩʧʳʪʘʥʠʷ ʦʬʦʨʤʠʤ ʚ ʚʠʜʝ ʪʘʙʣʠʮʳ. ɽʩʣʠ ʜʣʷ ʥʝʢʦʪʦʨʦʛʦ a ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ 

ʯʠʩʣʦ ʮʝʣʦʝ, ʪʦ ʧʦʩʪʘʚʠʤ ʙʫʢʚʫ çʮè (ʮʝʣʦʝ) ʠ ʧʝʨʝʡʜʝʤ ʢ ʩʣʝʜʫʶʱʝʡ ʧʨʦʚʝʨʢʝ ʵʪʦʛʦ ʞʝ a. ɽʩʣʠ 

ʢʘʥʜʠʜʘʪ a ʧʨʦʚʝʨʢʫ ʥʝ ʧʨʦʰʝʣ, ʪʦ ʩʪʘʚʠʤ ʙʫʢʚʫ çʥè (ʥʝ ʮʝʣʦʝ), ʘ ʚ ʛʨʘʬʝ çʇʨʠʤʝʯʘʥʠʝè ʩʨʘʟʫ 

ʧʠʰʝʤ: çʅʝ ʢʦʨʝʥʴè. ɼʣʷ ʢʘʥʜʠʜʘʪʘ ʚ ʢʦʨʥʠ, ʧʨʦʰʝʜʰʝʛʦ ʦʙʝ ʧʨʦʚʝʨʢʠ, ʧʠʰʝʤ ʚ ʧʦʩʣʝʜʥʝʡ ʛʨʘ-

ʬʝ: çʂʦʨʝʥʴ?è ʠ ʩʨʘʟʫ ʞʝ ʧʨʦʚʝʨʷʝʤ ʝʛʦ ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ.  

ʀʪʘʢ, ʟʘʧʦʣʥʷʝʤ ʚʝʜʦʤʦʩʪʴ ʠʩʧʳʪʘʥʠʡ: 

 

-
p

p
͙͊ͤ͒͒͊ͭ͟ 

͍ ͙ͦͪͤ͟ 

p q 
qp-

4
 

qp+

18
 ˽͙͔ͪͣ;͙͔͊ͤ 

2 2 1 ʮ ʮ ʂʦʨʝʥʴ? 

 

ʇʝʨʚʘʷ ʞʝ ʧʨʦʚʝʨʢʘ ʥʝʦʙʭʦʜʠʤʦʛʦ ʫʩʣʦʚʠʷ ʫʜʘʣʘʩʴ. ʏʠʩʣʦ 2, ʚʦʟʤʦʞʥʦ, ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ 

ʥʘʰʝʛʦ ʤʥʦʛʦʯʣʝʥʘ.  ʆʜʥʘʢʦ, ʦʢʦʥʯʘʪʝʣʴʥʳʤ ʨʝʰʝʥʠʝʤ ʙʫʜʝʪ ʚʳʯʠʩʣʝʥʠʝ ʟʥʘʯʝʥʠʷ f(2). ʉʜʝʣʘʝʤ 

ʵʪʦ ʚʳʯʠʩʣʝʥʠʝ ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ.  

  

 6 19 -7 -26 12 

2 6 2 Ö 6 + 19 = 31 2 Ö 31 - 7 = 55 2 Ö55 - 26 = 84 3 Ö 84 + 12 =180 

 

ʏʠʩʣʦ 2 ʠʩʧʳʪʘʥʠʷ ʥʝ ʚʳʜʝʨʞʘʣʦ; f(2) = 180 ̧  0, 2 ï ʥʝ ʢʦʨʝʥʴ. ʏʠʩʣʦ 2 ʥʝ ʢʦʨʝʥʴ, ʥʦ ʟʥʘʯʝ-

ʥʠʝ f(2) ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʜʣʷ ʜʘʣʴʥʝʡʰʠʭ ʧʨʦʚʝʨʦʢ. ʊʘʢ ʢʘʢ ʯʠʩʣʦ 

 

ʜʦʣʞʥʦ ʙʳʪʴ ʮʝʣʳʤ 

ʜʣʷ ʢʦʨʥʷ ,
p

p
 ʚʝʜʦʤʦʩʪʴ ʠʩʧʳʪʘʥʠʡ ʦʪʙʦʨʦʯʥʦʛʦ ʪʫʨʘ ʧʦʧʦʣʥʠʤ ʝʱʝ ʦʜʥʠʤ ʩʪʦʣʙʮʦʤ, ʠ ʧʨʦʜʦʣ-

ʞʠʤ.  

 

-
p

p
͙͊ͤ͒͒͊ͭ͟ 

͍ ͙ͦͪͤ͟ 

p q 
qp-

4
 

qp+

18
 

qp 2

180

-
 ˽͙͔ͪͣ;͙͔͊ͤ 

ï2 ï2 1 ʥ   ʅʝ ʢʦʨʝʥʴ 

3 3 1 ʮ ʥ  ʅʝ ʢʦʨʝʥʴ 

ï3 ï3 1 ʮ ʮ ʮ ʂʦʨʝʥʴ? 

()
qp

f

-

1

()
qkp

kf

-








































































































































































































































































































































































































































